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ON SPECTRAL GAPS OF A LAPLACIAN IN A STRIP
WITH A BOUNDED PERIODIC PERTURBATION

D.I. BORISOV

Abstract. In the work we consider the Laplacian subject to the Dirichlet condition in an
infinite planar strip perturbed by a periodic operator. The perturbation is introduced as
an arbitrary bounded periodic operator in Ly on the periodicity cell; then this operator is
extended periodically on the entire strip.

We study the band spectrum of such operator. The main obtained result is the absence
of the spectral gaps in the lower part of the spectrum for a sufficiently small potential. The
upper bound for the period ensuring such result is written explicitly as a certain number. It
also involves a certain characteristics of the perturbing operator, which can be nonrigorously
described as “the maximal oscillation of the perturbation”. We also explicitly write out
the length of the part of the spectrum, in which the absence of the gaps is guaranteed.
Such result can be regarded as a partial proof of the strong Bethe-Sommerfeld conjecture
on absence of internal gaps in the band spectra of periodic operators for sufficiently small
periods.
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1. INTRODUCTION

One of the classical conjecture in the theory of periodic differential operators is the Bethe-
Sommerfeld conjecture. It conjectures that at least for a wide class of multi-dimensional periodic
operators, their spectra can have only finitely many gaps. This conjecture was proved for a
series of operators in multi-dimensional spaces. For the Schrodinger operators with a periodic
potential this conjecture was proved for various dimensions and under various assumptions
for the potential in works [I]-]6]. For the magnetic Schrodinger operator this conjecture was
established in papers [7], [§]. In works [9]-[11], a polyharmonic operator was considered with
various perturbations. The most general perturbation has a pseudo-differential operator of a
lower order. Under certain conditions for the perturbation, the Bethe-Sommerfeld conjecture
was proved. We also note that the cited list of papers does not pretend to be complete; further
works can be found in the references of the cited papers.

The Bethe-Sommerfeld conjecture can be interpreted as the absence of gaps in an upper part
of the spectrum of the considered operator. In other words, to the right to (upper than) some
point the spectrum is a half-line and hence, it contains no gaps. An independent interest is the
issue on the absence of the gaps in a lower part of the spectrum. A similar result is provided
in Chapter 15 in book [6]. Here, the Laplacian was considered in a multidimensional space of
dimension at least three. This operator was perturbed by a self-adjoint operator symmetric
w.r.t. some rational lattice. It was proved in Theorem 15.2 that for a sufficiently small norm
of the perturbing operator, the spectrum of the considered operator contains no gaps. In
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particular, this means the absence of the gaps in a lower part of the spectrum, that is, to the
left to some point. In the case when the perturbation is a multiplication by a periodic potential,
in the dimension three, the condition of the rationality can be replaced by the condition of the
inclusion of cubic sublattice, see [0, Ch. IV, Sect. 16, Thm. 16.2].

In the present paper we consider the Laplacian in a strip perturbed by a bounded periodic
operator. Such choice of the domain distinguish our works from the above cited ones. We
consider the case when the period of the perturbing operator is small enough. The main
obtained result is the absence of the gaps in a lower part of the spectrum for a sufficiently small
period. An advantage of the obtained result is the fact that the upper bounds for the period
and the length of the range of the perturbing operator ensuring the absence of the gaps are
written explicitly in terms of particular numbers. We also find explicitly the length of the lower
part of the spectrum, in which the absence of the gaps is guaranteed. The main property of
this part is that its length grows in a power law as the period becomes smaller.

An interest to the case of a small period is partially motivated by a series of works on
homogenization of operators with fast oscillating coefficients and with various perturbations
from the theory of boundary homogenization in domains like strips and infinite cylinders [12]—
[18]. In all these works in the case of a pure periodic perturbations the perturbed operators
turns out to be periodic with a small period. In these works there was proved the norm resolvent
convergence of the perturbed operators to certain homogenized operators and this implies that
their spectra converge to the spectra of homogenized operators. At the same time, the general
convergence results does not imply the absence of the gaps but the only fact that if it exists,
each such gap escape to infinity as the small parameter is lessening. By the escaping we mean
the situation when the distance from the bottom of the essential spectrum to this gap grows as
the small parameter is lessening. The issue on the growth rate for such distance was considered
in [I6]-[18]. Here there were constructed two-parameter asymptotics for the first band functions
and these asymptotics implied that the distance from the bottom of the spectrum to the first
gap is of order O(e7?), where ¢ is the small parameter. In the present work a similar result is
significantly better, here the distance is at least O(¢7°), the lower bound for this distance is
written explicitly with not undetermined constants.

After this paper was submitted, the author learnt about one more work, PhD thesis [19], in
which the Bethe-Sommerfeld conjecture was proved for an operator with constant coefficients
in a strip with a bounded symmetric perturbation. More precisely, in a strip of width 7r, r > 0,
the operator

-0 — 5 +B (1.1)

was considered subject to the Dirichlet condition, where B is a periodic bounded symmetric
operator in the space Ly. The main result of [I9] on spectral gaps states the following: under
the condition

ar > 16,

there are finitely many gaps in the spectrum of the considered operator. The issue on the total
absence of internal spectral gaps was not discussed in [19]. We also stress that by the key
estimates, our method differs qualitatively from the approach in work [19], see the discussion
in Section 6.

2. FORMULATION OF PROBLEM AND MAIN RESULTS

Let # = (1, 22) be Cartesian coordinates in R? I := {z : 0 < w9 < 7} be a horizontal strip
of width 7, € be a sufficiently small positive number. We denote O, := {x : |z1] < em, 0 <
xo < 7}, L. is is a symmetric operator in Lo([J.) bounded for each considered value e. This
operator generates an operator in Lo(II) a follows. Since the restriction of a function in Lo (IT)
on [, is an element in Ly(CJ.), in the sense of such restriction, the operator £. can be applied
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to the functions in Lo (IT). We extend the result of the action of the operator L. by zero outside
OJ.. After such extension, the operator L. acts in Lo(II). Let S(n) be a translation operator
in Ly(I) acting by the rule (S(n)u)(x) = u(x; — 2emn, x2). By V. we denote the following
operator in Ly(IT):
V.= S(-n)L.S(n).
nez
The operator V. is symmetric, bounded and periodic. The latter property is understood in the
sense of the identity
V.S5(p) =S(p)V. forall peZ.

In the present work we consider the periodic operator in the strip II
H.:=—-A+V. (2.1)

subject to the Dirichlet condition. This operator is regarded as an unbounded one in Lo (1)
on the domain W2(II). Here W () := W (2, 99), and Wi (€2, S) is the space of functions in
WJ(Q) defined on some domain © and vanishing on a curve S.

Since the operator V. is symmetric and bounded, by Kato-Rellich theorem the operator H.
is self-adjoint.

The operator H. has a band spectrum, which is introduced as the union of the images of the
band functions. The band functions Eﬁs (1), k > 1, are the eigenvalues of the corresponding
operators on the periodicity cell L. depending on the rescaled quasi-momentum 7 € [ — %, %)
The eigenvalues are taken in the ascending order counting multiplicities. For the operator H.,
the corresponding operator on the cell is

.0 \° T T
H(r) = (18_351 + g> "o + L.(7), LT)u:=e"Le = u,
on [, subject to the Dirichlet condition on upper and lower boundaries of the cell I, and to
the periodic condition on the lateral sides I+ of the cell O, I+ := {x : 1 = +em, x5 € (0,7)}.
The operator H.(7) is considered as an operator in Ly(0J) on the domain Wipﬂ([]s, otd. noll),

which is the space of functions in W¥ (0., 90, N O1I) obeying periodic boundary condition on
the lateral boundaries /..
For the operator L. we denote:

we, = sup  (Lou,u)r,o.) — inf  (Low, u)y0.),
u€Lg(de) u€ Lo (Oe)
lull £y (@) =1 lull £y @) =1
Ao = inf Lou,u )
€ weLy(Oe) ( e, )LQ(DE)
HMHL2(DE):1

By o(-) we denote the spectrum of an operator and |-] stands for the integer part of a number.
The main aim of the work is to prove the absence of the gaps in a certain part of the band
spectrum of the operator H.. The main result is formulated in the following theorem.

Theorem 2.1. Let ¢ < g, e%w,. < by, where

7ho 3vV2 57
0 <94y, Agi= Y2 _2VE 2.9
o0+ 0> 0= o8 T %06 (2:2)

We denote

Ao+ \/Ag — Zhoe — €2
K, = )
2¢

(2.3)
Then the part of the spectrum

(—oo, w + )\5} No(H.) (2.4)

g2
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of the operator H. has no gaps.

Let us discuss the main result. We observe right now that by (2.2)), the radicand in definition
(2.3) of quantity K. satisfies the estimate:

b 5 bo\> b 21e2 3xh b
Ag_ﬂ_oé‘_gz><ﬂ+ﬂ) _mhdo o M Smheso T

4 2 8 4 4 8 64
and this is why the quantity K. is well-defined.

In fact, Theorem states that for small periods, the operator H. has no spectral gaps in
a lower part of the spectrum. Moreover, there is an estimate for the length of the part of the
spectrum without gaps, see . For small ¢, the quantity K. behaves as O(¢~1). This is why
by , the lower part of the spectrum free of the gaps is of the length at least O(e7°). This
is an essentially stronger result in comparison with the results of works [17], [18] for the model
with frequent alternation of boundary conditions, where the absence of the gaps was stated for
a part of the spectrum of a length not exceeding C'e~2 with an unknown constant C. We also
note that the length of the discussed part of the spectrum grows as € becomes smaller.

Explicit numerical constants in the statement of Theorem are non-optimal and can be
improved. At the same time, this requires using additional bulky technical details, which
would complicate seriously the proof of Theorem give below. This is why we have decided
on non-optimal constants.

It should be stressed that we chose the Dirichlet condition on the boundary of the strip II
just for being definite. If on the boundaries of the strip we impose the Neumann condition
or a combination of Dirichlet and Neumann conditions on the upper and lower boundaries,
the technique of our work is applicable in this case, too and it leads us to a result like in
Theorem 2.1

We also pay an attention to the fact that condition is imposed to the maximal admissible
values of the period and the size of the range of the operator £.. In particular, it follows from
the definition of by that for each operator £. bounded uniformly in e, by an appropriate choice
of a sufficiently small ¢y, we can always achieve condition and as a result, the absence of
the gaps in the lower part of the spectrum.

In conclusion we compare our main result with that of thesis [19]. For simplicity we assume
that B in ((1.1) is the operator of multiplication by a bounded measurable real potential V/,
which is 27-periodic in x;. By means of the change

T T2

1
Ty —, T2+ —,
ar r

the operator (|1.1)) is reduced to the operator
~ A+ 7V (arzy, z5)

in the strip II. By denoting ¢ := i, the latter operator becomes operator (2.1) with

1 T
For such operator the result of [19] stares only the finiteness of the number of the gaps in the
spectrum. At that, the case of total absence of the gaps or the location of the first gap were
not studied.

In order to apply our result, we first note that for operator , the quantity w,_ is of the

form:
Wi

We, = ——, W= sup V(zr)— in Viz
a’e? [0,27] % [0, 7] (@) [0,27]x[0,7] (@)
and condition ([2.2) is rewritten as
Wi
650 + T < 2140

4a2
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By this inequality, it follows from Theorem [2.1]that for not very large oscillations of the potential
V', lower part of the spectrum has no internal gaps. For the spectrum of the original
operator this means that the part of its spectrum to the point ([K?2] + 1)%c™2 + A, is free
of internal gaps. We also note that the latter quantity is O(e7%) as ¢ — +0.

3. EXAMPLES

In the present section we provide two main examples of the operator L.

3.1. Potential. The first example is the operator of multiplication by the potential V.(z) =
V (2, 29,e). Here V = V(£ ,23,¢) € Loo(0hy) is a bounded measurable real function for each
e. The potential V. belongs to L ([J:). The corresponding operator V. is the multiplication
by the potential obtained by the 2we-periodic continuation of V. w.r.t. z; to the entire strip
IT. Such operator satisfies all needed conditions and the quantity w,. becomes the oscillation
of the potential:
we, =wy = esssup V — essinf V.
[0,271] x[0,] [0,27]x[0,7]
Moreover, Theorem works also for potentials V' singularly depending on the parameter. For
instance, let
V(€7 L2, 5) = E_G(S)W(ga x2)7
where W € L, ([J;) is a bounded measurable function, a(e) < ¢ < 2. Then wy = e %wy and
condition becomes
men Yww
4
If ¢ < 2, the latter inequality is satisfied for each wy for sufficiently small gq. If ¢ = 2, the
needed inequality is true for not very large wyy.

550 + < 2A0

3.2. Integral operator. Our second example is an integral operator of form
x
(ﬁEU)(Z') = / P(?17$27%79275> u<y) dy7
Oe xOe
where the kernel P(&, s, (, 2, ¢) is a function in Lo((J?) for each & obeying the condition

P(C,y27§,ZL‘2,€) = P(f7$2,Cay2,5)-

Such operator satisfies all needed conditions, too. We do not suceed to calculate explicitly w,_,
but we can estimate it from above:

2

<2 K(2 2, & Ldedy | = 2:lP 3.1
wr, < o D)y | = 261PC 2 e (3.
D2

The kernel K can also depend singularly on e:
P(z,y.e) = e *9Q(z,y),
where a(e) < ¢ < 3. In this case it follows from estimate that
we. S 253_(1”@”@@%)
and condition ([2.2)) casts into the form

3—q
e
; Q| Ly @2y < 240.

We also observe that as an operator L., we can take the sum of the potential and the integral
operator from the above examples.

560 +
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4. (COUNTING FUNCTIONS

In the present section we introduce a series of auxiliary notions and we discuss preliminary
statements, which will be used later in the proof of Theorem [2.1]
For an arbitrary L > 0, by N._(L, ) we denote the counting function of the operator H.(7),

which is the number of the eigenvalues of this operator counting the multiplicities not exceeding
L2,
5_2 .

Ne (L, 7) := max {k : B} (1) < i—j} : (4.1)

Since the band functions EEE (1) are taken in the ascending order

E; (1)< E} (1)< <Ef (1)< ...,
for a fixed L the quantity sup Ng_ (L,7) is the number of band functions whose minima

TE[*a@)
do not exceed 4, and the quantity inf N (L,7) is the number of band functions, whose
6[_575
maxima do not exceed ’;—22 Hereafter, to simplify the notations, instead of sup and inlf )
7'6[—5,5 76[75’5)

we shall write shortly sup and 1nf

Assume that two nelghbourlng bands of the spectrum overlap, that is,
[mm ELE (1), max Ez:s (T)} N [mln EZFI(T), max EZ;H(T)} # 0

or
max Ef (1) > min E5 (7).
T € T €

It is equivalent to the fact that as

2

L
min EEE (1) < — < max Eﬁe (1)
T £ T

the inequality
sup Ng_ (L, 7) —inf Ny (L,7) > 1 (4.2)

holds. Thus, a part of the band spectrum between the points A_ and A, does not possess
spectral gaps if for all & € [A_, A\4], inequality (4.2) holds.

It is a very comphcated problem to check dlrectly inequality . This is why our next
step is to estimate the left hand side of inequality (4.2] - ) by a similar difference but for counting
functions of simpler operators.

In view of the possibility to shift the spectral parameter, without loss of generality we can
assume that

inf  (Lou,u)r,o.) = 0.

u€ Lo (Og)

lullLy@e)=1
Then
we. = sup  (Low,u) ry0n) (4.3)
u€Lg(Ue)
Il Ly @e)=t

The quadratic form associated with the operator H.(7) is

0,
18901 T

on I/T/Ql,per(Dg, 00. N oII). Taking into consideration the estimate

_ir _ir
(Ese < Ply, e =ty

bz [u] =

H aZEQ )L2(Ds)

Lo(Oe)

0 < (£5u7u)L2(Ds) < w£5||u||%2(|:’5)7
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by the minimax principle we immediately see that the band functions Eﬁi satisfy the estimates:

Ey(1) < Ef (1) < Ef, (7). (4.4)
Therefore,
No(v/L? — 2wy, 7) = Ny, (L,7) < Ne (L, 7) < No(L, 7).
Then

sup Ng (L, 7) —inf Ny (L, 7) = sup No(v/L? — 2w, 7) — inf No(L, 7),
and in order to check inequality (4.2)), it is sufficient to prove that

sup No(v/ L? — 2w, 7) — inf No(L,7) > 1.

And since the function Ny is integer-valued, to check the latter inequality, it is sufficient to

confirm that
sup No(v/L? — 2w, 7) — inf No(L,7) > 0. (4.5)

Exactly the latter inequality will be checked in the proof of Theorem [2.1]
Let us write out the explicit formula for the function Ny. The eigenvalues of the operator
Ho(7) and the associated eigenfunctions can be easily found by the separation of the variables:
2 .
A (1) = M +m?, U (z)=¢ ¢ sinmazs, ne€Z, meN. (4.6)
: - :

This is why the band functions E¥(7) are numbers A9 . (7) taken in the ascending order counting
the multiplicities. Returning back to definition of counting functions, we see that No(L, 7)
is the number of integer points (n, m) in the plane satisfying the inequality (n+7)?+&?m? < L2,
that is,

No(L,7) =#{(n,m): (n+7)*+*m* < L*, ne€Z, m e N}

B [ L2~ (n+7)?| [LZ_T] L2 - (n+r1)? (4.7)
n:n+7|<L € n=—[L+T7] €

5. PROOF OF MAIN RESULT

In the present section we prove Theorem [2.1] It is convenient to split the proof into several
stages.

5.1. Intersection of first two bands. We first observe that condition (2.2)) implies imme-
diately the apriori estimates for €y and by:
€0 < 2_1407 bO < 8A07 e < 2AO
) s 4 €
The main idea is to find the interval of values L obeying inequality (4.5)). The absence of the
gaps should be checked for positive L obeying the estimate
L? > e*inf o(H.).

At the same time, by the non-negativeness of the operator £ and identity (4.3) for w,_, the
bottom of the essential spectrum of the operator H, satisfies the estimate:

1 <info(H.) <14 wg,

(5.1)

and as

efinfo(H.) < L? < 2w,
inequality loses the sense since in the first term the square root becomes pure imaginary.
This is why the absence of the gaps in the beginning of the spectrum will be proved on the
base of analysing the location of first bands in the spectrum.
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It follows from formula (4.6]) and the estimate for €y in ((5.1]) that the first two band functions
E}(r) and EZ(7) are even in 7 functions of the form:

2

1 T 2 . [(1—7)? 72 X
Eo(T):€—2+1, E0<T):mln{€—2+1’§+4 ’ 76[0,5}.
This implies that
L | — 3¢%)2
max By(r) = 5 +1, minEj(r) =4, max Fy(r) = Sk cl 4525 )

where the right hand side in the latter identity arises as the value of the functions 7 — (1;27 C 4 1,

T — Z—; +4 at the intersection point of the graphs. By estimate |D and 1) this implies that

1S 1 LR < 2 S (1—3e?)°
mTaxEl:E/4—52+1, mTlnEﬁg\él—l—wgg, mTaxEﬁs/4—62+4.
Since by (5.1) and the positiveness w,.
! > L1 bo| >3 = 4+ < +1
w2 we, < — + 1,
4e? LZa2\g Lo Ye2

the first two bands of the spectrum intersect and the interval
(1—3e?)?
4e?

{inf o(H.), + 4}

contains no spectral gaps. Hence, it is sufficient to check inequality (4.5)) for
1 — 3¢2)? 14+10e24+9¢* 1
( e%) A + 10e” + 9¢ L
4 4 4
In what follows the latter inequality for L is assumed to hold.

L? >

5.2. Case = < L < 1. Here we assume that

1
2

1 1+ 102 + 9¢*
§<\/+ 2€+€ <L <1

By (5.1)), for such values of L we have

3
% < VL2 —%we < 1.

Therefore,

3

/LQ_ 2
N()( L2 _ 620055,0) — [&] ,

V2L —1
No(L,1—-1L) = [—1 , (5.2)
€
and under the additional condition
1
>+, (5.

we have

3

2 — 22 _1
1 \/ &%y, 1
No (\/LQ = 5) =2 . (5.4)
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Let number L, € (%, 1) be such that

1
2\/L£ —etwe — g i VL2 — e,
£

Y

€
V3 & 422 2
L*Z\/< tae +€) —|—€2(,U£6.
9
Then as ]
by (51) we get

sup No(/L? — 2w, 7) — iITlf No(L,7) = No(v/L? — €2w,_,0) — No(L,1 — L)

- VIL? — 2wy, — V20— 1
- 3
(L—1)? — 2w,

(VI = Pwr + V20— 1)
(L, — 1)? — 2w,

-1

-1>0
co(\/L? — 2wp, + V2L, — 1) | =20
g, =250
As
L, <L <1,
condition ([5.3)) is satisfied and in view of (5.2)), (5.4)) we obtain
sup No(v/L? — 2w, 7) — inf No(L, 7)
1
> No (\/ L? — 2w, 5) — No(L,1-1L)
(5.5)
\/L I Sy |
> —2>0.
€ :AQ
24~ —840
YLe= T

5.3. General case: auxiliary estimates. Hereafter we assume that L > 1. We denote
K :=[L], o :== {L}, where {-} is the fractional part of a number. We begin with the obvious

relations ) )
2w, 2w, 84y
0<L—+L?—E%w, = £ < < < 5.6
“ L+ —cw, L o >0
valid thanks to estimates (5.1)) and L > 1
We denote
F\(L,X,B):=VI>—-B— X2 F(L X,A) :=+L*— (X +A)?,

Fy(L, X, A, B) == 2F,(L, X, B) — Fy(L, X, A) — Ry(L, X, —A).

By straightforward calculations we check that

1 1
— 2 _
RLXAB) =4 =B oy g AT BT AT T )
n 8AZX? 1 1
FI(L7X7 B) +F2(L7X7A) FI(LaX7B) +F2(L7Xa _A) FQ(L7XaA) +F2<LaX7 _A)
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This representation yields that for positive radicands, the function Fy(L, X, A, B) is positive
for B < A%, A > 0 and increases monotonically as X > A > 0. Moreover, for such X the
estimate holds:

9 1 X2 , L?+2A(X — A)
Fo(L, X, A,0) A <F2(L,X,—A) + F;’(L,X,—A)) > A (L2 - (X_A)2)%‘ (5.7)
We observe one more obvious inequality for Fo(L, X, A, B):
VI2—B
0> / (FO(L,X,A, B) — Fy(L, X, A, 0)) dx
0
VL2-B L2—B
_ / Bdx > / Bdx (5.8)
/ F(L,X,B)+ Fi(L, X,0) J 2F\ (L, X, B)
‘ I°-B B
z—Earcsmﬂ ) =

5.4. General case: a < }l. In view of (4.7) we have

1
sup No(v/L? — 2w, T) — irTlf No(L,T) = Ny (VLQ — 2w, 5) — No(L, @)

ST 1
B V2 iLE d \/L2 — 2w, — (n+ %)2 - [LXS‘] I2—(nta)?
N £ €

n:,[ L2752w£€+%] n=—[L+a] (59)
[\/L2_g2wz:a_%] \/LZ _ €2w£8 _ (n + %)2 K-1 12 _ (n T a)2
n=0 ne—K
By this implies:
K-l L2 — 2wy — (n+1
sup No(v/L? — 2w, 7) —inf No(L,7) > ZQ \/ lz (n+2)
T i (5.10)
_Ki VE—(n+al| |[VIP—(@n+1-a)? SiL)
n=0 € € - 3 ’

where for brevity we have denoted:

K-1
11
Si(L) = HZ:O fi(n, L), fi(z, L) := F, (L,x + 315 a,€2w55> :

The above described properties of the function F{ implies the monotonous increasing in x > 0
of the function fi(x, L) and the positivity of fi(0, L):

Sl(L)>f1(0,L)+/fl(:c,L)da:, £(0,L) > 0. (5.11)

Although the integral in the left hand side of this inequality can be explicitly calculated, it is
more convenient to estimate it before integration.
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As K =1, the integral in ([5.11)) vanishes and by (5.1)),

1
f1(0,1+06) > (2\/(14‘0&)2—1—()0— \/406—\/14—20() ) >2€0. (512)
=7
We proceed to the case K > 2. By (5.8) we immediately obtain
r 11
/ (fl(ﬂi,L) — Iy (L,QH— 35~ a,O)) dx
0
1 1 2
= / FolLz,=—acw, | —F Lz, ~-—a0 dx}—%.
2 ‘ 2 4
0
By (5.7) we have
K-1 K—1 12
1 1—-2
/FO(L,x,E—oz,O> dx}/ all @)@ +a) 5 dx
, , 16((K+a)2— (:U+oz)2)2
K—-1+a 9
_ / (K +a)+(1- 204)390 I (5.14)
16((K + a)? — 22)?
x4 (1-2a) Koita _ Fy(a)
161/ (K + a)? — 22|, 16 7
K—«a -«
Fg(Oz) = - .
20K+a)—1 VK?42aK
The function f.(«) decreases monotonically in « € [0, 1] since
1 K-« 1 (1-a)K
Fy(a) = - - + +
(2K +a)—1)7  (2AK+a)—1)7 E+2aK)2 (K24 20K)>
- 1 K—-1 N
< P TRt
K —-3)* (2K -3)
—_¥+l+i<_i+§<o
o (k- K KT V4 A
This is why by ((5.14)
K-1 1
1 1 /1 K-y 3
Ey (L,l‘,——a,O) dx > —F3 (—) = —
0/ 2 167\ 16v2 gy [k 1 1K
(5.15)
K-1
1 3 13
16V2VEK 64, /K2 + LKVE | | )y 500
This and (5.10)), (5.12)), (5.13), (5.14)) finally imply
260

sup No(v/L? — 2w, T) — iITlfNO(L,T) > —~ - 2>0
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as L =1+ « and

13
sup No(v/L? — 2w, T) — 1nf No(L,T) > VK  mewe,

—2K 1
500 e 4 (5.16)

as L = K—i—aK 2.

Other cases = < o< 2, 3 L<a<? 1 Z < a < 1 are considered in a similar way. This is why
we describe these cases rather brleﬂy dwelling only on main formulae

5.5. General case: I < a < 1. Similar to (5.9), (5.10) we have

sup No(v/L? — 2w, T) — iITlf No(L,7) = Ny (\/L2 — 2wy, ,0> No(L, o)
:iz [\/LQ — 2wp, — n2]

n=1 <
K

(e

o — (5.17)
)

2 _ 2 _ 2
N L 8(4)55]_[[/ a1282(L)_2K_1
€ € €
where
K—1
So(L) ==Y fo(n, L) + Fi(L,0,e%w,.) — Fa(L,0, ),
n=0
fo(z, L) = Fy(L,z + 1,0, e%wp,).
Similarly to (5.11)) we obtain
K—1
SQ(L) 2 f2(0, L) + Fl(L, 0’52w55> — FQ(L, 0, Oé) + / fz(%, L) dill', (5 ]_8)
) .

f2(0, L) 4+ Fy(L,0,%w,.) — F5(L,0,a) > 0.

As K =1, the integral in the right hand side of the latter inequality vanishes and

1
Sa(1+ a) 2(2\/(1 +a)? — 1 bo+ v (1+ )2 —by —vV1+2a — \/4(1) > 3e.
1
(5.19)
As K > 2, by (5.8) and completely similarly to (5.13]),

K—1 )
/ (falw, L) = Fo(L, 2+ 1,0,0)) da > —%. (5.20)
0
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Similarly to (5.14), (5.15]) we obtain

K—1
/FO(L r+1,0,0)d

0

/_ K—l—a + 2ax do — T+ 2c

>1 (K+a 1+« )
16 \2vaK VE?+20K+2a—-1)| |

N <K+ ;3 ) L WK
16 \ V2K 2VK2+ K ‘
This and (5.17), (5.18), (5.19), (5.20) yield

3
sup No(v/L? — %wp,, 7) — inf No(L, 7) > ? ~3>0

as K =1 and
WK TEW,,

sup No(/L? — c?w,.,7) —inf No(L,7) > 3905 2K — 3 1

as K > 2.

Here

o

5.6. General case: % <a<

sup No(/L? — 2w, T) — mfNo L,T) <\/ — 826055,0) No(L,1 — «)

:i2[\/L2—62w55—n2]
nf([“p n+1_a] [w n_1+a>z>

£ £
2 _ 2 2 __ _ 2
L[VE g%] _[ I~ (1-a) 253(L)_2K_1’
g g £
where

K-1

Ss(L) =" fa(n, L) + Fy(L,0,e%w,) — Fy(L,0,1—a),
n=0

f3(x, L) = Fy(L,z + 1,1 — o, e*wp,)
As K =1, similarly to (5.19)) we have

S(1+Oé (2\/1—|—Oé —1—b0+\/1+0€ —b[)

—\/1—1—204—\/404—\/604—3) > 3ep.
3
=7
As K > 2, similarly to (5.13)), (5.14)) we obtain
K—1
7T€2(A)£E

/ (falw, L) = Fy(Lya + 1,1 = ,0)) do > —=—
0

T =
(K + a)? —332)% 161/ (K +a)* — 22 |i-

K—a

[e7

(5.21)

(5.22)
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and
K-1 i
1 1— 2 —
/FO(L,x+1,1—a,0)d > ro—a a
/ V2K +a) -1 VEK2+2aK
K+ ;11 5
> — > V24VK.
16v2  32VAK? + 6K ’
Therefore,
3
sup No(v/L? — 2w, 7) —inf No(L, T) > >0 350
T T 5
as K =1 and
) 240V K TEW,,
sup No(v/L? — 2w, 7) —inf No(L,7) > —2K — 1 1 (5.23)
’ T g
as K > 2.

5.7. General case: 2 < o < 1. In this case the first estimate is similar to (5.9), (5.10):
1
sup No(v/L? — 2w, 7) —inf No(L,7) = Ny ( L? — 2w, §> — No(L,1 = )
Y
= 2
n=0

€
(5.24)
i (n+ «a)? \/L2 (n+1—a)?
“— €
54([’) — 2K — 2,
€
where
1 1 5
Zf4TLL f4]}L) —Fo L,I’+§,C¥—§,€WLE .
Here the analogue of 1nequahty - reads as
K
0

and this is why there is no need to consider independently the case K = 1. As in ((5.13)), we

estimate
K 2
1 1 mTEe‘wyr
L)—F,| L - — = > — =
/<f4($, ) 0( ,$+2,O! 2,0)) dx 1
0

and similarly to (5.14) we integrate:

r 11 T i a—1) 4 (20 —1) |FHe
/Fo (L,x+§,§—o¢,0> dx > / 16((K+a)2_x)gdx: 16K ta? 22|,

0 -«

>i< K+a B a ) 11¢_

“16 \V2a—1V2K +1 VK2+2aK +2a—1/ |,y 250 °
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Hence, by (5.24), (5.25),
VE
sup No(v/I? = 22, 7) — inf No(L,7) > 3~ — 2K — WEZ"E —2 (5.26)

25e
for K > 1. As K =1, the latter inequality obviously holds thanks to condition (2.2)).

5.8. End of proof. We compare the right hand sides of inequalities (5.16)), (5.21]), (5.23)),

(£38) as K > 2. Since by (5.1)
11 K
(_ _ 2,40) vE 1
15

250

the minimal of the compared right hand sides is that in inequality ((5.23]). This is why the right
hand sides of inequalities ((5.16]), (5.21)), (5.23)), (5.26]) are positive as K > 2 provided

240V K
g

_ 9K — TEWr,

-1=>0.

As K = 2, this inequality holds thanks to condition (2.2). Solving then it w.r.t. K, we obtain
that it holds as vVK < K.. Thus, for such values K inequality 1' holds and since the
spectrum is a closed set, this completes the proof of the theorem.

6. SOME FEATURES OF PROOF

In the present section we discuss certain features of the proof of main result given above.
At the first stage, in estimates (5.9), (5.17)), (5.22)), (5.24]), the difference

sup No(v/L? — 2w, ) — inf No(L, 7)

is estimated by the values of the function

No(v/L? — €2wp_, 1) — No(L, 72)

at certain points 71, 7». It is clear that the choice of these points is arbitrary. To get the best
result, the point 7y for the function Ny(y/L? — 2w, 7) should be chosen so that the value of
this function at this point is as close the maximal one as possible. The choice of the point 7
for the function Ny(L, ) should be made in order to minimize its value. The issue on finding
exactly the maximum and the minimum point for the function Ny is very complicated. At
the same time, many preliminary numerical calculations suggested that the function Ny(L, )
is quite close to the maximal value as 7 = 0 or 7 = 1 and the particular choice is subject to

2
the fractional part « of the number L. If the fractional part satisfies either o < g =~ % or
a > o+ %, we should choose 7 = %, while as oy < a < ag + % we should choose 7 = 0.
The obtained values of the function Ny(L, 7) differ a little from the maximal ones. In the work
we worsen this observation replacing oy by }L. Similar approximation for the minimum of the
function Ny(L, ) are again obtained under an appropriate choice of the number 7, subject to
the fractional part of the number L. Namely, here 75 should be equal to the distance from «
to the nearest integer: 75 = min{a, 1 — a}. At such points the function Ny(L,7) differs a little

from the minimal values. In all previous works on Bethe-Sommerfeld conjecture we know, the

similar difference
sup No(v/L? — 2w, 7) — inf No(L, 7)

was estimated by some other methods allowing to avoid the issue on location of extrema of
the counting functions. This is why the proof provided in the present work suggest the way
for approximate finding the extremal points for the counting functions. At the same time, we
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stress that the proposed choice of the numbers 77, 75 does not necessary provides the exact
values of extrema for the function Ny. In particular, as L = 39.623, ¢ = 0.0035, we have

No(L,0) = 704646, Ny(L,0.499088) = 704816, Ny(L,0.5) = 704808,
and as L = 39.635, ¢ = 0.0035 we have
No(L,0.365) = 704704, Ny(L,0.3636) = 704701.

We also note that in (5.9), (5.17), (5.22)), (5.24), we estimate the integer parts of various
quantities as follows: [z] > z — 1. Of course, this is too rough and the quantity —2K in
inequalities (5.9), (5.17)), (5-22)), (5-24) arises exactly due to this rough estimate. The attempts
to apply appropriate methods of the number theory from [20] did not lead us to more gentle
estimates, which could have changed essentially K..
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