ISSN 2304-0122  Ufa Mathematical Journal. Vol. 9. No 2 (2017). P. 1724

doii10.13108 /2017-9-2-17 UDC 517.957

INTEGRATION OF EQUATION OF
TODA PERIODIC CHAIN KIND

B.A. BABAJANOV, A.B. KHASANOV

Abstract. In this work we apply the method of the inverse spectral problem to integrating
an equation of Toda periodic chain kind. For the one-band case we write out explicit
formulae for the solutions to an analogue of Dubrovin system of equations and thus, for
our problem. These solutions are expressed in term of Jacobi elliptic functions.
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1. INTRODUCTION

The Toda chain [1]
9%u,,
ot?

describing the dynamics of particles on a line with an exponential interaction in Flaschka
variables [2] is of the form

= exp(Up_1 — Up) — exp(Up, — Upy1), N E7Z,

{an - an(bn - bn+1) >

by, =2(a>_, —d2), nez.

In works [2]-[4], there was shown the integrability of Toda chain by the inverse scattering
problem method in a fast decay case. The periodic Toda chain was considered in works [5]-[13].
In this work we consider a N-periodic equation of Toda chain kind

ap = an(@iﬂ - ai—l) + an(biﬂ - bi)
by = 202 (b1 + by) — 202, (by + by1) (1)

AptN = Qnp, bn+N = bna Qp > O, ne Z,
subject to the initial conditions
an(0) =al, b,(0) =02, nez, (2)

with given N-periodic sequences a2, b2, n € Z. In system , {an(t)}=, {bn(t)}>, are
uknown functions.
By straightforward calculations one can check that system of equations (1) is equivalent to

the following operator equation

L _ BL — LB,
dt
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where

(L<t)y)n = Up—-1Yn—1 + bnyn + AnYn+1,
(B(t>y)n = ApGp4+1Yn+2 + an(bn + bn+1)yn+1 - an—l(bn + bn—l)yn—l — Op—10p—2Yn—2,

that is, L and B are the Lax pairs for system (1). Therefore, system of equations (1) is
integrable and hence, it has infinitely many symmetries [14], [15]. For instance, the Toda chain
is the symmetry of system (1):

da,,
E = an(bn - bn—i—l) s
% = 2(&721_1 - CL?Z), ne Z,

where a,, = a,(t,7),b, = b,(t,7). We note that similar to [16], [17], considered system (1) can
be employed in certain models of special types of power lines.

In this work we obtain a representation for the solutions of problem — in terms of the
inverse spectral problem for the discrete Hill equation:

(L(t)y)n = Ap-1Yn—1 + OnYn + anYni1 = Ayn, (3)

namely, we find an analogue of Dubrovin system of equations for the spectral parameters of
the discrete operator L(t).

It is well known that the solvability of the Dubrovin system of equations for the periodic Toda
chian in terms of theta-functions was studied in works [6], [7]. The matter of these works is
that solving of the inverse problem by spectral data of equation was reduced to the Jacobi
problem on inverting Abel integrals and explicit formulae for the coefficients of the discrete
operator L(t) were obtained in terms of the theta-functions, and in this way the solution for
Toda chain was found. Similar results hold for the problem considered in this work. This can
be seen by applying the main theorem of the work in a particular, one-band case provided in
the end of the paper. For the one-band case we write out explicit formulae for the solution to
the analogue of the Dubrovin system of equations and in this way, for problem (1), (2). These
solutions are expressed in terms of Jacobi elliptic functions.

2. PRELIMINARY INFORMATION ON THE DIRECT AND INVERSE SPECTRAL PROBLEM FOR
THE DISCRETE HILL EQUATION

In this section we provide some information on the direct and inverse spectral problem for
the discrete Hill equation [2, 9], which will be useful later.
We consider the Hill equation
(Ly)n = Up—1Yn—1 + bnyn + AnYnt1 = )‘ym (4)
pyN = Ay, by =0,, NEZ,
with a spectral parameter A and a period N > 0. We denote by 6,,(\), n € Z and ¢,(\), n € Z,
the solutions of equation obeying the initial conditions

90()\) = 1, ‘91()\) = 0, QO()()\) = 0, gOl(/\) =1

By A1, A2, ..., Aoy we denote the roots of the equation
A*(\) —4 =0,
while w1, pe, ..., pn_1 stand for the roots of the equation

0N+1(A) = 07



INTEGRATION OF EQUATION OF TODA PERIODIC CHAIN KIND 19

where A(X) = Onx(N\) + pyi1(N). As it is known (see [2]), all \;; ¢ = 1, 2, ..., 2N and
pi, g =1,2, ..., N —1 are real, the roots y; are simple, while among A; there can be double
roots. It is easy to see that

. (H) o )

Oni1(A) = —ao (H aj) ] (A = ) (6)

Jj=1

We introduce the notation

Definition 1. A set of numbers p;, 5 = 1, 2, ..., N —1 and a sequence of signs o,
j=1,2, ..., N—1is called spectral parameters of Hill equation .

Definition 2. The set of the spectral parameters {,uj,aj}j.vz_ll and the numbers \;, 1 =
1, 2, ..., 2N, s called spectral data of Hill equation .

Finding spectral data and studying their properties is call the direct spectral problem for the
discrete Hill equation. Recovering of the coefficients a,,, b, for the Hill equation by its spectral
data is called the inverse spectral problem for equation .

The following lemma holds true.

Lemma 1. The identities hold:

N-1
A + A 1
bps1 = = + 52 (Aoj + Agjr — 2p5k), (7)
7j=1
AN 4AZy 1=
ay, : 3 2+ ] ()‘%] + )‘%j—i-l 2415 k)
j=1
Me—r)  ©
2 Ok Hjk — Ai
1 ey 1Y (N1 j
1 5 +§ (A2j + Agje1 — 2pk) 5 N1 ;
J=1 g=1 1:[ (,u] E— M, k)
oy
where fi5, j =1, 2, ..., N —1, are the roots of the equation Oni1x(N) = 0. Here 6,,1(N),

n € 7, is a solution of the equation
Untk—1Yn—1 F OpkYn + GnkYnt1 = AYn, N € Z,
satisfying the initial conditions 6y, (\) =1, 01 (X) = 0.
The proof of identities (7)) and (8) was given in work [11].

3. SPECTRAL PARAMETERS EVOLUTION

In this section we prove the main result of the work.

Theorem. If the functions a,(t), b,(t), n € 7Z, is the solution of problem —(@, then
the spectrum of Hill operator (@ is independent of t, while the spectral parameters pu;(t), j =
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1, 2, ..., N —1, satisfy the following system of equations

o)) Qﬁiw(t) )

. k=
fj(t) = 2—— g (8) + b (D)),
kll (e (t) — pua(t))
e
where
N-1
AL+ A 1
bi(t) = S5 4 5D Ok Ao — 24(8)).
k=1
Proof. We denote by 4/ (t) = (y3(t), 4i(t), ..., yn()", 5 =1, 2,

, N — 1, the normalized
vector eigenfunctions associated with the eigenvalues A\ = ,u](t) j=1,2 , N — 1, of the

following boundary value problem

{(L(t)y)n = Ap-1Yn—1 + bnyn + ApYn+1 = )\yna 1 <n< N

Y

y1 =20, yny1=0.

It was shown in work [11] that

(20 (Y22 1 + bu(8) (W2)). 9)

n=1

Thanks to (1)), identity @ can be rewritten as

t) :Z 2[an(ai+1 —ap )+ an(b?ﬂ—l - bi)]?Ji?Jﬁ-s—l
1

N (10)
+ Y 1265 (bngr + ba) = 25 (b + b)) (1)
n=1
In identity we introduce the following notation
F, =2[an(a} = aby) + an(bh oy — )Yl (11)

+ [QGi(bn—H +b,) — 2an—1(bn + bn—l)](y%)%
Let us find a sequence w,, such that w,; —u, = F,. We seek u,, as

- A ( ) +2Bnynyn+1 +O (ynJrl) ’ (12)

where A, = A,(t, 1j), B, = B,(t, p;) and C,, = C,(t, p1;) are unknown coefficients. Taking
into consideration the identity

4 1 . .
Ynio = [(15 = bns1) Y1 — an¥in];
Qp+1
we get
. . 9B, ., . ‘
(Ang1 — Cn)(yfz-kl)z - An(yfz) - 2Bnynyn+1 + = yfz—i—l[(:u - bn+1)y7]1+1 — any;]
Ap+1 (13)

Cn 1 ] 2077, 1 C 1
+ == (15 = bu1)* Wh1)* — =5ty — buy)YaYn s + —5—an(yh)* = Fu.
an+1 anJrl a’n+1
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By (13)) we obtain
an an(thi — by,
- B, — Bny — _(,u] 2 +_1)Cn+1 = an(ai—i-l - ai—l) + an<bi+1 - bi)’ (14)
Qn+1 Apt1
2 1 a?
—Yn— - _ann ) _bn20n —— n
e A (19

=202 (bpy1 + bp) — 262 (by + by1).
It is easy to see that

—1_ai+bi_l{?)

Cpn = 26‘31(#]’ +bn), Bn= an(ai

solve systems and . By we have

N
() =Y 2lan(ad i, — aiy) + an(Bh o — B)Yiyh )
n=1

N , 16
+ Z {[203 (bny1 + ba) = 242 (b + bu1))(93)*} 1o

n=1
=Cn11(Yhy2)? = Ci(3)* = 2ag (15 + b)) [(yh)? = ()]
Taking into consideration the identities

N

12 , Co L, de , 692 . 67 )2
I = D020 = anOh O o @)= G 8 = B (A = T
n=1
equation can be rewritten as
s (1) = 2 (ef (g (1), 1) — ) T lay(0) ] a7
- = 0 . , — . - 7 . . 1]
: A s (0.0) O) ay

Employing the identity
On (A DN 1A 1) — Onpi (A v (A1) =1

we have

A% (p5()) = 4 =[03 (5 (8), ) = Dya (15 (8), OF + 403 (11 (1), 1) @y (115 (1), 1) — 4

(0% (15 (0),1) = @y (s (1), D) = (93&%(“’” B Wlw) |

This implies

alp0)) = o = o0y 320 (0) 4. (19

where

o,(t) = sign (eg'v(ﬂj(t),t) _ m> =12 . N-1
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It follows from expansions () and @ that

AP(N) — 4 = (H ) [T, (19

k=1 k=1

O (0 1) (H ) IT - o). (20)

Differentiating expansion (20) w.r.t. A and letting A = p1;(¢), we get

Oy (N]sy, o = —00 (H @k> 1:[ (1 (1) = puw(t)) (21)

k=1
k#j

Substituting , and into and taking into consideration identity , we obtain
identity @
Now let us show that A(t) is independent of ¢. Let {g%(t)} be a normalized eigenfunction
of the operator L(t) associated with the eigenvalue A\i(t), k =1, 2, ..., 2N, that is,
191 + bugy + AnGiy = Ak

Differentiating this identity w.r.t. ¢, multiplying by ¢* and summing up w.r.t. n, we obtain

ZE =7 (2n(t)gk gk + bal0) (95)°). (22)

Employing equations , identity can be rewritten as

:Z {2[an(ai+1 )+ an(biﬂ - b2)]gngn+1
- (23)
+ Z {[2(1,%(1)”_,_1 + bn) o 2“2—1(1% + bn—l)](gfb)Q}'

Similar to , by we get )\k(t) = 0. Thus, identity and the independence of ¢ for the
eigenvalues A, (t) complete the proof. O

Remark. This theorem gives a way for solving problem —(@. In order to do it, we first
find the spectral data N;, p;(0), 0;(0) by given sequences {a2} and {b2}. Then, employing
the provided in work [12] algorithm for solving the inverse problem, we define j1;;(0), 0;%(0).
Applying the proven theorem, we calculate pu;5(t), 0;,(t). In view of the independence of k and
t for the eigenvalues \; i, by employing identities (@, (@, we find ay(t), bi(t).

Corollary. If N = 2p and a number p is the period for the initial sequences {a®} and
{69}, then the roots of the equation A(N) + 2 = 0 are double. Since the Lyapunov function
corresponding to the coefficients a,(t) and b,(t) coincides with A(X), by an analogue of the
inverse Borg theorem for the discrete Hill equation (see [18]), the number p is also a period for
the solution a,(t), b,(t) in the variable n.

Let us demonstrate the application of the main theorem for the solution to problem (1), (2)
subject to the initial conditions
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In this case

N=2 M=—1, d=0 X-=1, M:z,umy:; (0) = 1
Employing the above remark, we obtain
@) = 5 (1 p(t) — (1)) — ()" 5 a (D) — 220 — 1),
bolt) = 3~ (- 2u(0), nez,
where p(t) is determined by the equation

d’;_gﬂ = V()2 = p(0)(1 — p2(1))

subject to the initial condition x(0) = 3. Solving this problem (see [19]), we find that

sn? (t — 1o, \/7§>

pu(t) =

1+ cn? (t—to, \/7§>7
where sn (to, ‘/7§> = —\/g. Thus,
2
1 ]_—3C112 (t—tm\/?g)
2\ 1+ e (11, )
2sn (t—to,%§> cn (t—to,%g) dn (t—to,\/;)
— (="

) 5
(1 +cn? <t—t0,§)>

n [ 3cn? <t —t ﬁ) —1
1 (=1 0
bdw:§—< ) 2 net

2 1+cn2(t—t0,\/§) ’

where sn, cn and dn are elliptic Jacobi functions.
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