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REGULARIZED ASYMPTOTICS OF SOLUTIONS TO
INTEGRO-DIFFERENTIAL PARTIAL DIFFERENTIAL
EQUATIONS WITH RAPIDLY VARYING KERNELS

A.A. BOBODZHANOV, V.F. SAFONOV

Abstract. We generalize the Lomov’s regularization method for partial differential equa-
tions with integral operators, whose kernel contains a rapidly varying exponential factor.
We study the case when the upper limit of the integral operator coincides with the differ-
entiation variable. For such problems we develop an algorithm for constructing regularized
asymptotics. In contrast to the work by Imanaliev M.I., where for analogous problems
with slowly varying kernel only the passage to the limit studied as the small parameter
tended to zero, here we construct an asymptotic solution of any order (with respect to the
parameter). We note that the Lomov’s regularization method was used mainly for ordi-
nary singularly perturbed integro-differential equations (see detailed bibliography at the
end of the article). In one of the authors’ papers the case of a partial differential equation
with slowly varying kernel was considered. The development of this method for partial
differential equations with rapidly changing kernel was not made before. The type of the
upper limit of an integral operator in such equations generates two fundamentally different
situations. The most difficult situation is when the upper limit of the integration operator
does not coincide with the differentiation variable. As studies have shown, in this case,
the integral operator can have characteristic values, and for the construction of the asymp-
totics, more strict conditions on the initial data of the problem are required. It is clear
that these difficulties also arise in the study of an integro-differential system with a rapidly
changing kernels, therefore in this paper the case of the dependence of the upper limit of
an integral operator on the variable x is deliberately avoided. In addition, it is assumed
that the same regularity is observed in a rapidly decreasing kernel exponent integral opera-
tor. Any deviations from these (seemingly insignificant) limitations greatly complicate the
problem from the point of view of constructing its asymptotic solution. We expect that in
our further works in this direction we will succeed to weak these restrictions.
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INTRODUCTION

In the present work we consider the integral-differential system
gﬁy (t,x,¢€)

ot
y(0,2,6) =y’ (z) ((t,2) € [0,T] x [0, X]),

t
— A(t)y(t,a,e) + / FEEOCK (1 )y (5.0 ) ds Hh (),
0

A.A. BoBODZHANOV, V.F. SAFONOV, REGULARIZED ASYMPTOTICS OF SOLUTIONS TO INTEGRO-
DIFFERENTIAL PARTIAL DIFFERENTIAL EQUATIONS WITH RAPIDLY VARYING KERNELS.

(©BoBobpzHANOV A.A., SAFONOV V.F. 2018.

The work is partially financially supported by the Council on grants of the President of Russia (project no.
NSh-2081.2014.1).

Submitted May 19, 2017.


http://dx.doi.org/10.13108/2018-1-2-3

4 A.A. BOBODZHANOYV, V.F. SAFONOV

with a fast varying kernel. The pose the problem on constructing a regularized in the sense
of S.A. Lomov [1] asymptotic solution to problem (1). Earlier, there were mostly considered
systems of ordinary differential equations with slowly varying kernels (u(t) = 0; see the detailed
references in [2], [3]. In work [4], for the case u(t) = 0, there was studied only the passage to
the limit as ¢ — +0 in an integral-differential partial differential system, while in work [5] a
regularized asymptotics of arbitrary order in £ was considered for this case.

Proceeding to constructing regularized asymptotic solutions for system (1) with a fast varying
kernel, we note that the dependence of the matrix A on the variable x makes no essential
influence. There arise only technical difficulties but the main lines of the procedure remain
unchanged. This is why from the very beginning we suppose that the matrix A is independent
of x. Moreover, without loss of generality, we can assume that T'= X = 1.

1. REGULARIZATION OF PROBLEM (1)

We assume the following conditions:

1) the matrix A(r) belongs to C*([0,1],C" ™), the function h(¢t,z) belongs to
C>([0,1] x [0,1],C"), the function u(t) belongs to C* ([0,1],C'), the kernel K (¢,z,s) be-
longs to the space C* ({0 <2< 1,0 < s <t < 1},C");

2) the spectrum {\; ()} of the matrix A () and the spectral value p (¢) of the kernel of the
integral operator satisfy the conditions:

a) Ai (t) # Aj (1), i # j, p(t) # Xi (8), 4, = 1,n, ¥t € [0, 1];

b) Re\; (t) <0, \; (t) #0, Rep(t) <0, j=1,n,Vtel01]

We denote p (t) = An41 (t) and following [1], we introduce the regularized variables:

[ (t -
T]:—/A](5>d82wj<>, jzl,’n—l—l (2)
€ Jo €
For the function ¢ (¢, z, T,e) we pose the following problem:
8@ —l—%)\-(t)@ —A(t)g_/teifg”(e)deK(t z,8)y | s vls) e)ds=nh(t,x)
at ]:1 ] aTj 0 Y ) Y ) 8 Y ) ) (3)
@j(t,l’,T,&) ’t:0,T=U:yO (.T), (7—: (Tla"'77_n+1)> w: (¢1>-",¢n+1))-

The relation of problem (3) with original problem (1) is as follows: if § = g (t,z,7,¢) is a
¥(t)

3

solution to problem (3), then its restriction y (¢,z,e) = ¢ (t, x, ,5) on regularizing functions

(2) is obviously an exact solution to original problem (1). However, problem (3) can not be
regarded as a completely regularized since the integral operator

t
Jy = / ez [ dns1(0) d6 pr (t,z,s)y <s,m, M,s) ds
0 €

has not been regularized. As it is known, in order to regularize this operator [1], one needs to
introduce the space M. asymptotically invariant w.r.t. the operator J. This is done as follows.
We introduce the class U of solutions to iteration problems (see below):

n+1
U={g(te,r) =3y (ba)e™ +yo(t,2), g (ta) € C= (0,1 x [0,1]), j =0+ 1},

=1

and then we take the restriction of this class as 7 = 1) (t) /e. This is exactly the space M.. To
justify this fact, we need to show that the image Jy (¢, z,7) of the integral operator J on an



REGULARIZED ASYMPTOTICS OF SOLUTIONS ... 5

element of the space U is represented as the power series

n+1

k k
> (m )2y ><t,x>)
k=0 =1

converging asymptotically as ¢ — +0 uniformly in (¢, z) € [0,1] x [0, 1]. Let us study this issue.
On an arbitrary element ¢ (¢, x, 7) of the space U, the image of the integral operator J is of

the form:
n+1

P (s)
y(t,z,T) Z/ e A O VR (4 0, 5) y; (s,0) €= ds
(4)
! Lty 0) do
+/ et [ ni1(9) K (t,z,8)yo (s,x)ds.
0

We integrate by parts in each term of this sum. As j = 1,n, we have
(210}

t
/ e It O D f (4w s)y; (s,2) e = ds
0

_esf())\n-u d9/ K t T S) n (8 :Ij') éf;()\j(g)fAn-kl(a))dads

n+1 (S)

et n+1(9)d9<K(t x 5)% (s,2) o2 I3 g (O) =21 (0) )d6|t
Aj (8) = Anga (8)
_ /t <2K (t, 2, 5)y; (5, x))eifs <Aj<e>—xn+1<e>>deds>
0 \0s Aj(s) = Ant1(s)
_ [K (t,z,t) y; (1, x)(i; JEx;@)do _ K (t,2,0)y, (0755)6;]; Anﬂ(e)de}
X (6) — Aur1 (1) X (0) = Auet (0)

f t
B Eeiof)\n+l(9)d9/ (gK (t,.ﬁC, S) y] (S,x))ei fos ()\j(g)_)\n‘i’l(e))deds'
95 % (5) — urr (5)

We introduce the notation:

K (t,z,s)y; (s, x) R
Aj (8) = Mg (s) '

Then the result of the above transformations can be written as

) (K (t,x,8)y; (s,2)) =

J

t ¥;i(s)
/ ge fiAns1(6) 6 p (t,x,8)y; (s,2) e = ds
0

= [IJ (K (t,x,8)y; (s,2)),_ €7 — ] (K (t,2,8)y; (s,x)) ,_oe™"]

t -—
a s
— ge J6 2 ®) de/ — (I9(K (t,2,8)y; (s,2))) s o QO Auns@dOgs 5 = Ty,
0

s
where 7; = %'s(t), j = 1,n. Proceeding with this process, we obtain the series
! 11t xny1(6) dO k719
e o PR (t,x,8)y; (s,x)e = ds
0

. (5)
- Z (—1)f et [ (17 (K (t,,08) 1 (s, x)))s:t e — (I (K (t,z,s)y (s, ) —o eT"“],
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where 7; = %'E(t) j=1,n,

and the operators 1 jk are of the form:
K (t,z,s)y;(s,x)

Aj(8) = Angr (s)
1 0 ! x,8)y;(s,x
% 6) = (5 a5t B (62 8) s (5, 2)),

I’ (K (t,z,s) yj (s,7))

J

IN(K (t,x,8)y; (s, ) =

J

1
Aj (8) = Anya (s)

We transform the term for j =n + 1 in (4) as follows:

0 (K (t@,s)y; (s,7)) = YK (tx,s)y;(s,2), m=1, j=Tn

Yn41(s)

t
/ 6% I5 An41(6) d9K (t,x,S) Yn+1 (5733)6 = ds
0

t
E/ 6%/2)\717%(9) a9 po (t,IL‘,S) Yn+1 (57x) 6% I8 Ang1(0) do g
0

¢
—ez [0An41(0) de/ K (t,2,8) Yns1 (s,2) ds
0

t
= (/ K (t,x,8) Yns1 (8, 2) ds) et Tnal = ¢n+1( )
0

£

And finally, for the last term in (4) we have:

t t
/ e At @O g (4 g 5Y gy (s, ) ds = & Kb, 5y s, x)dseé s 2ni1(6) 8

0 0 —An+1 (8)
_ K (t,z,5)yo (Sal’)egfgxnﬂ(e) av|s=t _€/t€; i Ans1(6) dO (QK(RJ?;S) Yo (57I)> s
—Ant1 (s) ” 0 Is =1 (s)
—c |:K (t,[E, t) Yo (tu I) . K (t,[E, O) Yo (0,117) GT"+1] (8)
—Ant1 (1) —Ant1(0)
Py 0 K (t,z,s)yo(s,x)
ve [ et <_ , T, ) ) s
/0 88 )‘n—l-l (8>
Z n+1 (ta x, S) Yo (87 m))s:l}) 6Tn+1 - Irli—l—l (K (tv X, S) Yo (37 x))s:t] )
k=0

where we have introduced the operators
K <t7 z, 8) Yo (87 JZ)

12+1 (K (ta T, 5) Yo (57 .13)) = A R (S) )
o (9)
I (K (o, s)yo(s,x) = I™ N (K (tx,8)yo (s,7)), m > 1.

)\n+1 (8) % n+1

The asymptotic convergence of series (5) and (8) can be proved in the same way as a similar
statement in [2, Ch. 8]. Let g(x,t,7,¢) be an arbitrary function continuous in (t,z,7) €
[0,1] x [0,1] x x{Re1; <0, j=1,n+ 1} and possessing the asymptotic expansion

g (t,x, 7€) Zé yr (t,x,7) yk (t,x,7) € U, (10)

converging as ¢ — +0 uniformly (t,z,7) € [0,1] x [0,1] x{Re7; < 0,7 = 1,n+1}. We
introduce the operators R,, : U — U acting on each element g (¢, z,7) in the space U by the
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rule:
n+1
R (t,2,7) = (Zy] e x>> = e [ Kt e (50) .
7=1
RkJrlQ (l‘,t, T) = (_1)k |:Z ([]k (K <t7 z, S) Y (57 x)))s:t -’ (11)

j=1

— (I (K (L) (5,2))) _y e
+ <[£+1 (K (t>$a S) Yo (37 x)))szo et — (IS—H (K (t €, S) Yo (s>$))>5:t )

where the operators Ij’?, k > 0, are of form (6), while the operators InH, k > 0, are of the
form (9). The operators R,, are called order operators in &, since being applied to a function
g (t,x,7), they select the terms of order ¢™. It is natural to define the extended operator for
the integral operator J as follows.

Definition 1. A formal extenstion of the operator J is the operator J acting on each function
j(t,z,7,€) of form (10) by the ruld]

Jj=J (Z ey (t, T)) = Zer (Z R, vy (t, x,7’)> : (12)
k=0 r=0 k=0

Now we can write a problem completely regularized with respect to original one (1):
~ n+1

L.tz ¢) _8—+Z/\

87‘ ()Q—Jg:h(t,m),gj(O,x,O,e):yO(x), (12)

where 7 (¢,z, 7, ¢) is series (10).
2. SOLVABILITY OF ITERATION PROBLEMS

Substituting series (10) into (13) and equating the coefficients at the like powers of e, we
obtain the following iteration problems:
n+1

Loy (t,x,7) = ZA 87 A(t)yo — Royo = b (t,2), vo (0,2,0) = ¢° (x); (140)
J

Z n (taaja 7-) 8y0 + R1y07 n (07 xz, O) = Oa (141)
Y1
< Yk (t,:L’,T) = — ot + Rlyk_l + ...+ Rkyo, Yk (0,1’,0) = 0, k 2 1. (14k)
Each of iteration problems (14y) is of the form
n+1 ay
Ly(t,z,T) A ( —+ Alt)y— Royy=H (t,x,T),
7 ( Z () 5= =AWy = Roy = H (t,2,7) (15)
§(0,z,0) Zy*( ),
where
n+1
H(t,z,7) = ZHj (t,x)e™ + Hy (t,z) € U,
j=1

IThe symbol £ means “is equal by the definition”.
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ys (x) € C*[0, 1] are known functions and Ryy stands for the operator

n+1
Roy (z,t,7) = <Zy] (t,x)e™ + 1y (t, x)) —eT”“/ K (t,x,8) Yni1 (s, ) ds.
7=1
Let us try to solve problem (15). Substituting the element
n+1
g (t,z,7) = Z y; (t,z) e +yo (t, )
j=1

of the space U into (15), we get
n+1 n+1

Z/\ y]t:pef—ZA Jy;(t,x)e
n+1

— A(t)yo (t, :v)—e”“/ K (t,x,8) Yns1 (s, dszH (t,z)e™ + Hy (t,x).
J=1
Equalling here the free terms and the coefficients at the like exponents, we obtain the equations

—AM)yo (t,2) = Ho (1, 7)),
N ()T —A@)y; (t,2) = H; (tx),  j=Tn,

Ans1 () = A (L)) Yot (¢, ) —/O K (t,2,8) yns1 (s,7) ds = Hpya (8, 7).

We denote by ¢; (t) an eigenvector associated with the eigenvalue A; () of the matrix A (t),
while y; (f) denotes the eigenvector associated with the eigenvalue A; (t) of the matrix A*(¢).
The systems of vectors {¢; (t)} are {xx (t)} are chosen biorthogonal:

A e =XBe; @), A Oxe®= MO xe®), (o) xk(#) = dj,
where §j;, is the Kronecker delta and j,k = 1, n.

We proceed to systems (16). The first equation in (16) has the unique solution yq (¢,2) =
— A~ (t) Hy (t, ) . The second system in (16) is solvable in the space C* (]0,1] x [0,1],C") for
a fixed j € {1,...,n} if and only if the conditions hold:

(Hj(t,x), x; () =0 for all (x,t) €0,1] x [0,1].
The last equation in (16) is the second kind Volterra equation with the smooth kernel
G (t,z,5) = Ayt (t) — A(t)) " K (t,x,s). Here the variable z is regarded as a parameter
and therefore, this equation has the unique solution in the space C* ([0, 1] x [0, 1]) . If for each
(t,x) € ]0,1] x [0, 1], we introduce the scalar product

(13)

n+1 n+1
G (ta,7), 2 (e, 7)) = Oy (ta)e +yo(tx), Y 2 (tx) e + 2 (t,7))
j=1 j=1
n+1

2 Z (yj (t7 I) y Zj (th))

in the space U, where (,) denotes the usual scalar product in the complex space C", then the
above arguing can be summarized as the following theorem.

Theorem 1. Assume that the right hand side of equation (15) is of form
n+1
H(tx, )= ZH]- (t,x)e" + Hy (t,x) e U

Jj=1
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and Conditions 1) and 2) are satisfied. Then equation (15) in space U is solvable if and only if
(H(t,z,7), xj(t)e7) =0 j=1,n, (t,x)€0,1] x[0,1]. (14)
Under condition (17), equation (15) has the following solution in the space U :
t
g (t,x, 1) Za] (t,x)p; (t)e™ + </ R(t,x,5) Mpg1 (8) T — A(8) " Hyppq (s,2) ds
‘ (15)
F Ot (T = A W) Hyga (h2) ) — A7) (1) Ho (t.)
where X (t,x,s) is the resolvent of the kernel G (t,z,s) = (Apy1 (t) — A(£)) " K (t,,5) and
aj (t,z) € C*>(]0,1] x [0,1],CY), j = 1,n, are arbitrary functions.
We impose the initial condition y (0, z,0) = y. (z) for solution (18). This implies:
> 0 (0,2) 5 (0) = A7 (0) Ho (0,7) = y. ()
~ (16)
& a;(0,z) = (y. (x) + A7 (0) Hy (0,2),x; (0)), j=T,n.

However, the functions «; (¢, x) are not found completely. We need an additional restriction
for a solution to problem (15). Such restriction comes from iteration problems (14;). We see
that a natural additional restriction is the condition

o0 _
<_a_zz +Rij+P(ta,7), x;(t)e?) =0  j=Tmn, (t,z)e[0,1]x[0,1], (17)
where
n+1
P(t,z,7) = ZPj(t,x)eTj + B (t,x) €U
j=1

is a known vector function. Let us show that under condition (20), problem (15) has the unique
solution in space U.
Theorem 2. Assume that Conditions 1), 2) are satisfied and the right hand
n+1
H(t,x,r)=> H;(t,x)e" + Hy(t,x) €U

j=1
satisfies orthogonality condition (17). The problem (15) is uniquely solvable in space U under
additional condition (20).

Proof. In order to employ condition (20), we calculate the expression

Y A
o + Ry
Since
- Tj 0 Tn+1
Ry (x,t,7) [ K (t,z,s)y; (s, 93))) RNk (I1 (K (t,z,s)y; (s,z)))szoe ]
j=1
— [(Ier (K (82, 8) yo (5,2)) ooy — Ty (K (2, 8) 90 (5,2)) ) €]

Yj (S,l’) = Q5 (8,513') Pj (S) Yo (‘971') = _A ( )HO (8,1’) )

I (K (t,x,s) y; (s,2)) = lij(z;ff)ﬁf(’;) ’
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then

~

gt + Ry + P(t,x,T)

n@oz]t:v ;i (t
_y )¢i (1) o,

J=1

0 /0 R (t, z, 3) <)\n+1 (3) I—A (S)>_1 Hn+1 (S, qj) ds

ot

Qv (01 = A ()™ Hyr (12) | €70+ & 474 (1) Ho (1,2)

—XXWMWm@%@mw@m,w—WMWm@%@ww@mOWﬂ

[(IT(l)Jrl (K (tv Z, S) Yo (Sv l‘)) [2+1 (K (t7 Z, 5) Yo (57 x))s:O) eTnH}
+in (t,z)e" + Py (t, x),

J=1

and this is why condition (20) becomes

+(P](t’x)7XJ(t))EOa jzla_n

In view of initial condition (19), this equation has the unique solution:

(1) = 2 [y 0.0) + [ (861 s (D) e ]| (19

where

it = [ (FEEID ) @) s =T

Hence, under the assumptions of the theorem, there exists the unique solution in space U
satisfying (14). O

Applying Theorems 1 and 2 to iteration problems (14;), we construct series (10) with coef-
ficients in class U. Let

yen (t,x) = Zayk<txﬁ>

be the restriction of Nth partial sum of this series as 7 = QJ’Tt Then as in [2, Ch. 8|, we can
easily prove the following result.

Theorem 3. Assume that Conditions 1) and 2) are satisfied. Then as € € (0,e0], where
g0 > 0 is sufficiently small, problem (1) has the unique solution y (t,z,c) € C*([0,1] x [0,1])
and the estimate holds:

ly (t, 2, €) = yen (%) | e oagepoy < One™™ N=0,1,2,...,

where the constant Cy > 0 is independent of € € (0, &g .
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3. SOLUTION TO FIRST ITERATION PROBLEM. STUDY OF INITIALIZATION PROBLEM

Since the vector function H(t,x,7) = h(t,z) in system (14y) is independent of 7, it satisfies
condition (17). Hence, system (14) has a solution in the space U and it can be written as (see

(18))

olt, z,7) Za (t, ) @; (t) e — AL () h(t,x), (19)

wher ag-o) (t,z) € C*>([0,1]x]0,1], C!) are arbitrary functions. In order to find these functions,
we find first their values at the point ¢ = 0. Since y(0, z,0) = 3° (z), then

a;” (0,2); (0) — A7 (0) R (0,2) = 3° (=
Z ) ;i (0) — (0)h(0,z) =y (x) (20)
& a§ )(0,2) = (ATH0) h (0,2) +y° (x), x5 (0)) j=1Tn.

To find completely the functions oz( ) (t,z), we should proceed to next problem (14;) and impose
orthogonality condition (17) for 1ts right hand side. As a result, we obtain the equations

(0)
() (Kl
ot A () — A (1)
and by identity (23) we find that

) <t>) o (t2)=0, j=Tm,

(0) (t,x) = e (H:) (Afl (0) h (0, z) + yo (z) X (O)) 7 = 17, (24)
where
qj(t,:v)z/ (KES;QC ):i]li ))—Sbj(S)an(S)) ds,  j=T1n

Thus, we find uniquely solution (22) to first iteration problem (14). L
We proceed to studying the initialization problem. Let Re\; (¢) < 0, ¢t € [0,1], j = 1L, n.
Then by Theorem 3 we have

ly(t, z,€) — yeo(t, )|l cqo,1x[0,1)) < Cog &
< [ly(t.e) (ZO‘ (t, ) pj (t)e” — A7 (t)h(t;v”’?)) leqo.x(o,17) < coe-

Hence, by each 6 € (0, 1] we get

(1)
coe Z||y(t, x,€) ( a (t x)p;(t)e e
7j=1

— AT () it 56)) lcs.a1x0.17)

3

;i (t)
>lly(t,z,e) = > ol (tx) oy (t) e s + A7 () b (t,2) leqsxion)
j=1

10

>[ly(t,z, ) + A1 () b (t,2) [logsx o) —||Za (t,z) @j () e [logsx (o)

!In the expression y§k) the superscript (k) indicate the iteration number; it should not be mixed

up with the kth derivative.
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and this implies that

. “~ () 210
ly(t,z,) + A7 (8 b (8, 2) leqaxon < cos+ 1D a5” (t2) o (8 e = llogsuxio
j=1
< e + Zoz (t,z) p; (t) e %,
C([6,1]%[0,1])
where = min (—Re \; (t)) > 0. Therefore,
i=T,n,t€[0,1]
(t)h(t,x) ||C([6,1]><[0,1]) — 0 (e — +40). (21)

We have obtained the following result.

Theorem 4. If Conditions 1) and 2) hold and Re \; (t) < 0, t € [0,1], j = 1,n, then passage
to the limit (25) holds, where y = y(t, x,€) is the exact solution to problem (1), and the function
y(t,r) =—A"1(t)h(t,x) solve the degenerate w.r.t. (1) equation

At)y(t,z)+ h(t,x) = 0.
However, in our case there can be pure imaginary eigenvalues \; (). For instance, let
Aj(t) =Fiw; (1), w;(t) >0, j=1,m, ReX(t)<0, te[0,1], k=2m+1,n. (22)

In this case the passage to limit (25) in the metrics of the space C ([0, 1] x [0,1]) becomes
impossible. Because of this, the initialization problem arises: what the initial data in problem
(1) should be to ensure the uniform passage to the limit y (¢, x,e) — ¢ (t,x) as € — +0 on the
set [0,1] x [0, 1] including the boundary layer in ¢? The initial data in problem (1) obeying this
condition are called initialization class ¥. Since

y(t,x,e) Zoz (t,x (p] e? Jo wi(0)ds + ZB](-O)(t,x)SOmﬂ' (t) e% J§ w;(0)do
j=1
+ Z ol (t, )y (1) e S5 O _ A=V (1) b (¢, 2) + O(e),

k=2m+1
then the first 2m terms fast oscillate and prevent the existence of the passage to the limit

y(t,x,e) = y((] ) (t,x) on the set [0,1] x [0,1]. This is why we need to remove them, that is, we
need to let

a(tx)=0, B (ta)=0, (ta)el0,1x[0,1], j=Tm
It follows from formula (25) that this holds if and only if
(v (@) + A (0 h (0,2),x; (0) =0, j=T,Zm, wel0,1]. (+)
We have proved the following result.

Theorem 5. Assume that problem (1) satisfies Conditions 1), 2) and (26). Then the passage
to the limit

Hy(t, x, 8) +A! (t) h (t, :c) HC’([E,l}X[O,l]) — 0, e— 40,
holds if and only if condition (*) holds.

However, condition (*) does not describe the initialization class since the exponents
exp {% fg A (0) d&}, k = 2m + 1,n do not tend to zero uniformly in the vicinity of the point

t = 0 and this is why they should be removed in the description of the class ¥. Finally, we
obtain the following result.
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Theorem 6. Assume that problem (1) satisfies Conditions 1), 2) and (26). Then the passage
to the limat
ly(t,z,€) + A7H () h(t,2) [eqoaxioy — 0, € = +0,
holds if and only if the condition

(y() (I‘)—f—A—l (O)h(()?x)?X] (0)) =0, J :17_”7
holds.

Thus, the initialization class is independent of the kernel and is described as follows:
2= {(y°h K, A) s (4°(2) + A7 (0)h(0,2),x; (0) =0, j=T,n,}.
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