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STUDY OF DIFFERENTIAL OPERATOR WITH SUMMABLE
POTENTIAL AND DISCONTINUOUS WEIGHT FUNCTION

S.I. MITROKHIN

Abstract. In the work we propose a new approach for studying differential operators with
a discontinuous weight function. We study the spectral properties of a differential operator
on a finite segment with separated boundary conditions and with “matching” condition
at the discontinuity point of the weight function. We assume that the potential of the
operator is a summable function on the segment, on which the operator is considered. For
large value of the spectral parameter we obtain an asymptotics for the fundamental system
of solutions of the corresponding differential equation. By means of this asymptotics we
study the “matching” conditions of the considered differential operator. Then we study
the boundary conditions of the considered operator. As a result, we obtain an equation for
the eigenvalues of the operator, which an entire function. We study the indicator diagram
of the equation for the eigenvalues; this diagram is a regular octagon. In various sectors of
the indicator diagram we find the asymptotics for the eigenvalues of the studied differential
operator.

Keywords: spectral theory of differential operators, spectral parameter, summable poten-
tial, discontinuous weight function, indicator diagram, asymptotics of eigenvalues.
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1. Formulation of problem. We consider the differential operator

L(y(x)) = y® (@) + g(x)y(z) — Ap(z)y(x)
on the segment [0; 7], where X is a spectral parameter, subject to separated boundary conditions. The
potential ¢(x) is a summable function [0; 7], while the weight function p(z) is piecewise-constant with
a discontinuity at x1:
{a8, a>0, 0z <y,

xTr) =
ple) bS, b>0, z <z<m.
In more details, we study the differential operator defined by differential equations of form
{ uV (@) + a1 (@n(e) = APy (@), 0<w <z, a>0, (1)
yés) (z) + (@) ya(z) = MBya(z), 1<z <m, b>0, (2)
subject to “matching” condition at the discontinuity point xi:
y1(x1 —0) = ya(z1 + 0), bmylm)(acl -0)= amyém)(xl +0), m=1,2,...,7,
. . 3)
(=00 =l (@) e +0) =l (),
and to separated boundary conditions
W0) = 4" 0) = - =" (0) = 45 () =0,
my <mg <---<mg; my,ng €1{0,1,2,...,7} p=1,2,...,7.

(4)
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At that we assume that the functions ¢;(z) and ¢2(z) are summable on the segments [0; z1] and [z1; 7],
respectively:

@1 € L1[0;21] & </Oz ql(t)dt>, =q(z) ae in [0;x1],
. H (5)
G2 € Li[x1;7] < (/w q2(t)dt> =q(z) ae. in [zy;7].

1 T

Differential operator with a discontinuous weight function (even in the case of a continuous or a
smooth potential) were not studied a lot. A classical work in this field is [1], in which for a self-
adjoint second order differential operator the theorem on equiconvergence at a discontinuity point of
the coefficients was obtained.

Even the case of a non-constant weight function was not studied sufficiently in detail, especially
for the operators of order greater than two. In work [2], for the Sturm-Liouville operator, there was
studied the issue on the maximal growth rate for normalized eigenfunctions if the weight function
is continuous and positive. The issue on estimates for the normalized eigenfunctions of the Sturm-
Liouville operator with a positive weight function was studied in work [3]. The author does not know
whether such issues were studied for the operators of fourth, sixth and higher orders.

The need of studying differential operators with discontinuous potentials (and a discontinuous weight
function) arise in many problems of mechanics, physics and mathematics, for instance, in problems on
longitudinal oscillations of rods or transversal oscillations of beams formed by materials of different
densities. Problems for differential operators with discontinuous coeflicients also arise in forecasting
earthquakes and tsunamis. Such issues were considered by the author in works [4, 5].

In work [6], there was studied the (first order) differentiation operator with a discontinuous
(piecewise-constant) weight function. In work [7] there was obtained an analogue of Dirichlet the-
orem for expansions over eigenfunctions of differential equation with discontinuous coefficients. In
work [8] there were studied spectral properties of a boundary value problem for a second order oper-
ator with a discontinuous (piecewise-constant) weight function. In work [9] there were studied first
and second order operators with a sign-changing weight function. The operators of order higher than
two were not considered in the above cited papers.

In works [10, 11] the smoothness of the potential was reduced and there was proposed a new topical
method for studying Sturm-Liouville operator with a summable potential; at that, the weight function
was equal to one.

In work [12] there was proposed a method different from that in works [10, 11] for studying the
spectral properties of a fourth order differential operator with a summable potential, which confirmed
the results of works [10, 11] for a second order operator. In work [13], the method of work [12] was
extended for functional-differential operators, while in work [14] it was extended for a sixth order
operator with a summable potential of a delayed variable.

The issue on studying the spectral properties of operators with non-smooth coefficients is still
topical. In works [15, 16], as a potential for a second order operator, the J-function served.

In work [17] the author studied a second order differential operator with a summable potential and
an arbitrary smooth weight function.

In work [18, Ch. 4] there were studied differential operators with a discontinuous weight function
of second order with a piecewise-constant weight function and a piecewise-smooth potential, of fourth
order with a summable potential, of fourth order with a piecewise-smooth potential and a piecewise-
smooth weight function. The study of differential operator (1)—(5) is the continuation of studies in
work [18, Ch. 4]. The use of “matching” condition (3) is motivated by physical arguments, see [19,
Ch. 1, 2].

In the terminology of work [20, Ch. 2], boundary conditions (4) are irregular, at that, we study
an entire family of differential operators; in total, there are 8 - 8 = 64 various types of boundary
conditions (4) under varying the numbers mj, ma,...,m7 and n;. All operators in this family have
similar spectral properties.

2. Asymptotics of solutions of differential equations (1), (2) for large values of spectral
parameter \. Let A = s8, s = v/, and for being correct, we fix the branch of the root by the
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requirement v/1 = +1. By wj, we denote various eight roots of one:

wi=1, wy=et D (k=12 8)
e 2 2
wy = 1, wg—eQS—cos(;r)—i-isin(;)—\Qf—i— \gz#O,
\[

Ami ) . 67 3 \@ 2
wy=es =25 =4, wp=e s =20 =i,
wp =21 k=1,2,...,8
The numbers wy, (k= 1,2,...,8) in (6) partition the unit circumference in eight equal arcs. These
numbers satisfy the relations:
8 8
szzO, p=12...,7; sz, p=0, p=8. (7)
k=1 k=1

By the methods of works [20, Ch. 2], [21, Ch. 1], [22, Ch. 4], the following statements can be
proved.

Theorem 1. The general solution of differential equatz’on (1) is

s) = ZClkylk(a;,s); 3/1 (x,s) ZC’lkylk (x,s) =1,2,...,7, (8)

where C11, Cia,..., Cig are arbitrary constants and as |s| — oo, for the fundamental system of
solutions {y1x(z, s)}3_, the asymptotic expansions and estimates hold:

S A9 (ZC,S) e\Ims\x
Y1k (z, 8) = ¥R — 22757 +O< 1 ), k=1,2,...,7, 9)

m m m _awi ST Am (.I',S) e|1m8|50
ygk‘)(l"s):(as) {wke g _22757—'_0<514 ’ k:1727-")8) m:1’2""777 (10)

x T
A (, 5) —wy ™1 / qu (1) RIS gy wpe e / ()Tt o
0 0

xX
+wseaw88x/ i (t)e? TSt gt ek =1,2,...,8,
0

AT (z, 8) wnwmeaw"sx , k=1,2...,8 m=12,...,7. 12
7k ( ;

akn
While proving formulae (9)—(12), the variation of constants and relations are to be employed (7).

Theorem 2. The general solution to differential equation (2) is

s5) = ZCQkka(ZE, s); y2 (x,s) ZC’%y% x,s), m=12,...,7, (13)
where Cy, (k=1,2,...,8) are arbitrary constants,
BY (CE S) e\Ims\x
_ b T\ _
yzk($,$)—€wk8$_8a7s7+0< I >’ k=1,2,...,8, (14)
(m) m |Im s|x

Yop  (T,5) B b B7(x,s) e B _
W_wgzewksx_w+Q T , k=12,...,8 m=1,2,...,7, (15)
B?k x,s) Zw ebw””/ qg(t)eb(wk_w”)Stdtbkn, k=1,2,...,8, (16)

x1

X
B (z, ) anwm b“’n“/ @)t wnstqy, o kb =1,2,...,8, m=1,2,...,7. (17

1
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While proving formulae (8)—(17), we supposed the following initial conditions
A9,(0,5) = 0; 7:(0,s) = 0; y1£(0,8) = 1; y&n)(o, s) =wg'(as)™
BYy(x1,5) =0;  Bri(z1,8) =0;  yar(z1,5) = ”*; (18)
M (1, 8) = (bs)Mwre?™ ™ k=1,2,...,8 m=12,...,T.

3. Study of “matching” condition (3). Substituting formulae (8) and (13) into “matching”
conditions (3), we obtain:

8
yi(1 —0) = ya(w1 +0) & Y Copyar(z1 +0) = Y Cryai(1 — 0);

k=1 k=1
()"} " ©1-0) = >my§"‘> @t (19)

0) -0
@Zc y% ”“* ZC ylk f“ Y =0y

System (19) is the system of eight linear equations with eight unknowns Ca;, Caa, . .., Cag, at that,
C11,C1a,...,C1g are regarded as parameters. The Cramer’s rule implies that such system has the
unique solution:

Ay
Cop=—+, k=1,2,...,8 20
2k A(S), PR} » Oy ( )
and the determinant A(s) of the system is non-zero:
yan(@,s)  yaa(z,s) ... war(z,s)  yas(z,s)
yél(xvs) y§2($,s) y’27(az,s) yéS(SU’S)
A(s) = bs bs bs bs £ 0. (21)
7 7 7 7
v (2:5) v (@.s)  ws(ns) yi(as)
(bs)7 (bs)7 o (bs)7 (22 LA
Indeed, the determinant A(s) in (21) is the Wronskin of eight linearly independent solutions

{yor(z, s)}5_, of differential equation (2) and this is why it is non-zero at each point of the semi-
interval (z1; 7. The same fact can be obtained by initial conditions (18) and formulae (14), (15):

ebwlsml ebwgswl o ebw7sr1 ebwgsacl
wlebwl ST w2€bwgsx1 w7ebw7sxl wsebwgsxl
A(S) — w2€bwlsx1 wgebwgsxl o wgebuwsxl wgebwssxl
................................... (22)
7 bwisty 7 bwasxq ; bwrsx 7 bwgsxq
)
—b(witwa+ +w7+ws)sx1AO 0 eOAo = Ay #0,
where
1 1 ... 1 1
w w2 ... Wy wWs
No=lw? w2 ... w? w?= [ (wk—wn)#0 (23)
---------------- k>n;k7n:1727""8
Wl wl Wl Wl
and Ay is the Vandermonde determinant of the numbers wy, wo, ..., ws.

The determinants Ay (k= 1,2,...,8) in formula (20) are obtained from the determinant A(s) in
(21) by replacing the kth column by the column

£ 1kY1k\T, S); £ 1k as PRI 1k (as)7 x:xl_o-

k=1
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For instance, Ay is of the form:

[C'nyln + Cle/lQ +et ClS?Jl/B]x:xl—O Y22 Y23
ol o2 4o Y8 Y2 Y23
as as a —21—0 bs bs
Al — Tr=x1
(7) (7) (7) (7) (7)
Y11 Y12 Y18 Ya2 Ya3
Cin + Ci2 +-- +018]
[ (as)T (as)T (as) ] ympo (0S)T (bs)7

S.I. MITROKHIN

(24)

r=x1+0

Writing the Laplace expansion of the determinants Ay in (21)—(24) into the sum of the determinants

along kth column (k =1,2,...,8), we obtain:

8
Ap=> Cinlpn, k=12,...

787
n=1
Yin Y22 Y23 Y28
Yin Y2 Yo Yos
A, (2:4) as bs bs bs
RPRERRY AN R 5
L vsy
(as)”  (bs)" (bs)” (bs)7 R
Y21 Yin Y23 Y28
Ay, = bs as bs bs
REREERY B R i
U vse
(bs)”  (as)” (bs)” (bs)” J—
Y21 Y22 Yar Yin
Yo Ym Yor  Yin
Ag,, = bs bs bs as
SRR SR S
v sy Y Ui
(bs)™  (bs)” (0s)" (as)7|,_y 10

(25)

(26)

For the determinant Ay in (23) we can calculate the matrix of algebraic minors for the entries of

this determinant:

Ap11 Aoi2 Aop17
Ag21 Ao22 Aga7
Bomt) =l oo
Agr1 Aoz Aogrr
Aogt Aog2 Aogr
1 —1 1

1 1 —1

W, 2 T

Ao wt —wy T wy

8

wi®  —wy® wg
—7 = —7

—w Wq —Ws

Ao1g
Apag
Ao7s
AV
-1 1 —1 (27)
w;l —w;l wgl
—wy? wr?  —wy?
—wy$ wi® gt
wy ! e

The validity of formula (27) can be checked via the Laplace expansion of the determinant A¢ in (23)

along the rows and columns.
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Employing formulae (9), (10), (14), (15) and (18), we have:

AO (acl S) 1 >
eAWn ST _ ™ ) + o — ebwgsazl ebw7sx1 ebwgsxl
fa’s’ —\ gl4
1
Wy, eTWn ST _ A7§(fl7’ 5) +O<14 woyelw2sT1 WS g bwssa
a’s s
Al” = 1,2 awnszi Agn(xl 5) 1
n _ ITm\"L 7 o — 2 bwsosxi 2 bwrsxy 2 bwsgsxi
wy,e Ra7s7 + 0 o1 wje wre wge (28)
w eWnsT1 AWL(fl; 5) 19) (}4) wgebwgs:pl wi bwrsT 7 bwgsr
8a's -
b b b b e~ bwrst
—dWnsT1 Sbwase wgsxl( ) w7 STy wgsx1¢n < — ¢n7+0< 14)’
Lol b1 A9 (z1,s) 1 11
Wn 02 wr ws Aln(az s) w wy  w
bn = |02 ws w wi|, Gpr=|" "0 2 T on=1,2,...,8.  (29)
wl w; “““ w; W] Afp(w1,8)  wy wi wg
n
Writing formulae (7), (23), (27), by the properties of the determinants and (28), (29) we find:
T1,8) _ 1
Aln:wln(xlas)_lmé;(?slr?)e bwi sz, +O<814>, n = 1,2,...,8, (30)
wln(mh s)=0 (n=2,3,... ,8); Y11 (21, S) = Aoe(awlfbwl)sxl, (31)
A S
0 “k ak—
Yin7(x1,8) = < Zw% FAE Y (2y,5), n=1,2,...,8. (32)
k=1
In the same way, by (26) we get the following formulae for the determinants Agy,, Asy, ..., Agy:
T1,8) _ 1
A = Ymn (71, 8) — %e bwmszy +0<514>, m,n=1,2,...,8, (33)
Vmn(x1,8) =0 as m#n; Umm(r1,s) = Ageltm=bwm)ser oy — 1 9 8, (34)
A S
Ymn7(T1, 8 :%Zw kAk Yxy,s), m,n=1,2,...,8. (35)
k=1
Applying formulae (11), (12), in (35) we get:
8 8 8 -
> wh FAE (w9 :Zw}n_k<2wpw§_le“wpml (/ . > )
k=1 k=1 p=1 0 anp
8 - 8 /. \ k1
=3 et ( / ) (Z <p> ) (36)
p=1 0 anp \ = \Wm
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Employing formulae (30)(36), we write the matrix of elements (222) (m,n =1,2,...,8):

Ag
Amn o
Ag -

wid11 | [ wi Ty | w117 w171y |
Gil1— G1|0— ... G1|0— G — ..
! - 8aTs” + | ! | 8aTs” + | ! | 8a’s” + | ! | 8a’s” + |
waT19 waTH9 woT7o woTgo
Go|0— Gol|l— ... Gol0— .. Go|0— ..
2|7 8aTsT + | T + | 2|7 8aTs7 * | BaTsT
[ wiTh7 | [ wiTar | [ wiTry ] [ wiTgy |
G- |0— G7|0— ... Grl1— .. G — ..
7 - 8aTs” + | 7 | 8aTs” + | 7 | 8a”s” | 7 | 8a’s” + |
wgTg wgTog wgT7g wgTgs
Ggl|0— Gg|0— ... Ggl|0— .. G — ..
s BaTsT | I T * | *|7 8aTsT * ] RaTsT | |
(37)
where we introduce the following notations:
__(awm—bwm)sz1 . _ o a(wm—wn,)st . — . U i
Gm=c¢ i T = qi(t)e dtamn; m,n=1,2,...,8; + =+0 1 ]
0 S

Formulae (37) complete the study of “matching” conditions (3).
4. Study of boundary conditions (4). By means of formulae (8)—(10) and (18), the first seven
boundary conditions in (4) become

8 (my)

8
(me) ey _ Y (0,8) e _
Y™ (0) =0 (r_1,2,...,7)@kzlclkws)m_o@;qkwk =0, r=1,2,...,7. (38)

By help of formulae (13), (20) and (25), the eighth boundary condition in (4) casts into the form:

(m)( ) 8. A, o )
T, S k Yo )7
(bs) _O@E Cgk —O@E Als) (b =0

() s ) (39)
Yok (7[-7 8) _ Yon (7T7 5) _
& Z (ZCMA;W)W =0s Z%(ZAMW =0,
k=1 “n=1 =1 n=1
ni :0,1,2,...,7.

System (38), (39) is a homogeneous system of eight linear equations for eight unknowns
C11,Cho,...,C1s. By the Cramer’s rule we conclude that such system has nonzero solutions

(22:1 ka # 0) if and only if its determinant is zero. This is why the following theorem holds
true.

Theorem 3. Eigenvalue equation for differential operator (1)-(4) subject to condition (5) of the
summability of the potential is represented as

wg; wQZ; . w%:; wg;
wy? wy . we Wy
h(s)=1 ... .. =0, (40)
wq Wy Wy Wg
bg1  bs2 bg7  bsg
5 ()
bgp_ZApkW, p=12...,8. (41)
k=1

By the Laplace expansion of the determinant h(s) in (40) along the last row we have

h(s) = bg1R1 — bsa Ry + bsgRg — bgaRy + - + bs7 7 — bss Rg = 0, (42)
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,8) are algebraic minors for the elements in the last row in h(s). The determi-

nants R, can be easily calculated by formulae (6):

w wy" wgt wyt 1™ pm L S pbm
wi™? wy'? wg? wy? 1m2 pm2 o M2 M2
Ry
w;flfw w;m wgw w;m 1m7 ymr Som7 6m7 (43)
= det Wandermond's(2™",2™2,...,2"7) = H (M — 2" =Wy £ 0,
r>k;r,k=1,2,...,7
wgll wgnl w;nl wgnl Zm1 Z2m1 Z6m1 Z7m1
wng wgnZ w;n2 wgn2 Zm2 z2m2 Z6m2 Z7m2
Ry = =
w;m wy mr w77ﬂ7 wgm Zm7 z2m7 26m7 Z7m7 (44)
7
=2"12"2 ()2 TRy = 2V Wy, My = E mg,
k=1
The numbers my, (k=1,2,...,7) are determined by boundary conditions (4).
In the same way we obtain the following formulae:
Ry = 2MWy, Ry =23MWo, ..., R,=:MW, n=12...,8 (45)

We substitute formulae (43)—(45) into equation (42) and divide by 2™7W7 # 0 to get the equation

8
=31 gt
k=1

(46)

where the quantities bgy, (k =1,2,...,8) are determined in (41), A,y are defined in (37) and yézl)(ﬂ, s)
are found in view of (14), (15).

The study of the asymptotics of the roots to equation (46) is closely related to studying the indicator
diagram for this equation, see [23, Ch. 12]. The indicator diagram is the convex hull of the exponents
in the exponentials involved in this equation. Applying formulae (41), (14), (15), (37), we rewrite

equation (46) in a more detailed form:
8 (n1) 8 (n1)
_ Z Yoy (T, 8) M Z Yor (T, 5)
S)— Ale—Z 7 Akzi—i—

— (bs)m
8 (n )
6M7 ZA y2k 7T>8 ! U )

7™M Z Ags =0,

which implies:

(m)(

8 8
Y Y
h(S) 21 Z k 1 (k—1) M7A + Q?bs Z k 1 (k 1)M7A2k +.
k=1 k=1
(47)
n 8 (n1) 8
1) z k 1, (k= 1)M7A7k + yQ@(;bS()n,ls) Z(_l)k—lz(kz—l)M7A8k —0.
k=1 k=1

This yields that the indicator diagram is as it is shown in Figure (48).

The indicator diagram shown in Figure (48) is a regular octagon. The roots of equation (47) can
be located only in eight sectors of small angles. Their bisectrix are median perpendiculars to the sides
of this octagon.
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ry
3) W,R 2) R=awtb(n—x,)
W,R
w,R
4) D
w,R
() 7
wsR X
5) 8)
WR
WR
w,R
6) )
FIGURE 48.

5. Asymptotics of eigenvalues in Sector 1) of indicator diagram (48). Applying formulae
(14), (15) and (37), we rewrite equation (47) as

B 1
h(S) I:w?lebwlﬁ" _ 781[)(77;75 (31 )] (awy —bw1) stl (1’1, 8)

B

+ [w;llebwzsrr _ 782b<77r78) + O( >:| (awz— bwz)sm1D2(x1’ ) 4. (49)
BZ (m,

+ [wglebwgsw _ 788b(77;73) + 0(814>:| e(awg—bwg)sm DS(-Tl, 5) =0,

Wiy, o1 1
D,, ,8) =|Dm1 — ——
wmlpn (), o)
M-
— T [Dmg — 8(1787 ( ) ( ):|

oo (7)) o)) - "
_Z7M7[Dm8_82’7”;7</0 ...>a8m+0<sh>],

Dpm =1, Dppn=0 (m#n); mmn=12...8.

The general theory, see [23, Ch. 12], of finding roots to quasi-polynomials of form (49), (50) states
that in Sector 1) we should keep only the exponentials with exponents in the segment [wqR;wsR] of
indicator diagram (48). This fact implies the next theorem.

Theorem 4. In Sector 1) of indicator diagram (48), eigenvalue equation for differential operator
(1)-(4) subject to condition (5) of summability of the potential is of the form:

1 [w 1
fi(s) =[wireftors — Mrypelwas) S [1w1” (/ > eftwis
& 0 all

a”

1
W1  ny Ruwys M7 (/ >
77’11)1 e e
a 0 a2l

ni 1
+ B71 (777 S) e(awl—bw1)sx1 o w2 nglZM7eRw25 </ )
— — -

b a 0 a22

+ %wru engs o o _ B’?Ql (ﬂ—? 8) ZM7e(aw2—bw2)sa;1 + Q L —0.
a? 2 b7 sl4
0 al2
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The exponentials of form exp(Rwy,s) (m = 3,4,...,8) and the integrals of form ([ ...)aim,
(Jo -+ Dazms- -, m=3,4,...,8, involved in equation (49), (50) but not involved in equation (51) are
infinitesimal in Sector 1).
ny

We divide equation (51) by e®wzswi' # 0, observe that due to (6) we have % = z™M, and we

rewrite equation (51) as

)=o) -

1 [gi(z1,8)  go(x1,8) 1 _p B 1
_|: a7 + al +ﬁe wzswlnlgg(xl,ﬂ',s) + 0 Sﬂ =0;

1 1
g2(x1,8) = waz™ (/ .. ) — wle7eR(w1_w2)s</ .. ) :
0 al2 0 a2l (52)

ga(1,7,5) = B (m, )01 —0osms — M1 iy (7 g)plawn—buz)sa,

The main approximation of equation (52) is

eR('LUl—’LUQ)S _ ZM7Zn1 _ 27rzk 27”M 27y S Sk Lbsc = ﬂ7
R('LUl wg) (53)
~ M
R=az, +b(r —x1), k= k:—i—?7+§ keZ.

This is why the next theorem holds.

Theorem 5. In Sector 1) of indicator diagram (48), the asymptotics of eigenvalues of differential
operator (1)—(4) subject to condition (5) of the summability of the potential are

271 ~  dma 1 ~ Mz m
- (L oY h=k+—+2 Lkez 54
Sk,1 R(wl—wg){ + %G +<k14>}7 + 3 + 3 (54)

In order to prove Theorem 5, it is sufficient to show that the coefficients drx,; in formula (54) are
uniquely determined and to provide explicit formulae for them.
Applying Maclaurin formula, we obtain:

—exp [R(wl — w2)R(w?7T_i ws) (k + dg -+ O(k:ll‘*)ﬂ

_ _Mr.n 7T2d7k1 1 .
=z 1|:1+k;7+0(];14>:|’ (55)

1 R'(w;—wsy)" 1 1
2=l (o))
Sk.1 20ty k7 k8

Substituting formulae (53)—(55) into equation (52), we get
I: M7zn1 +ZM7Zn127md7k1 _|_O<~1> _ ZM7Zn1:|
L7 L4
~ R(wi —wg)" 1 <1 +O< 1 >> [91(331,5) 92(x1,8) | 1 _Ruys

-n
8. 277743 k7 ks a’ + a’ + b76 wy 193(:617 T, S):|

1
and we hence find that

R (wy — 1112)72-1\47Z-n1 g1(r1,8) n ga(1, 8)
8- 27733273 a’ a’

R(w1—wa2)s

e

Sk,1

sk,1

e—ngs

b7 wl_nlg3(x177r7$):|

_l’_

, (56)

Sk,1,bsc

d7k1 =

where s, 1 psc Was defined in (53).
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It follows from formulae (11) that

</0m1...)a11: (/Om..,)m:...: (/Oxl)mm: /Oxlql(t)dtall (m=1,2,....8).

Hence,
xr1 Tl
gl(xh 5) (522(55)101 (/ N ) ZM7Zn1 — T,UQZM7Zn1 </ .. )
Sk,1,bsc 0 all 0 a22
. (57)
= (wq —wg)zM7z"1</ ) ;
0 all
1 1
g2(x1,8) = [wgznle7zM7 (/ .. ) — wy M7 M7 ym (/ .. ) }
Sk,1,bsc 0 al2 0 a2l Sk,1,bsc
T s’ T Z1 2 ];‘
=M mes |:€8€_28M7/ q(t) exp (a(wl — wg)tm>dta12
0 R(w1 — w2) (58)
_mi 2mig [ a_ -
—e ses M7 g(t)exp | — E2mkt dtao1
0
i o > 27
=M m 82'/ t)sin 20 2kt + = — T | dt o
2T ZMe zo q1(t) sin o +8 g M7 |dtqy;
™ ™
g3(x1,m,s) = l:w1</ . ) eftlwi—wz)s _ w22”12M7</ ) }
Sk,1,bsc 1 b1l 1 b22 Sk,1,bsc
+ |:,w2 < /ﬂ— N ) P 6R(w1—w2)se—b(w1—w2)s7r
T b12
s
() ] -
1 b21 Sk,1,bsc
=(wy — wy)2M7 ™ </ >
1 b1l
i i 2mbk T 27 br . -
2ie’s MM t) si t+ = + —ny — — 27k |dty.
+ 2ies 2772 /xlqg()sm[R —|—8+8n1 R7T:| 2
Substituting formulae (57)—(59) into (56), we obtain:
RT(wy —w)8[ 1 [ [™ 1 2ies @1
d7k’1:82—87’r8? +ym
: 0 - 0
all ql (60)

1( (" 1 2ie’s ™
CH[) R EE () ke
b 1 pr1 DT wr—wa @ q2

By formulae (6) we find:

%ieF %es %ieF 1 2

wp—wy - ¥ e%i(e_§ —e§) sin(§) 22
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Substituting this formula into ( 60), we get;:

R7 (wy — wa) 8 1 [
d (t)dtq t)dt
[ T 11+ b7/ g2 (t)dtp11
a -
T+ T — I |at
[a7 sin(Z) /0 q1(t) sin [ + I 5 1 7] ql (61)
1 4 2mb- . w 2072
- t kt —k|dt keZ
+b7sm(g)/ml(p()sm[}z St R } 42” €4

7
~ M7 ni
kE=k+—+ g, M7:Zmp, R = azy + b(m — x1).

Formula (61) shows that the coefficients dry ; in (54) are determined uniquely that completes the

proof of Theorem 5.

While dealing with the limits b — a or x; — 0 or 1 — 7, formula (61) becomes

(w1 — wz)® /7r 1 /” s w2
oy = WL W) Dty — ——— | q)sin (2t + 5 = Z0p Vat, |, ez (62
7k 1 P ; q(t)dtan (@) /, q(t) sin +g g Mr)dta € (62)

8

Formula (62) was obtained by the author earlier in work [24].
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