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ANALYTIC FUNCTIONS WITH SMOOTH
ABSOLUTE VALUE OF BOUNDARY DATA

F.A. SHAMOYAN

Abstract. Let f be an analytic function in the unit circle D continuous up to its boundary
I, f(z) # 0, z € D. Assume that on T', the function |f| has a modulus of continuity
w(|f],0). In the paper we establish the estimate w(f,d) < Aw(|f], ), where A is a some
non-negative number, and we prove that this estimate is sharp. Moreover, in the paper
we establish a multi-dimensional analogue of the mentioned result. In the proof of the
main theorem, an essential role is played by a theorem of Hardy-Littlewood type on Holder
classes of the functions analytic in the unit circle.
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INTRODUCTION

Let D = {z € C : |z] < 1} be a bounded unit circle in the complex plane C and T" be its
boundary. By C4 we denote the set of all functions f analytic in D and continuous in D UT.
If f € C(T), then by the symbol w(f,d) we denote the modulus of continuity of the function f
on I', that is,

w(f,0) = {sup|f(v) = fye"), 7v€T, [t]<4, teR}.

In the paper we consider the following problem: let f € C4 and at the unit circle the
function |f(e?)] has the modulus of continuity w(|f],§). What is the modulus of continuity of
the function f on I' and hence, on D UT?

Such problem in the classes of continuous functions with the modulus of continuity satisfying

Bari-Stechkin condition
) T

[ gy [ U0~ O(uirl. o). 50, M

0 é

was solved first in work by V.P. Khaving and the author, see [5].
It was established that if w(|f]|, ) satisfies Bari-Stechkin condition (1) and f(z) # 0, z € D,
then
w(f,6) = O(w(|f],Vd)), &—0.
Moreover, it was shown by simple examples that the obtained estimate was sharp and the
condition f(z) # 0, z € D, is necessary in the known sense. The detailed proof of these
statements was exposed in [7]. This work gave rise to rather interesting studies in this direction.
First V.P. Khavin, see [6], proposed an interesting approach for obtaining such estimates;
this was done by applying the methods of the theory of singular integral operators. Later
N.A. Shirokov (see [8], [10]) extended the results of such type for external functions and Holder
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classes of order a,a € (0,400) and he obtained the necessary and sufficient condition for
|f(€)| ensuring that the function f has a prescribed modulus of continuity on the set D UT.
In these works there were introduced a new characteristics and in terms of this characteristics,
N.A. Shirokov obtained the results of such kind also for the Besov classes of analytic functions
in DUT. And finally, we mention work [2], where it was established that this phenomenon
has a local character, that is, if the modulus of continuity |f| on the circle satisfies the Holder
condition of order « just at one point, then f belongs to the Holder class of order § at this
point.

We note that the proof by V.P. Khavni and the proof of the results in works [2], [6], [8], [10]
are based on gentle and fine methods of complex and harmonic analysis. In our opinion, the
approach applied in works [5] and [7] and is based on classical theorems of Hardy-Littlewood
type theorems (see [3], [4]) is more simple. In this work by developing the methods of works [5],
[7] we prove such results for the modulus of continuity w(|f/|, ) satisfying the classical Zygmund
condition

/w(|€”t)dt:0(w(|f\,5)), 550, @)

The following statement is true.

Theorem 1. Let f be a function in the class Cy and f(z) # 0, z € D. If the modulus of
the continuity w(|f],9) of the function |f| on T' satisfies Zygmund condition (2), then

w(£.6) =0 (w(f,V9)), 8 -0, 3)
and this estimate is sharp.

Remark 1. A simple example, the function

F2) = (1 - ) exp (—1 e

1—=z
where the principal branch of the power function is chosen, shows the sharpness of the statement
of Theorem 1.

), ze DUT, «ae€(0,400),

The analogue of Theorem 1 is true for analytic functions in the unit ball of the space C".
In order to formulate it, we introduce some notations. Let z = (z1,...,2,) € C", ||z|| =
ViIzilE+ ..o+ 2.2 We define B, = {z € C": ||z|| <1} and S, = {z € C" : ||z]| = 1}.

By H(B,) we denote the set of all analytic functions in B,. Let f € H(B,) and f(z) =

+o0o

> fr(z) be the expansions of the function f into homogeneous polynomials; by R(f) the radial
k=0

derivative of the function f [11], that is,

R(f)(2) =Y kfu(2). =€ B,

We introduce also the notation:
Ca(B,) =H(B,) NC(B,US,).
The following estimate of Theorem 1 is true in the classes C4(B,,).

Theorem 2. Let f € Ca(B,,) and the modulus of continuity w(|f|,d) of the function |f| on
S, satisfies Zygmund condition (2). Then the modulus of continuity of the function on the set
B, U S, satisfies the estimate

w(f,8) < Aw(|f],V3), 0<6<2.
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Remark 2. For Holder classes, that is, as w(f,t) =t*,0 < a <1, t € [0,2], the analogue
of Theorem 2 was established in work [9] by N.A. Shirokov.

1. PROOF OF AUXILIARY STATEMENTS

Let f and g be real-valued functions with a common domain £ C C. Then the relation f < g
on E is equivalent to the following: there exists a positive number A such that f(z) < Ag(z)
for each z € E. If f < ¢ and simultaneously g < f, then f(2) ~ g(2).

In what follows, as a function of modulus of continuity type we call a non-negative non-
decreasing function w on [0, +00) such that

w(0) =0, w(d;+ ) <w(01)+w(d), w(A) <2 w(0), A d€]0,+00).

Lemma 1. Let w be a function of modulus of continuity type satisfying Zygmund condition
(2), then

w(9) m% <w(Vé), §>0. (4)

Proof. By the definition we have
Vs

/ ‘*’u“ Aw (V).

It is clear that if 1 < ¢, then estimate (4) is obvious and this is why we assume that 0 < § < 1.
Then

V5 s Vs
/&ﬂwz/zﬂw+/zﬂm
u u u
0 0 5
Hence,
1w T w1
w(u U w
—du > w() [ —=—=In-.
/ U uzw() U 2 . 0
0 5
It remains to employ Zygmund condition. The proof is complete. O

Lemma 2. Let f € Ca, t = |t|7, t € D, 7 € T'. Then the estimate

015 (o0 - ) )

g

15 true.

Proof. We have
16 = 5= [ P (€)1

T
where P;(€) is the Poisson kernel. This is why
1
101 < 5= [ POIFEQ) - 10lldel +17().

T
Therefore,

FOIS (f(D)+ L), (5)
where

Joi= 52 [ PA(s ¢ - rhar

r
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We proceed to estimating the latter integral. It is clear that

J < / (1 B |t|2)w(f7 |£ — T|) |d§| ;S / (1 B ’t|2)w(fv u) du.

) =P+ P =17+

We define w(f,d) on Ry = [0, +00) as a function of modulus of continuity type (see [1], [4]).
Then

1+ v?

w(f, v — [t]))
Jw dv.
/"

Representing this integral as the sum

1
w(f,v(1 = ¢])) w(f,v(1 —¢))
/ 1+ 02 / 1+ v2 av,

0 1

and taking into consideration that @ does not increase (see [1], [4]), we obtain

1t

v
Jo Sw(f,1—|t :
sulfi-1) [ 11
1
Hence,
1
1t
By (5), (6) we arrive at the statement of the lemma. O

Lemma 3. (see [3]). Let A be a positive non-decreasing function on (0,1) and

1

/)\(u)du < +o0.

0

Assume that f is an analytic function in D such that

s { ’I</|(zz|)>‘} =

Then the function f belongs to the class C'4 and

1

w(f,9) S /)\(u)du.

1-9

Lemma 4. Let f € Ca, f(2) #0, z € D,|f(2)| < 1, z € D. Then there exists a number
M > 0 possessing the following properties: for an arbitrary 0 < a < 1, the function f in D can
be represented as

f(z) =P, (2)¥,(2),z € D,



152 F.A. SHAMOYAN

where W, is an analytic function in D such that |V,| is continuously extended to the entire
closed circe DUT,

< W (0)] < 1f0reacht€D
||‘If =T < [IFE)] = [FEI], ¢.¢" €T,

/ﬁmmwwM<M, (7)

Bul2) =exp (= [ Sdutt) |, 2D,

where S, (t) is the Schwarz kernel for the circle D, u, is a non-negative Borel measure I', whose
total variation does not exceed M.

Proof. Let H,(t) = max(a, |f(t)|), t € I'. We have

W(z) = exp | oo [ SO0l |

Bu(z) = £(2) (Ta(2)) ™ = exp —/&@@Mw, 2eD,

T

) == 10 (L) a4 i, (5)

{t is a non-negative measure defining the singular part of the function f, F is an arbitrary Borel
set inI', B, ={y €Tl |f(y)] <a}. It is clear that |¥,| on ' coincides with H,. Estimate (7)
is obtained by the following inequality

[imiv@ile = [ wiwila - [ v

E(|f|>a) E(|f1<a)

where

1
= [ el + o(E)
E(|f|>a)

where o is the Lebesgue measure on F,,.
It remains to note that

1 1
E,.=FE(f| <a :E<ln—>ln—);
(£ <) s
re recall that max|f| <1,0<a < 1.
The finiteness of the integral f |In|f(€)|||d¢| implies that

supAo(y €' : [In|f(7)]] = A) < +o0.
A>0

This proves (7).
Now we are going to estimate p,(E). In order to do it, we denote by V,(F), the first term
in the right hand side in (8) and we note that 1, (") < Vo(T") + (). This is why

)< [ lfldt + [ malo(r.)
r
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where

Fo={yel:|n[f(y)[| = |nal}.
Following the lines of the proof of inequality (7), we obtain the last statement of the lemma.
The proof is complete. O

Remark 3. Employing the Jensen inequality, it is easy to observe that if || f||c, <1, then

1 1
D) <In—\ In [T,|| |dt] < In——o.
(D) S n s F/\ el ] 1o o

2. PROOF OF THEOREMS

Proof of Theorem 1. Without loss of generality we assume that |f(¢)] < 1, t € T'. Moreover,
for the sake of convenience we denote w(d) := w(|f|,d), 0 < § < 2, and at that,

1
lFE) = |f(")] < 5w(|1t’ —t"|) foralld,t" €T.

Employing Lemma 3, it is sufficient to establish the estimate
wn/1—1t|)
< 2 -. Y

Let t € D be a fixed point in the circle D and in Lemma 4 we choose a = w(1/1 — |t]).
We introduce the notations

Fy(t) = ‘1’w<\/1_—m) (t), filt)= ‘Dw( 1_|t|)(7f)-

, teD.

We observe that
F1(8) = fi ) F(8) + fi (D) Fi(2)
1°. Estimate for | f;(t)||F/(t)|. To estimate this product, let us first prove the inequality
B0 S [F(T), t=ltlr, Tel. (9)

By Lemma 2,

1
FOIS (IR - ).
This is why to prove inequality (9), it is sufficient to establish the estimate

1
sup{w(1 — [t) In —— |F, (1)} < +o0.
teD 1— ¢

Suppose first that
max(|f(7)],w(v/1 — [t])) = | f(7)],

[E ()] = w(v/1 = [t]).

This is why, taking into consideration the estimate

wu—mnnf%ﬂgwpﬂ—nm

then by Lemma 4 we have

we obtain
LMﬂmmﬁ<m1—m<l
B T w101~
Now we consider the case |f(7)] < w(y/1—|t|). Applying Lemma 1 once again, we get
desired estimate (9).
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We proceed to estimating the functions |fy(t)], | F}(t)|. Let
I={rvel:wly—7) <R[}, Ta=T\Ti

Then we have
|fe (O F{ ()] < [F{(1)]-
At that,

E01= 10| [ 150 i = (Ao | [ CEOL IR

<|Fy(7)] /(ln|Ft(’Y)‘ —In|Fy(7)]) n /(ln|Ft(ry)| —In|F(7)])

(v — 1) (v — 1)
Fl 1—‘l2
In|Fy(y)| — In |Fy(T In |Ey(y)|| |dy
Fl 1—‘2

d de
RO IAE [ 05 b
Ty

Estimate for I,. If v € I'y, by the mean theorem we have

IE = BN ) = @]
min (IE()] (B0~ min (B0 [F(7))

In view of the definition of I'y, we have

B0 > 1B - 1) ~ EOI > EO] - gelly 1) > 3 1RO

I [Fx ()] = [In | B (r)]] <

Therefore,
1
h s =g [ el = DRI,
r

where P;(y) is the Poisson kernel.
Employing Lemma 2, we obtain
wd—Jt), 1

I < 1 .
S R R gy

By Lemma 1, we finally get
1—1t
<oVt o p
1—t|

Estimate for I,. Let

1
K = I, teD.
t(W) (7 — t)27 yel, €

Then we have

I < |Ft(7)|maX|Kt(7)|/|1H|ft(7)|| || S [F(7)| max [ Ky ()]
yeTl'2 tel's
r

In the latter estimate we have employed Lemma 4.
Now, taking into consideration the definition of 'y, we obtain

1 1
I, <I|F < |F —., T > |F; .
2 N| t(T)|17%%§ <|7_T’2_‘_<1_ |t|))2 N| t(7)|max{x27x W(I) | t(7>|}
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Let z* € (0, 2] be such that
w(z") = [F(7)]-
Then by the latter estimate we get

£ (7)] w(z”
I, < = .

25 (%) Cy (2%)?
The inequality |Fi(7)| = w(y/1 — [t|) implies /1 — |¢t| < z*. This is why,
wet)  w@) _wl/-ft) 1 w1t
()2 ezt VI— VI =1t 7

that is,
< “W/ITD
(1= 1)

Estimate for I3. We have
du

=Bl [ A2 siEomiE@l [ s

=t
w@)|Fi(r)]

_ ) I IFE (7 v
L [ e

where 2* is introduced by identity (10).
Taking into consideration the elementary inequality

H
0< g —argcot V < = V €0, +00),
by estimate (11) we finally obtain
H
I3 < |F, In |F, —_.
3 S [E(T)] [ [F(7)]] T

Now, in view of the estimates

sup u|lnu| <e, z*>=+/1-—]|t,

0<u?2
by (11) we get
1 w/1-t)  , w(y/1—t)

L5
T VI T

w(

In the latter inequality we employed the inequality Té) >w(l)as0<d< 1.
2°. Estimate for |EFy(7)||f/(t)| As above, we let

K (&) = (t—1§)2’ c¢el, teD.

Then
mwzmw/m@MM&

r
where the measure p! is supported in the set

Ey={yeTl:|f(m)| <w(V1-[th},
at that, p/(T") < M.
Lett* € E; be the point closest to the point t. Then by Lemma 2 we get
1
1—|¢]°

|ﬂun5@ﬂvn+wu—wnm

155
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Hence,

RIS (150) = R w - ).

Since 7% € Ey, then |F,(7%)] < w(y/1 — |t|). Therefore, by estimate (12) we obtain

IE@NSLNW—”D+WO—HD

By Lemma 1 we have

1
In—— T—1t])] -
0y |t|)}

EWIAOIS [l =) + w(/T- ] 150 |/u@ Ol du'(©).
that is,

IOIAGIRS [!ft’(t)IW(\T — D I+fOw(v1 = [t])

We proceed to estimating the expression in the brackets.
Let

|

Ji= i) w(r = 7)) = w(lr =) | fi(t F/m—ﬂw

We first estimate .J5.
We have

: (13)
11—t 1|t
ST < /T
L=t w0 1 — ¢l
We proceed to estimating J;. If w(|7 — 7*|) S w(y/1 — |t]), then J; can be estimated exactly

in the same way as Jo. This is why we assume that w(y/1 — |t|) < w(|7 — 7%|). In view of the

monotonicity of the function w, the latter estimate implies /1 — [t|) < |7 — 7*|. Therefore, we
obtain

i Sl = DA s 2T L
* (14)
) 1L W) _eWITE) .,
=l VI A 1

In the latter inequality we have employed the non-increasing of the function = w©)

5~ on (0,2).
Estimates (13), (14) imply the statement of the theorem. O

Let us outline the proof of Theorem 2.

Let f satisfy the assumptions of Theorem 2. We consider the following cut-off function
fA) = f(X), Ne D, £ €S, apoint ¢ is fixed, see [11].

It is easy to see that f¢(\) satisfies the assumptions of Theorem 1. In view of Remark 2, we
establish the estimate

Feh) = fe)l < Aw (VIN =M ). A de€ D,
and A is independent of £ € S,,.
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Employing the identity

_ 1 [ {2 8e f(e6)ds
R =n [ ooy [ e

Sn -
where R is the radial derivative, see [11], we get the estimate

w(y/T= I
IROEI S Y=

Arguing as in the proof of Theorem 7.9 in [11], we arrive at the statement of Theorem 2.

z € B,,

, 2 € B,.
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