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DISCRETE INTEGRABLE EQUATIONS
AND SPECIAL FUNCTIONS

V.YU. NOVOKSHENOV

Abstract. A generic scheme based on the matrix Riemann-Hilbert problem theory is
proposed for constructing classical special functions satisfying difference equations. These
functions comprise gamma- and zeta functions, as well as orthogonal polynomials with cor-
responding recurrence relations. We show that all difference equations are the compatibility
conditions of certain Lax pair coming from the Riemann-Hilbert problem. At that, the in-
tegral representations for solutions to the classical Riemann-Hilbert problem on duality of
analytic functions on a contour in the complex plane are generalized for the case of discrete
measures, that is, for infinite sequences of points in the complex plane. We establish that
such generalization allows one to treat a series of nonlinear difference equations integrable
in the sense of solitons theory.

The solutions to the mentioned Riemann-Hilbert problems allows us to reproduce ana-
lytic properties of classical special functions described in handbooks and to describe a series
of new functions pretending to be special. For instance, this is true for difference Painlevé
equations. We provide the example of applying a difference second type Painlevé equation
to the representation problem for a symmetric group.

Mathematics Subject Classification: 33C05, 33C12, 34M55, 34M40, 34E20, 34M60

In work [18], there was considered a scheme for describing classical special functions based
on the matrix Riemann-Hilbert problem. It was shown that such functions satisfying ordinary
differential equations can be represented in terms of a solution to some Riemann-Hilbert prob-
lem, that is, in terms of the problem on recovering an analytic function by its boundary values.
In this way, for the corresponding differential equations, there was checked the integrability
property treated in the sense of the solutions theory [I], [26]. Such treating of the integrability
property as calculating of the values of a function by its global behavior means the presence
of an integrable representation for this function. In fact, the method of the Riemann-Hilbert
problem demonstrates the equivalency of these two definitions of the integrability [6], [I5]. The
functions covered by such treating of the integrability are, for instance, hypergeometric and
elliptic functions. However, in the handbooks, see, for instance, [7], [14], [27], there are other
special functions satisfying no differential equations. Among such functions are Gamma and
zeta functions and their generalizations arising in the number theory, combinatorics and the
groups representation theory. How one can extend the method of the Riemann-Hilbert problem
to these special functions?

In the present paper we attempt to answer this question. The key point is that there exists
a discrete equation satisfied by special functions. It turns out that these equations can be
treated within the scheme of the solitons theory. Namely, for each discrete equation we provide
the Lax pair of two linear equations and their compatibility condition is exactly the considered
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discrete equation. In its turn, this Lax pair is constructed on the base of some spectral problem
for matrix operators. The equations of the Lax pair are discrete in a spectral parameter and
the differentiation is replaced by a difference operator or by an operator of another discrete
transform. In Section [2| we shall show how these operators are naturally constructed via the
solutions of an appropriate Riemann-Hilbert problem.

We should stress the specific features of the Riemann-Hilbert problem for the discrete case.
Here the problem of matching boundary values on a continuous contour in the complex plane is
replaced by defining the residues of a meromorphic function on a discrete set of the points. In
the solitons theory, an analogue of this problem is recovering of eigenfunctions by the discrete
spectrum of an operator and this is equivalent to solving equations of “dressing” chain for
N-soliton solution [22]. In our case, a chain of nonlinear equations of such type arises from
the discrete Riemann-Hilbert problem and possesses all integrability properties intrinsic to
differential equations. In Section [3| this approach will be demonstrated at the example of a
discrete Painlevé equation of second kind. In conclusion we consider briefly an application
of this equation in the combinatorics in order to stress the fact that a “discrete Painlevé”
transcendent serves as a new nonlinear special function.

1. RIEMANN-HILBERT PROBLEM AND LAX PAIRS

Riemann-Hilbert problem on a contour. We begin with the classical Riemann-Hilbert
problem, in which we choose a oriented Holder contour I' in the complex plane A, which possibly
has self-intersection points and more than one connected component. On the contour I'" we
define an N x N invertible matrix G = G(\) called jump matrix. The Riemann-Hilbert problem
defined by the pair (T', G) consists in finding N x N-matrix-valued function Y (\) € Mat (N, C)
satisfying the conditions

1) Y(X) is piece-wise analytic in the domains A € C\ I' and there exist its limits on the
contour I'

Vi) =  lim  Y(V).
A=A
N e+ side of C\I'
2) det G(A\) # 0 on the contour I" and jump condition
Vi) =Y-(NGW)
holds.
3) Y(X) tends to the unit matrix I at infinity A — oc.

In the scalar case N = 1 the Riemann-Hilbert 1)-3) is solved explicitly. Indeed, as G(\) # 0,
we can pass to the additive matching problem

InY,(A) =InY_(A) + InG(\).

The additive problem on a jump of the form y, (\) = y_(\) 4+ ¢g(\) with the condition y(\) — 0
at infinity is solved explicitly by means of the Cauchy integral

yw—j{/ﬂiw

2 ) =X
T
Condition 2 is implied by the Sokhotski-Plemelj formula on the boundary values of the Cauchy
integral (see, for instance, [I1]). Moreover, Riemann-Hilbert problem 1)-3) has an explicit
solution in the Abelian case, when G(A;)G(\2) = G(A2)G(\1) for all A; and Ay on the contour
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I'. This solution is given by the formula

du p . (1)

Thus, formula is true if the jump matrix has the zero index, that is, as AlnG|r = 0. If
the index is non-zero, formula is modified by multiplying by a polynomial of degree not
exceeding the index [I1]. In this case the Riemann-Hilbert problem is not uniquely solvable
and has finitely many linearly independent solutions.

In the non-Abelian case as N > 1, when the matrices G(A;) and G()A2) do not commute on
the contour I', the formula (|1)) is not applicable. As a rule, in this case there is not explicit
solution for the Riemann-Hilbert problem. Nevertheless, the theorems on unique solvability
are true for wide classes of jump matrices. For instance, a sufficient condition for the unique
solvability of the Riemann-Hilbert problem is the positive definiteness of the matrix G(\) [4]. In
the general case, the Riemann-Hilbert problem 1)-3) is reduced to solving a system of singular
integral equations for the entries of the matrix Y (A) [I1]. This approach is useful not only for
proving the solvability, but also for estimating the norm of the matrix Y'(A) and for analyzing
its asymptotic behavior.

In the applications, the jump matrix depend on the additional parameters. Here we restrict
ourselves by the case N = 2 and by one scalar parameter x and

G\, x) = PODTGe AN gy — (cl) _01), 2)

where S is a constant in A and z matrix, and p is a scalar polynomial in A and x. Then the
solution of Riemann-Hilbert problem 1)-3) also depends on the paramerer x. Introducing new
matrices W(\, z) = Y(\, 7)e?A¥)%  we obtain the Riemann-Hilbert problem

1) W(A,x) is piecewise analytic in A as A € C\ T'
2) U (N z)=V_(\2)S, AeTl.

3) U\, x) — ePADos N 5 oo,
We consider the logarithmic derivatives:
AN z) =00t U\ 2) =0, 0L (3)
Condition 2’) implies (S is a constant matrix!):
AL\ o) = (W), SUL = (W), U2 = A_(\, ),
Ui\ x) = (0), SV = (U.), ¥ =U_(\xz), AeTl. (4)

Therefore, A and U are analytic in A in the entire complex plane. On the other hand, it follows
from Condition 3’) that at infinity, these matrices has a polynomial growth:

AN\ z) = prx(N\, 2)os, U\ x) = pe(\ x)os, A — oo,

By the Liouville theorem, the matrices A and U are matrix polynomials in A of the degree
degpy and deg p,, respectively. Thus, the matrix W(\, z) is determined by an over-determined
system of differential equations with polynomial coefficients (Lax pair):

{WA:AW,

v, =UW. (5)
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The compatibility condition of system is the equation
A, —Uy+[A U] =0. (6)

This equation is separated into a finite set of matrix equations for the coefficients at each power
of A and its turn, this gives equations for scalar functions of z. Under a proper choice of the
pair (I', ), in this way we can get differential equations for the special functions and their
integral representations.

For instance, choosing the contour I" as the union of three rays, I'y = {\ | arg »c = 7/2 + 27k /3},
k=0,1,2, letting p(\, z) = 8)\3/3 + Az and defining the matrix S in formula as [9, Ch. 3],

1 s
Sk:<0 f)a SO+81+82:07

we obtain an explicit solution to Riemann-Hilbert problem 1)-3) as

Y(\ ) = ((1) y(Al’x)), y(\, z) = 80/+81/+82/

At that, equation @ is equivalent to the Airy equation u” = xu for the function

u(zr) = — hm Ay(A, ) So/+81/—|—32/ oPnsa) g

In Section 2| we shall provide the examples of employing Riemann-Hilbert problem 1)-3) for
other special functions.

Disctere Riemann-Hilbert problem. Nonlinear difference equations for special functions
requires another version of the Riemann-Hilbert problem. Following works by A.Borodin [2],
[3], we define a discrete Riemann-Hilbert problem as follows.

Let ¥ be some countable set of points in the complex plane A\ € C with the only accumulation
point at infinity. Let H(\) be a matrix function on ¥, H : ¥ — Mat(N, C).

We shall say that the matrix-valued function Y : C\ ¥ — Mat(N, C) with simple poles at
the points x € ¥ is a solution to the discrete Riemann-Hilbert problem (X, H) if the following
conditions hold:

1° Y(A) is analytic in €\ X and has simple poles at the points X,

2° Resy—, Y(\) = lim (Y(N)H(z)), x € ¥,

A—x

3°Y(\) = I as A — 0.

As above, H()) is called the jump matrix.
We note that this formulation of the discrete Riemann-Hilbert problem is very similar to the
pure soliton case in inverse scattering problem [26, Part IIJ.
We denote
1
2’

1 3 3
7 =7+ -=<...,—, — — =707
3 { X X } YA

where Z!, = 13 } andZ’_:{...,—%,—l}.

272
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Let us consider the construction of the Lax pair for problem 1°-3° in the particular case
N =2

Sp={kk+1,k+2,...}, keZ,

O . %21'
rty) | re 7',
0 0

( 0 o> 2

2w T € .

—_—— O ) _
2 (forE)

It was proved in paper [2] that there exists the unique solution to problem (¥, H). Following
[3], let us prove that for each n € Zj there exists a constant nilpotent matrix A,,

H(x) = (7)

_ Pn An 2
A= () = na s)
and functions a,, b,, a,b, = 1, such that
Yori(N) =T+ An Y, (N (9)
n+1 — )\ —n n )

-1 1 —1 1
no-n (707 0 0 = (TS ). o
Indeed, since H is independent of n, we see that Y,,(\) and Y,,;1(A) satisfy the same condition at
¥,. However, Y, ;1 has an extra pole at zero {n} = 3,1\ 3,. Therefore, the quotient Y, Y,
has one pole at the point A = n. Denoting the residue at this point by A,,, we conclude that
the function
A?’L

A—n

is entire. Calculating the asymptotics in the vicinity of A = oo, by the Liouville theorem we
obtain that this function is identically equal to I that proves the first equation. It follows from
det Y, = det Y, .1 =1 that det( + A,/(A —n)) = 1. By this we conclude that A, is nilpotent.

We observe that Condition 2° means that the function Y'(A) has an essential singularity at
infinity. Indeed, the function with the poles accumulating at infinity can not have a regular
asymptotics. In order to make the condition well-posed, we should, for instance, assume an
uniform asymptotics at the sequence of circumferences |\ = ay, a;, — +oc.

In order to ensure the uniqueness of solution to the discrete Riemann-Hilbert problem con-
sidered below in Section [3] we shall assume that there exists the sequence of expanding contours
separated by a positive distance from ¥ and we shall assume that the solution Y'(\) possesses
a required asymptotics at these contours.

In view of these remarks, let us calculate the asymptotics of Y,,(\) at infinite. Condition 3°
implies that

Yo (VY (A) -

n

Y,(\) =1+ (:” f”) AP0, A= oo, (11)

with some constants a,, ..., d,.
To get equation ((10)), we divide it at the left by Y,,+1(\) and let us prove that its left hand
side
A= %) 0 -1
no-n (6T ) (12)
is a polynomial in \.
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By , the asymptotics of matrix is of the form

an B 1) (72T (A=3) 0) ( B (an—i—l 5n+1) -1 > -1
— 51 ()\ — % +$nn — Opy1 _%H-l) I O()\_l).

We denote a, = —» 18,41, by = —3¢ 'y, ¢n = i1 — . Then it follows from Liouville
theorem that expression is equal to

wlA=1-¢) a,
—by, 0/

In conclusion let us show that ¢, = p, and a,b, = 1. The second identity is implied by the fact
that the determinant of Y;,()) is equal to 1. In order to prove that ¢, = p,, we substitute (9)
into just proved relation . We get:

o0 (707 0

2

—(OLE ) (e (B ) v

Comparing the asymptotics of the matrix entries ( - )1; in this identity, we conclude that ¢, = p,.
This proves the equations in Lax pair @D and .

2. LINEAR DIFFERENCE EQUATIONS

As it has been mentioned in Introduction, there are many special functions satisfying no
differential equations. In this case, what does serve as the integrability property for such
functions? We are going to demonstrate this property at three examples.

Gamma function. We define a “cut” Gamma function as follows:

def 1 T 1 - x
y(z) = %(1—62 )F(w%—l):%/e 62 g\,
C

where §(A,x) = A — zln X\ and the integration contour C' envelops the positive semi-axis and
this contour is passed clockwise. We define the Abelian Riemann-Hilbert problem as N = 2 on
the contour C' with the jump matrix [16]

1 879()\,:1:)
G\ z) = (O ] ) :

Its solution is reduced to two scalar problems of matching analytic functions and its solution

is given by the explicit formula
1 e—0(p.z) d/v‘
YOhz)=[ & .
0 1
The corresponding Lax pair is written in terms of W-function (see [16])

U\, z) = Y\ z)e !OmIos/2)\50

A= Ty () =~ 4 X <fﬂ/2 —7($)> |

2 A\ 0  —z/2

U=0z+ )T\ x) = —VA (8 7(195)) n % (8 7(1:6)) |
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where the compatibility condition is of the form
Uy=ANz+ 1)U - UA\ x).
The latter identity splits into the chain of identities and one non-trivial difference equation
Az +1) = (@ + 1)),
which implies the determining equation for the Gamma function:
Iz +1) =al(x).

Riemann zeta function. As above, we begin with the integral representation for (-function
[27]

1 00

_z T o 1 1 —1yy2-3 5-1
- F<§>§(gj)_—5—|—x_1—l—/w()\ )A d>\+/w(>\))\2 A,
0 1
where
= 2y 1
_ - — . _
w(\) = ;e =3 (03(0]iN) — 1),
and

93<Z|I€) _ Z em’r{m2+27rizm
m

is the Jacobi theta function of the variable x with the modulus & [7].
The Riemann relation for (-function

a5 (g) ((z) =7 5°T (1 > x) c(1—2)

is rewritten in terms of the function

1 00
)= [ wAWHAT2dA+ [ w(M)A27ldA
/ /
as the difference equation
{(z)=¢(1—2), z#0, z#1 (13)

Following [15], we define the contour C' as the union of the segments I'y = [0, 1] and I'y = [1, +00)
with the natural orientation and choose the jump matrix as

( (1 QWiw(Al)A§3)7 NET,.

0 1
G\ z) = (14)
1 2miw(A)Az~!
(AN e,

By the Abelian property of the Riemann-Hilbert problem (I'y U I'y, G), its solution Y (A, z)
exists and is unique. In order to obtain the corresponding Lax pair, we define the W-function
as follows:

U 2) =Y oNE7, o = ((1) _01) .

Then the matrix W satisfies the equations:

1
o3 (X’ 5— :1:) o3 = A\, )V (N, ),

V(A s+2)=U\z2)¥(\ ),

(15)
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where the matrices A and U are of the form:

A()\,x):((l) _5<31_x)), U(A,x)z(? _f/(;)).

The equations of Lax pair are implied by the estimate of “logarithmic derivatives”
1
oW (X’ 5— x) o0 (N 2) and W(\z+2)P (A ).

In their turn, the latter estimates are implied by the invariance of jump matrices w.r.t.
the shift 2 — 2 4+ 2 and modular transform of theta-constant f5(0[i/\) = v/A85(0[i\) (see [7],
[15]). The compatibility condition for Lax pair is

1
o3U (X’ 3 — x) o3A\, x +2)UN, 2)A (N, 2) =1,
which is equivalent to difference equation ((13]).

Orthogonal polynomials. As a contour C, we choose the real axis with the natural orienta-
tion C' = R. The jump matrix is chosen as

G(A):(l 27riw()\)>’ \eT,

0 1
where
2%
w\) =e VNV V) =D N, by >0, (16)
j=1
We consider the Riemann-Hilbert problem (T', ), in which Condition 3) is replaced by
Y (A(_) Aon> I, Asoo, nez,. (17)

It was proved in work by A.S. Fokas, A.R. Its, and A.V. Kitaev [§] that this problem possesses
the unique solution for each n € Z,. Moreover, this solution can be represented as

[ Puwyw(u)du
o) o [ (1s)
Y, (\) = e , 18
By " s A— 1

where {P, }22, is the family of the polynomials of the form
Po(N) = X"+ o N4+ Ao

It is easy to find the properties of these polynomials by the formulation of the Riemann-Hilbert
problem. In particular, they are orthogonal on the real axis with the weight w(\) = e=V®V:

/ P.(AN) P (MNw(N)dA = hydpm. (19)
In order to prove formula we write out the asymptotics at infinity by condition ((17)

Va) = {1+ m{"x "+ o ?)) (AO ;ﬂn) . Ao oo, (20)
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and hence,
; L[ Paa(pw(p)dp
Yy N)az = A" AT = =
(VA = A"+ O ) = o [ et
- /Pn_l(u)w(u) N N
M1 A
This implies
hi1 = / Poa(pw(p)p™tdp, 0= / Poa(pw(p)pdp, 0<k<n—2,

which proves identity .

The orthogonal polynomials satisfy a linear recurrent identity relating polynomials with
indices n — 1, n and n + 1 [25]. It can be considered as an equation in n for the family of the
polynomials orthogonal with a given weight.

In order to get this recurrent identity, we consider the “logarithmic derivative”

Un(N) = Yo (VY (V).

n

It is obvious that by explicit formulae (|16|) and , the function U, (z) is analytic in the entire
complex plane. Let us find the asymptotics for U,()) at infinity. By asymptotics (20)), the
matrix U, has the following asymptotic expansion

- 1 - 10 mt+1) (1 0 _ 10 (n)
U(AN) =Y, 11(V)Y, ()\)_)\<O 0 +my 00 0 o)™ +...

Thus, as A — oo,

A0 a —a, —b a, b
-1 __ n+1 n n -1 (n) _ n n
YY" = (O O) + ( o 0 ) +O(A"), where my~’ = (Cn dn) :

By the Liouville theorem

At apy1 —a, —b,

which gives the difference equation for the entry (- )q;:

Posi(A) = APu(A) + (a1 = ) Bu(A) = == Foa(A)
n—1
Finally, the recurrent identity is of the form
Poii(N) + (ay, — AN)P(A) + BrPai1(N) =0, (21)

where

Ap = Qp — Apy1 = )\hm [)\l_n(Yn()\))ll - )\_n(Yn+1 (A))ll] )

—00

h’n—l A—00

A

In the particular case of the weight function w(\) = e~ * we get the Hermit polynomials (see

5, Ch. 3)):
n /\2 dn )\2

P,(\) =H,(\) =(—1)"e We_
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In this case the Riemann-Hilbert problem allows us to calculate and justify the asymptotics
for the Hermit polynomial as n — oo, see [B, Ch. 7]. This calculation reproduces Plancherel-
Rotach formulae [21], at that, the method of “asymptotic undressing” of the Riemann-Hilbert
problem in [6] is applicable for other classes of polynomials [19].

In conclusion we note that in the case of exponential weight (16)) with the parameters ¢ =
{t1,...,tax}, the coefficients a,, and S, in recurrent identity become functions of ¢. At
that, they satisfy integrable equations. For instance, in the case

4

V() = )\Zth/\Q,

the coefficient 3, satisfies Painlevé equation of fourth type

u? 1
Uy = ﬁ + %(SUQ +2tu —n — 1)) (u? + 2tu +n + 1),

where u(t) = B,h,_1 [171].

3. NONLINEAR DIFFERENCE EQUATIONS

Equation dPII. We apply the discrete Riemann-Hilbert problem considered in Section 1 to
obtain a discrete analogue of the second Painlevé equation (dPII). The solutions of the classical
differential Painlevé equation are by right among “nonlinear” special functions (see [9]) thanks
to numerous applications in various problems of mathematics and physics. Below we shall show
that the solutions to the discrete equation dPII also deserve a status of special functions.

Following work [2] and the discrete Riemann-Hilbert problem 1°-3° formulate in Section 1
on the set Y with jump matrix , we are going to obtain the compatibility conditions for
Lax pair @, . Shifting A to 1 in and substituting the right hand side into the
right hand side in @D, we obtain

B A, %_1()\—1-% —Pn) Qp %(/\"‘%)_1 0
On the other hand, shifting n and A to 1 in @D and and substituting the right hand side
of (9) into the right hand side in (10)), we obtain

_ %71(/\”‘%_]771—1—1) n+1 An1 %<)‘+%)71 0
Vo = (7 ) (1 e (R L),

Comparing these two relations, we obtain the compatibility condition for Lax pair @, :

An %_1(>‘ +3— pn) Qn %_1(/\ +1- pn+1) An+t1 Apgr
I+ — 2 = 2 I . 22
( +)\—n) ( —by, 0 —bny1 0 +)\—n (22)

This relation is the analogue of equation @ obtained by cross differentiation of the equation
in the Lax pair in Section 1.

By the matrix equation (22)), one can get easily scalar equations for the variables p, and r,.
Namely, calculating the asymptotics of the entries (- )15 and (- )2 in identity as A — 00
yields the relations

ap = an l+%_1qn 15 bn:bn 1+%_17an7
{ + + + (23)

AnTyp = _bn+1%1+1 .

The residues at a simple pole A = n in identity are of the form

Prn 4n %_1(7’L + % - pn) n ) _ %_1(n + % - pn—i—l) An+1 Pnt+1 dn+1
'n —DPn _bn 0 _bn+l 0 Tn41  —Pn+i
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The matrix entry (- )qo of this identity coincides with the last identity in (23|, while the entry
(- )12 gives
anpn = 2 (A4 5 = Pnt1)ns1 — Gng1Pns1-
Multiplying both sides by b, 11, we obtain (recall that a, 16,11 = 1)
bns1anpy, = —3¢ (A + % — Pnt1)0nTn — Pt (24)
We denote
Sp = ApTn,

and multiplying the first identity in by bpy1, we see that a,b,, 1 = 1 — "1s,. Substituting
this expression into (24]), we obtain:

(Pn + Dni1)(sn — 2) = (n + %) Sp.

Employing the nilpotent property of the matrix A, , we have

piﬂ = —Qn+1Tn+1 = <_bn+1Qn+1)<an+1Tn+1> = SpSn+1-

Thus, for each n € Zj we obtain the system of scalar equations

{ (pn +pn-&-l)(sn - %) = (n + %) Sns
p721+1 = SnSn+1-
We can exclude easily the variable p,, from this system, namely, letting

Sp = 212,

we obtain the scalar difference equation

(n+3) zn

(2 —1)° (25)

Tptl + Tpo1 =
Equation (225) is equation dPII or difference Painlevé II equation, (see [3], [13], [24]). Let us
show [20] that this equation becomes the differential Painlevé Tl equation in the limit s — co.
We introduce a continuous variable ¢ as

W=

t=(n—2x%)x"
and assume that z, ~ (_l)n%_%u(t) as » — 0o with some smooth function u(-). Then
i = (1) () £ (0 + ) + 00

1
% — (=1 (2 4o St 4 5%—1> s 3u(t) (1 I O 0(%—%))
= (—1)" 153 (zw) 3 (tu(t) + 203 (1)) + 0(%-1)) .
Substituting this into (25) and passing to the limit as s — 0o, we obtain

u”(t) = tu(t) + 2u?(t),

which a particular case of Painlevé I equation [9].
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Representation of symmetric group. Let S, be a symmetric group of degree n, that is,
the group of permutations of a set with n elements denoted usually by the natural numbers

1,2,...,n. We denote by [,,(c) the length of the maximal increasing sequence of a permutation
o €S, and by | - | we denote the number of the elements in a set. we let
— —({a € Syl ln(o k:})
and introduce the generating function
0 2n
— 32 n n
pe(>) = e Z “ar Pro
n=0

where s is some complex parameter. Another equivalent definition follows the Robinson—
Schensted correspondence [10]. We take all partitions of the permutation A = (A1, Ao, ..., \) €
Siy such that [A| > ... > [N]| >0, [M] < kand [A] = |\ +-- -+ |N]. We denote by dim A the
dimension of a irreducible symmetric group Sy, then

e dimA )
() =e Z o » :
IAi|<k
where the summation is taken over all such partitions A.
The calculation of the function py(3¢) is an important issue in the representation theory of
symmetric group. It was proved in work [12] that this function can be written as the Toeplitz
determinant

pk(%) = - det[fl ]]zg 1> Z fmCm = <+< (26)

In paper [23] there was first established a relation between the function py(s¢) and a solution
to equation dPII. We define a sequence {z,}°°, by the initial conditions zo = —1, 1 = f1/fo
with f; in and by the recurrent relation

nw,
w(z2 — 1)’
Then in the general situation, for each £ > 1 and s, the recurrent relations

DPrr1(5¢)pr—1(3)
Pi(>)
hold true. Here the words “in the general situation” mean that s does not belong to the set of
the poles of the meromorphic function zy = x4(5).
Another way of obtaining this results by means of the discrete Riemann-Hilbert problem was
given later in [2].

T+l + Tph_1 = n 2 1.

_ 2
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