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QUASI-ELLIPTIC FUNCTIONS

A.YA. KHRYSTIYANYN, DZ.V. LUKIVSKA

Abstract. We study certain generalizations of elliptic functions, namely quasi-elliptic
functions.

Let p = €™, g = €, o, f € R. A meromorphic in C function g is called quasi-elliptic if
there exist wy,wy € C*, Im £2 > 0, such that g(u+w1) = pg(u), g(u+ws2) = gg(u) for each
u € C. In the case « = =0 mod 27 this is a classical theory of elliptic functions. A class
of quasi-elliptic functions is denoted by Q€. We show that the class QE is nontrivial. For
this class of functions we construct analogues .3, (ag of p and ¢ Weierstrass functions.
Moreover, these analogues are in fact the generalizations of the classical o and ( functions
in such a way that the latter can be found among the former by letting a = 0 and g = 0.
We also study an analogue of the Weierstrass o function and establish connections between
this function and g,z as well as (,g.

Let q,p € C*, |¢| < 1. A meromorphic in C* function f is said to be p-loxodromic of
multiplicator ¢ if for each z € C* f(gz) = pf(z). We obtain telations between quasi-elliptic
and p-loxodromic functions.

Keywords: quasi-elliptic function, the Weierstrass gp-function, the Weierstrass (-function,
the Weierstrass o-function, p-loxodromic function.

Mathematics subject classification: 30D30

1. INTRODUCTION

Denote C* = C\{0}. A meromorphic in C function g is called elliptic [I] if there exist
w1, ws € C* such that Im Z—f > 0 and for each v € C

gutw) =g(u),  glu+wy)=g(u).

The theory of elliptic functions was developed by K. Jacobi, N. Abel, A. Legendre, K. Weier-
strass. The following definition was introduced by A. Kondratyuk.

Definition 1. [2] A meromorphic in C function f is said to be modulo-elliptic if there exist
w1, ws € C* such that Im :’f > 0 and for each u € C

|f(u+wi)| = |f(u)], |f(u+w2)| = |f(u)].
Counsider the first of these identities

[futw)| =[f(w)], ueC (1)
If f(u) # 0 and f(u) # oo, we can divide (1) by |f(u)| to obtain
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fu+w)

The function g(u) = is meromorphic in C. It follows from (2)) that the function g is

holomorphic and bounded in C except for a set of the zeros and poles of f. Since ¢ is bounded,
these points are removable, and relation implies

VueC: |g(u)|=1.

By the Liouville theorem g is constant and the latter identity implies the existence of a € R
such that g(u) = €. This means that

Vu e C: flu+w) =e“f(u).
In the same way as above, we conclude that there exists § € R such that
Vu e C:  flu+wy) =ePf(u).
We consider separately the following cases:
(i) a = =0 mod 27;
(ii) « =0 mod 27, f # 0 mod 27 (or « # 0 mod 27, f =0 mod 27);
(iii) & # 0 mod 27, f # 0 mod 27.

In the first case we obtain the classical theory of elliptic functions including the famous
Weierstrass p-function

1 1 1
@(U):E‘F;(m—ﬁ), w=mwi +nwy, m,n € 7. (3)

The Weierstrass p-function is elliptic [I] with periods wq, wy. The representations for classical
Weierstrass ¢ and o functions are well-known [1], [3]:

1 1 1 U
C(u):——|— < —|———|——2), W = mwy + nNws, m,nEZ. (4)
u U —w w w
w#0
u u u?
g(u) =Uu (1 — —) €;+2uTz7 W = mwi + nwa, m,n € 7. (5)
w
w#0

We also observe that the following identities
/ / !/
_ ¢ _ o) __ (W
o) =—¢). g =T pw=- (2
hold true. We note that each elliptic function can be representedby using (3)), (), (see [3]).

In other words, these functions play an important role in representations of elliptic functions.
In the second case we obtain so-called p-elliptic functions.

Definition 2. [] Let p = €. A meromorphic in C function g is called p-elliptic if there
exist wy,ws € C* such that Im Z—j > 0 and for each u € C

glu+wi) =g(u), g(u+ws)=pg(u).

This case was studied in [6].
The aim of this article is to consider the third case. This is a generalization of elliptic
functions in some sense as the following definition says.

Definition 3. Let p = €', ¢ = €®. A meromorphic in C function g is called quasi-elliptic if
there exist wi,wy € C*, Im 22 > 0, such that for each u € C

glu+w) =pg(u),  glu+w)=qg(u).
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We denote the class of quasi-elliptic functions by QE&.
Let w = mwy + nwy, m,n € 7. If f € QE, Definition 3 implies

glu+w)=p"q"g(u).

If p=1and ¢ = 1 in Definition |3| we obtain classic elliptic function. If p =1 or ¢ = 1 in
Definition [3| we obtain p-elliptic function.

Remark 1. There is one special case when Definition [3 still gives an elliptic function.
Namely, if p= €', q= e, where a, B € 21Q, then

flu+lwy) = f(u), flu+lwsy) = f(u),
5

o
where | is the least common denominator of — and —.
2m 2m

Indeed, if a = 271'%, using Deﬁnitz’onH, we have

flutlon) = flut (= Dw)e™ = = f(w)eF = f(u).
The same conclusion can be made for (3.

Remark 2. The class QE of quasi-elliptic functions is not trivial. For erample, consider
the function
eimaeinﬂ
flu)y=y ——, w=mws +nwy, m,n € 7. (6)
(u—w)?
w#0
Consider a compact subset K from C. Since ([1, [3])

1
_M?’ < 400, (7)
w#0

we obtain that the series in the right hand side of (@, or at least its remainder, is uniformly
convergent on K. Therefore f is meromorphic in C, and we have for each u € C

ei(mfl)aeinﬁ

flu+w) =e™ Z

m,neZ

5 = e f(u).

(u— (m — 1w, — nws)

In the same way, for each u € C we obtain f(u+ wy) = € f(u).

Our main aim is to construct a quasi-elliptic function p,s being an analogue of p(u) and also
to construct corresponding analogues of ¢ and ¢ functions.

2.  GENERALIZATION OF THE WEIERSTRASS (©-FUNCTION

Let p = ¢, ¢ = €. Consider the function

1 1 1 .
— . i(ma+np)
Gos) =+ 3 (s -2 e, )

where wy,ws € C, Im 2> 0, w = mw +nwy, m,n € Z. Similarly, in view of , as in the case
of the series from @, we obtain that G is meromorphic in C.

It is obvious that, Gy coincides with the classical Weierstrass function .

Consider the case a% 0 mod 27 and f# 0 mod 2, that is, p # 1 and ¢ # 1.
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Theorem 1. A function of the form
@aﬂ(u) = chﬁ(u) + Oﬂﬂ’

o G (5) — e () Gus(5) ~ 0w (5)

el — 1 er —1
belongs to QE with p = €, q¢ = €.

where

Proof. Consider the function G,5. We shall show that there exists a unique constant Cyp
such that (Gap(u) + Cap) € QE, that is
Gap(t+wr) + Cap = €%(Gap + Cap),
Gop(t + wo) + Cup = €7 (Gop + Cag).
These properties are called multi p-periodicity with the period w; and multi ¢g-periodicity with

the period ws, respectively.
Let us consider the derivative of G,g:

’aﬁ(u) = -2 2 (u——w)3

We have:
'L(maJrn,B) ei(maJrnB)

/ _ —
Gap(u+wr) = =2 Z (u 4wy — mw; — nwsy)3 2 Z (u—(m = Dwr — nw,)?

m,neZ

i((m—1)a+np)
. e .

2 (10} (1 Pall )
¢ Z (u—(m— 1w, —nwy)3 € aﬁ<u>

mneZ

Hence, we obtain
Gls(u+wi) — €Glg(u) =0. (9)
We note that for each C' € C, the function (G.p + C) satisfies (9). Let

e (10)
Then relation @ implies
Gop(u + wl) + Cup — €(Gag + Cap) = 4,
where A is a constant. If we let u = —%L it is easy to obtain that
Gos (%) e (—%) (1= ) C0hs = A.
Taking into consideration the choice of C,g by formula , we get A = 0. Therefore, we have
Gap(u+ wi) + Cop = €*(Gap + Cag), (11)

that is, we have shown that the function (Gag + C’aﬁ) is multi p-periodic of period wj.
It remains to prove the uniqueness of C,3. Suppose that there exists a constant C' different
from C,p such that the function (Gaﬂ + C’) is multi p-periodic of period wy, too. Then we get

Gag(u + wl) + C = €m (Gag(u) + C)
Deducting this identity from ((11]), we obtain
C - Cag = 6 (C Cag)
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Since av # 0 mod 27, we get C' = Cyp.
In the same way, for the period wy we have

Gaﬁ(u + w2) + Caﬁ = b (Gag(u) + Oaﬁ) + B, (12)

where B is some constant.

Let us find B. Using identities and , we obtain
Gop(u 4wy +wy) + Cug =€ (Gup(t + wi) + Cup) + B
=" (" (Gap(u) + Cap)) + B
=" (G op(u) + Cop) + B
and
Gap(t +wy + ws) + Cop =" (Gap(u + wy) + Cap)
=e" (" (Gap(u) + Cup) + B)
:ei(‘”ﬁ)(Ga@(u) + Cup) + Be™.

Comparing the right hand sides of these relations, we get B = Be'. Since a # 0 mod 27, the
previous identity implies that B = 0. Therefore,

Gag(u -+ WQ) + Oag = ezﬂ (Gag(u) -+ Cag).

Hence, the function G,p is multi p-periodic with the period w; and is multi g-periodic with
period wy, respectively.
It is easy to see that C,s can be also expressed as

s () -6, (-2

Cop = .
g e —1
O
Definition 4. A function of the form
1 1 1 ,
o =G, Cop = — ) lmetd) o
Pap(u) = Gaglu) + Cap = — +wz#()((u_w)2 w2>e + g,
where w w w w
o (3) -0 (3) G (3)-r#u(-3)
O 2 2) _ 2 2
afB el _ ] eiﬁ —1

15 called the generalized Weierstrass g-function.

Remark 3. For the sake of completeness, in the case p = q = 1, in other words, asa = =0
mod 27, we efine Cog = 0. Then poo = .

3. GENERALIZATION OF WEIERSTRASS ( AND o FUNCTIONS

Now we consider the function

1 1 1 u ;
— E - e i(ma+np)
as(1) " (u—w+w+w2)e ’

w#0
where wy,wy € C, Im 2 >0, w = mw; + nw,, m?+n?#£0, m,n € Z.
Differentiating (.5, we obtain Gas(u) = —(5(u). Hence,

Pas(u) = =Ca(u) + Cap.
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We denote
1 1 U
an(u):( +——|——2), m? 4+ n? # 0,
U—w W W
and
1
Xoo(u) = a
Then (,p can be rewritten as
Caplt) = D Dy (u). (13)
m,nez

We observe that (g coincides with the classical Weierstrass ¢ function.
By A* we denote the plane C with radial slits from w to co. Integrating X,.. and Yoo along
a path in A* connecting the points 0 and u, we obtain

u
2

B u u U 9 . o
/an(t)dtlog <1—a> +a+ﬁ, m”+n” #0 (14)
0

and
U

/Xoo(t)dt = log u. (15)
0
We consider entire functions
u u2
Omn(u) = (1—2> ew 2T m?® +n® £ 0,
w
and we let
ooo(u) = u.
Employing these functions, we can rewrite as
/an(t)dt = log oy (1), m,n € 7.
0

Differentiating this identity and using the definitions of yg9 and ogg, we get

Tpn (1)

Omn (u) .

Vm,n€Z: Xmn(u)=

Taking into consideration this representation for x,.,, we rewrite as

Cast) = > gilmetng) Tnn ()

m,nEZ Tmn (U)

Hence, p,ps can be rewritten as

u) — sitma+ng) (T (0)* = O (W)Omn (1)
@aﬁ( ) Cap + Z o2 (u) .

m,neZ

We note that if we consider the product [] o, (u), then we obtain the Weierstrass o-function.
m,neZ
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4. CONNECTION BETWEEN p-LOXODROMIC AND QUASI-ELLIPTIC FUNCTIONS

Let q,p € C*, |q| < 1.

Definition 5. [5] A meromorphic in C* function f is said to be p-loxodromic with the
multiplicator q if f(qz) = pf(z) for each z € C*.

We denote by L, the class of p-loxodromic functions with the multiplicator g.
The case p = 1 was studied earlier in the works of O. Rausenberger [7], G. Valiron [§] and
Y. Hellegouarch [I]. In this case the function f is called loxodromic.

2mi =2 2mi =L
Let a; = e 7”“,17 a, =¢€ ™o and fl < ,Calq, f2 € £a2p- Then

filaz) = qfi(2),  falazz) = pfa(2).
We define . .
g(u) = fi(T=0) fo(e”T5).
Then g € Q. Indeed,

and

Vice versa, let g € QE, p=1, ¢ # 1, that is

glu+wr) =g(u), g(u+ws) = qg(u).
We denote

f(z):=g (Q%Tlog z) : (16)

The function f is well-defined since g admits the period w; and therefore, the substitution of
log z by log z 4+ 2wik, k € 7. does not change the value of ¢ in the right hand side of . In
other words, here the composition of a multivalent mapping with a univalent one is a univalent
i

. . 2 22 .
function. Hence, if we let @ = e¢”"'“1, Im Z—f > (), we obtain

flaz) =g <Z—; log(az)> =g (wz + Z—; log z)
=qg (ﬁ log z) =qf(2).

2im
Thus, f € L4g. The case p # 1, ¢ = 1 is similar. We let

f(z) =g (20:—; log z)

N =

2l
and ¢ = e @

. Then f € L,,. Indeed,
flaz) =g (ﬂ log(az)) =g <w1 422 log z)
2im 2im
=py (;—; log 2> =pf(2).
In the case p # 1, ¢ # 1 the functions g (SJZ—’:T log z) are multivalent, k = 1, 2.
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