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ANALOGUE OF TRICOMI PROBLEM FOR
CHARACTERISTICALLY LOADED
HYPERBOLIC-PARABOLIC EQUATION WITH VARIABLE
COEFFICIENTS
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Abstract. In the work we study an analogue of Tricomi problems for characteristically
loaded hyperbolic-parabolic equations with variable coefficients. We prove the unique solv-
ability of the studied problem. The uniqueness of the solutions is proved by means of the
maximum principle, while the existence is established by the method of integral equations.
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1. INTRODUCTION

Mixed type equations have an important place in the theory of partial differential equations
due to their theoretical and practical importance. One of the most important classes of partial
differential equations are loaded mixed type equations. Monograph [I] by A.M. Nakhushev is
devoted to studying local and nonlocal boundary value problems for loaded partial differential
equations.

An analogue of Tricomi problem for a model hyperbolic-parabolic equation was studied first
in work [2]. Local and nonlocal boundary value problems for hyperbolic-parabolic equations
including the inverse problems and the problems for degenerate equations were studied by many
authors (see, for instance, [3]-[6]).

At present, the theory of boundary value problems and inverse problems for hyperbolic-
parabolic equations including degenerate equations is being intensively developed. In this rela-
tion, we mention the following works. In [7] there was proved an apriori estimate for the classical
solution to an analogue of Tricomi problem for a inhomogeneous model hyperbolic-parabolic
equation with the right hand side in a Hoélder class. In [§] for a mixed hyperbolic-parabolic
equation in a rectangular domain, the inverse problem on determining an unknown right hand
side was studied. A criterion for the uniqueness of the solution was established and the solution
was constructed as the sum of a series over eigenfunctions of the corresponding one-dimensional
spectral problem. In [9] there was studied a non-local interior problem with the Erdélyi-Kober
operator for a model hyperbolic-parabolic equation. In [I0], by the methods of spectral analysis,
a criterion of the uniqueness of the solution was established for a problem for an equation in a
rectangular domain degenerating in the hyperbolicity domain with a non-local condition relat-
ing the values of the sought solution corresponding to different types of the studied equation.
The solution was constructed as a sum of the series over the eigenfunctions of the corresponding
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one-dimensional spectral problem and the stability of the solution w.r.t. the non-local condi-
tion was established. In [I1], [I2] there were studied non-local boundary value problems with
Bitsadze-Samarskii type condition for a second degenerating hyperbolic-parabolic equation. In
[13], a boundary value problem with Dirichlet conditions on the characteristics in the parabolic-
ity and hyperbolicity domains was studied for an inhomogeneous hyperbolic-parabolic equation
with a characteristic line of type changing.

We also mention works on second and third order loaded hyperbolic-parabolic equations in
various domains [I4]-[19]. In [14], boundary value problems for model second order loaded
hyperbolic-parabolic equations were studied, when the type changing line is non-characteristic
and for third order equations, when the type changing line is characteristic. In [15] there was
proved the unique solvability of boundary value problems for a third order loaded equation with
a hyperbolic and parabolic-hyperbolic operator. In [16], for hyperbolic-parabolic equation, the
unique solvability of a non-local problem with generalized operator of fractional integration-
differentiation in the boundary condition was studied. In [I7], [I8], the criterions for the
uniqueness of the solution to the initial boundary value problems in a rectangular domain were
established for various equations of mixed hyperbolic-parabolic type with loaded terms. The
solutions were constructed as the sum of the series over eigenfunctions of the corresponding
one-dimensional eigenvalue problem. In [19], there was studied an analogue of Tricomi problem
for a model loaded hyperbolic-parabolic equation with a fractional derivative with a loading.

In the present work we consider the loaded hyperbolic-parabolic equation [I]

Upy — Uy + Uy + i+ diu(z,0) = f1, y >0, (1.1)
Uy — Uyy + AUy + botty + cou + dou(z + y,0) + equ(x —y,0) = fo, y <0, '

in the domain €2 bounded by the segments AAy, BBy, AyBy of the straight lines x =0, x = [,
y = h > 0, respectively, and by the characteristics AC': x+y =0, BC: x—y =1. By {; and
(25 we denote the parabolic and hyperbolic parts of the mixed domain 2, respectively, while
by J we denote the interval 0 < x < [ of the straight line y = 0, a; = a;(x,y), ¢; = ¢i(x,y),
di = di(z,y), fi = fi(z,y), by = ba(x,y), ea = ex(x,y) are given functions in the class C(€),
i=1,2.

A regular in the domain Q solution to the equation is a function u (z,y) in the class
C(Q)NCHQ) N C* Q) NC%(), uy,u, € L(J) satisfying equation in ; U Q.

Problem T. Find a regular in the domain € solution u(z,y) to equation satisfying the
boundary conditions

w(0,y) =wo(y), ull,y)=wily), 0<y<h,
u(x/2, —x/2) = (z), 0<z <],

where po(y), pi(y), ¥ (x) are given functions po(y), vi(y) € C[0, h), ¥(x) € C[0,1] N C?0,1[, and
0(0) = (0).

In works [20], [21], for Problem T with e; = 0, there was proved the unique solvability of the
studied problem under very strict conditions for the function dy, namely, in the case, when the
function dy depended in a certain way of the functions as, by, c5. In this work these conditions
are weakened essentially and as d; = dy = e; = 0, the obtained results coincides with the
results provided in [3].

2. UNIQUE SOLVABILITY THEOREM

For Problem T we have the following theorem.

Theorem 2.1. Assume that
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), ci(z,y), di(z,y), fi(z,y) are continuous and satisfy Hélder

1) in Qy the functions ai(z,y),
[0,1], moreover,

condition in x, ai(z,0) € C*0,]]
Cl(xvy)—l—dl(xay) <07 dl(xay) >Oa (21)

2) we have ag(m,y),bg(x,y) € 01<QQ)7 CQ(xvy)adQ(xay)aGQ(:an)7f2(x7y) € O(QQ)v and the
e}

function u(zx,y) possesses the property a% — 5, Juel Qs \ J ), moreover, the conditions

a3 — b3 + 209, + 2bo, + 2ag, + 2by, — dcy > 0,
ag(x,y) + bg(l‘,y> > 07 C2<I7y) + dZ(xvy) + 62(x7y> 2 07 dg(l’,y) < 07 62((13,y) < 0

hold true.
Then Problem T is uniquely solvable.

Proof. Assume that there exists a solution u(x,y) to Problem T. We denote
u(@,0) = 7(2), uy(r,0) = v(z). 2.4)
Then it follows from the conditions of the problem that 7(0) = ¢(0) = ¥(0), 7(I) = ¢.(0),

() e C(J)NCYJ), v(z) € C(J) N L(J).

2.1. Uniqueness of the solution to Problem T. We consider the homogeneous Problem

T, that is, ¢o(y) = @i(y) = ¥Y(x) = 0, fi(z,y) = fo(x,y) = 0. In Q, equation (L.1) in
characteristic coordinates ¢ = x + y, n = x — y becomes

Ven +pU§ + qUy +rv+ AU(€7 5) + lw(m 77) = Oa (25)

where 4p = as +bo, 4g = ag — bo, 41 = 9, 4\ = d, 4y = e, v = v(&,n) = u(z,y), and Q- UAB
become the domain D = {({,n) : 0 < & <n < l}.

Following [22], let us show that a positive maximum of the function v(£,7) in D can be
attained only in the segment 0 < £ = 1 < [. Indeed, let (g,6) is arbitrary fixed point in the
domain D, €,0 = const > 0. As it follows from the assumptions of Theorem [2.1], the function
p in the domain D has a continuous derivative w.r.t. £, and ¢ is continuous in D. In the class
of the functions v = v(£,n) having in D first and second mixed derivatives, equation is
equivalent to the equation

(qvy + p1v)e + v + Ao(€,€) + pv(n,n) =0
or to the loaded first order equation
9
(€ mun(en) + pr(€mol€on) + [ ratermo(€smdes
: (2.6)

13 3
— g vy, ) + pres moe, ) — / M (& nu(Er, £2)dEr — / (€, o, M),

where

3
rL=7q1—DPie, P1=DpPq, = eXp/q(t,n)dt,
)

>\1:)\Q17 1 = pqz, O<§<77<l
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We rewrite (2.6]) as

'3
q1(§;mvg(€,m) / (&,n) —v(&,m)]ri(&,m)dé + q(e,n) [vn(&n) + p(e,n)v(e,n)

3

/[ (&) —v(&, &) M (&, m)dén + / [w(&,m) — v(n, )] (§1,m)dé

3 3

3
o) [m(g, D+ [ b nalen + n.n + m(&m)}d&]
: (2.7)

3
/ v(&1,m)]r1 (&, ) dés + qi(e,n) [vn(& n) +ple, nv(e, n)}

3

/ (&) — v(€1, &)\ (60, m)des + / [0(€.m) — vl ) jaa (n, M)

3 3

3
— (&) [Pl(&n) + / [r(&,m) + A&, n) + (& n)la (&, ﬁ)d&]-

£

Suppose that a positive maximum of the function v(£, n) being a regular solution to equation

(2.5) is attained in D at a point (£y,7m0), 0 < & < 10 < 1. By (2.7) as € = &, =1, € — 0, we
have

o

01 (€0, 70) 0y 60, 10) = / [0(E0s o) — v(Er, m0)ra (€1, m0)de

0
o

T / [0(€0.m0) — v(Er, £ (€1, m0)dEy

y: (2.8)
" / [0(E0,0) — V{0, 10)] 111 (61,170}

'3
— (&0, M) [pl(fo,no) + / [7(&1,m0) + A&, m0) + (€1, m0)]q1 (€1, m0) déa

+01(07) [0,(0.7) + p(0, )0 (0, ).

It follows from the assumptions of Theorem [2 - 1| that p, pe,q, 7, A and p belong to C(0 < £ <
n <), v, € C(0 <& <n<I). Moreover, by (2.2 . we obtain that

ri(§m) <0, AEmn) <0, p(&n) <0,

4
pi€) +/ (€.m) + A&, m) + l6o, )| o (€, M6y > 0,
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while it follows from (x) = 0 that

vy(0,m) + p(0,m)v(0,7) = 0.

Thus, taking into consideration the assumptions of Theorem and that ¢;(&,17) > 0, by
(2.8) we obtain that v, (&, n9) < 0. But this contradicts the made assumption since at the point
(€0, 1m0) of the positive maximum we have v, (&, 79) = 0. Therefore, a positive maximum of the
function v(¢,n) in D is attained only in the segment 0 < ¢ =7 < [ and under the assumptions
of Theorem , the solution u(x,y) to equation as y < 0, attains its positive maximum
in Oy in an interior point (g, 0) of the segment AB and at the point of the positive maximum
we have

v(xg) = 0. (2.9)

Remark 2.1. We observe that as do = ey = 0, the obtained extremum principle for a
loaded hyperbolic equation coincides with Agmon-Nirenberg-Protter principle formulated for the
hyperbolic equation in [22] and the obtained conditions are in agreement with the conditions
obtained in work [23]. A short survey of the results on the maximum principle for the mized
type equation was given in work [24].

Similar to [22], let us show that as y > 0, the positive maximum of the function u(z,y) in
QT can be attained only in AAy, AB, BBy. Assume that a regular solution u(x, ) to equation
as y > 0 attains its positive maximum at a point (zg,yo) € Q. The necessary maximum
condition for the function u at the point(zo, yo) is of the form: u, =0, u, = 0, u,, < 0. Taking
this into consideration, by we find

c1(2o, Yo)u(wo, Yo) + di (2o, Yo)u(o, 0) = —use (20, yo) = 0.
On the other hand, under assumptions ({2.1]) of Theorem c1+dy <0, d; >0, we obtain:

c1(o, Yo )u(o, yo) + di(xo, Yo)u(wo, 0)
=c1(z0, Yo)u(xo, yo) + di(zo, yo)u(xo, 0) + di (w0, yo)u(zo, yo) — di(xo, Yo)u(zo, Yo)
2[01 (9507 Z/o) +d; (1307 ’yo)]u(ﬂﬂm yo) - d1($07 Z/o)[u(iﬁm 1/0) - U(3707 0)] <0.

The obtained contradiction is because of the wrong assumption and (xg,y0) ¢ Q. The
statement that the maximum point does not belong to AqBj can be proved in the same way as
in the case yo < h with the only difference that the necessary extremum condition u,(xo, yo) = 0
as Yo < h is replaced by the condition u,(zo, o) = 0 as yo = h.

Thus, under the assumptions of Theorem we have that the positive maximum of the
function u(x,y) can be attained only in the segments AA,, BB, AB.

Let us show that for the function u(z,y), each interior point (xg,0) in the segment AB can
not be a point of a positive maximum. Indeed, by the continuity of the derivatives ug, u,, Uz,
in equation (|1.1]), we can pass to the limit as y — 40 to obtain

™ (x) + a1 (z,0)7"(x) + [e1(2,0) + di(x,0)]7(x) — v(z) = 0. (2.10)

By conditions of Theorem and by , at the point of a positive maximum we
have v(z¢) < 0 that contradicts inequality (2.9). This yields that the function u(z,y) can not
attain a positive maximum in the interior points (z¢,0) of the segment AB. Hence, under the
assumptions of Theorem the positive maximum of the function u(x,y) can be attained only
in the segments AAy and BBy. Since ¢o(y) = ¢1(y) = 0, we conclude that the maximum of the
function u(z,y) in Q is equal to zero. In the same way one can prove that the function u(x,y)
can not have a negative minimum and the minimum of the function u(x,y) is zero. Therefore,
the homogeneous problem corresponding to Problem T has only the trivial solution u(x,y) =0
that implies the uniqueness of a solution to Problem T.
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2.2. Existence of solution to Problem T. Solving Cauchy problem [25] for equation
(1.1) in the domain )y as for the inhomogeneous wave equation with the right hand side
f2($a y) - d2($a y)T(QT + y) - 62(1',y)7'(l' - y)a we obtain

u(,y) :% [R(z,y;2 +y,0)7(z +y) + Rz, y; 0 — y,0)7(x — y)]

Tty x+y
1 1

- = R, (x,y;6,0) + bo(&,0)R(x, y; &, 0)| 7(£)dE + = R(x,y;&,0)v(€)d
2w_/y[ 2 (2:556,0) + (&, 0)R(z, 16, )] @H%_/y o
1 0 z—y+n

w5 [ ] R@asen|[fen - dgmrie+n) - exlenyre ) dean
y zty—nm

where R(z,y;&,n) is the Riemann function introduced as the solution to the Goursat problem

—_

9
Ry = R(z,y:£,1)|n=sty—e = €xp / las(t,x +y —t) + bo(t,x +y —t)]dt |,

2

Ry = R(2,4; &, 1) lp=¢-a+y = €xp [az(t,t — 2 +y) + bo(t, t — 2z +y)ldt |,

NO| —
a\ma

R(z,y;2,y) =1,
for the equation
Rgﬁ — Rm, — (CLQR)g — (bgR)n + CQR = 0. (2.12)
Satisfying condition ([1.3)) for (2.11]), we obtain

T

Ry(x/2,—x/2;x,0)T(x) —|—/[R,7(:c/2,—x/2;£,0) +bo(§,0)R(x /2, —x/2;&,0)] T(£)dE

0

- / / do(€, ) R(x)2, — )2 €, m)r(E + 1) — ealE, m)R(x/2, —2)2: €, m)7(€ — m)ddn
G (2.13)
—x/2 —n
= 2(x) — R (2/2,—2/2;0,0)%:(0) + / / R(2/2, —/2 €, 1) fol€, 1) dédn

T

+/R(w/2,—$/2;§,0)y(§)d§.

0
Switching the integration limits in the double integrals, we obtain

0 z+n

/ / dy(€.m) R ()2, —/2; €, n)7 (€ + n)dédy

—z/2 —n

_ / (€) / da(€ = 1, ) R(w/2, —2/2; € — 0, m)dndg,
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0 =z+n

/ / 26, M) R(/2, —1/2; €, )7 (€ — n)dédn

—z/2 —n

x 0
- / () / ea(€ + 1) R(2/2, —/2: + 1, m)dnde
0 /2

and denoting
0

0

Ki(x,8) = / da(§ = n,n)R(x /2, —2/2;§ —n,m)dn + / ea(§ +n,m)R(x/2, —x/2;§ +n,n)dn,
o —£/2

Kl(xa 5) B Rn(l’/2, —13/2; 57 O) - b2(§7 O)R<CL’/2, —%/2; 57 O)

K(z,§) = Ry(2/2, —x/2;2,0) |
—x/2 —n
20(0) = Ba(a/2,=2/2%0,0000) + [ [ Rla/2 —o/2:6 ) fa(6 n)dédn
(e) = Ro(2)2, —2/2;1,0) |

g2(z) = / Ba/ o/ &0 V<£>d57 g(x) = g1(r) + ga(z),

Ry(z/2,—x/2;x,0)

we obtain the second kind Volterra integral equation
)~ [ Ko@) = o)
0

Resolving the obtained integral equation w.r.t. 7(z), we get the first functional relation for
7(x) and v(z) generated by the domain €25 in the form

T

r(z) - / Tz, €)0(€)dt = pla). (2.14)
where

R(z/2, —2/2,6,0) + [T(x. ) R(t/2, —t/2: £,0)dt
T(x,¢) = d

Ry(z/2, —x/2;x,0) ’
pla) = gu(o) + [ T O (€,
0
and I'(x, &) is the resolvent of the kernel K (z,¢&).

Remark 2.2. We observe that as do = eo = fo = 0, similar relations for equation m
Oy were obtained in [3], [26].
For inhomogeneous equation (1.1f), relation (2.10]) casts into the form
' (2) + a1(x,0)7'(z) + [c1(x,0) + dy(2,0)] 7(x) = fi(z,0) + v(x). (2.15)

This is why the second functional relation for the functions 7(x) and v(z) generated by the
domain €2, is defined as the solution to equation (2.15)) obeying the boundary conditions

7(0) = ¢0(0),  7(1) = ¢i(0). (2.16)
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Under the assumptions of Theorem on the smoothness of the functions ay, ¢y, dy, fi, it is
of the form

@) = f(o) - [ Gla v 217

where
!

F2) =6ol0) + 2fi2(0) — o0} + [ [G«c,a (f1<5, 0)

{16, 0) + €fe1 (6,0) + da (€, 0)]H21(0) — ¢0(0)} — po(0)fer (€, 0) + i €, o>])] de.

and G(z,€) is the Green function with the properties [25]

a) in the segments 0 < x < £, & < x < [, this function and its derivatives up to the second
order are continuous and the function solves the equation adjoint for equation ; moreover,
for each fixed &, 0 < £ < [,, as a function of z, it satisfies homogeneous boundary conditions
(2.16));

b) as a function of &, the function is continuous at the point £ = x, while its first derivative
w.r.t. @ has a jump and G(z,2 +0) — Gu(z,z — 0) = 1.

Excluding 7(z) from (2.14]) and (2.17)), we obtain the integral equation

T l

[ 1@ ou(©ds o) = 1)~ [ Gl ouiie
0 0
Differentiating it w.r.t. x and taking into consideration that T'(x,z) = 1, we have

T l
va) = [ e, OO = 1'a) = p(0) - [ Gulw (el .19
0 0
where T1(z, &) = %. Solving equation ([2.18]), we obtain

l

v(z)+ / Ky(z, t)v(t)dt = o(x). (2.19)
Here

Kol t) = Gl t) + / I (2, €)Ca (€, 1),

o(x) = f'(z) — o) + / Fu(e,€) [f(€) — pO)] e,

and 'y (z, €) is the resolvent of the kernel T} (x,§).

Since we seek v(x) in the class of continuous functions integrable in an interval, the function
o(x) should be also in the same class. By the properties of the functions G(z, ) and R(z,y,&,n)
we conclude that the function Ks(x,&) is continuous and continuously differentiable in x in the
segment 0 < = < &, & < x < [, while the function o(z) is continuously differentiable in
0<z<l.

The solvability of second kind Fredholm equation in the class of continuous functions
integrable on the interval is implied by the uniqueness of the solution to Problem T.
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In view of (2.19)), the conditions imposed for the coefficients of equation (2.15)), the afore-

mentioned properties of the Green function and the identity

—d%;f; 9 % [a1(2,0)G (2, €)] — [c1(x,0) + di(2,0)]G(z,€)

valid as = # £, we have

V(x) =o' (z) + v(z) — / (% [a1(2,0)G(, £)] — [e1(x, 0) +d1(az,0)]G(x,t)>u(t)dt

- / Ty (2, 2) G, )0 ()t — / / Too (2, €)Ga(€, O ()dedt,

which implies easily that v(z) € C'(J).

Once v(z) is found, the function 7(z) is found by or and 7(z) € C(J)NC*(J).
Then solving Problem T in the domain 2 is reduced to solving the Cauchy problem for equation
in (9, that is, it is determined by formula (2.11]), while in 2, it is reduced to solving
Dirichlet problem for equation since the functions a4 (z,y), c1(x,y), di(x,y), fi(z,y) are
continuous and satisfy Holder condition in z [27]. The proof of Theorem is complete. [

Remark 2.3. We note that as in [3], condition of Theorem [2.1] fails as |as| = |bs| =
const if co # 0 and this is why this case should be considered independently.
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