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ON MULTI-DIMENSIONAL PARTIAL DIFFERENTIAL
EQUATIONS WITH POWER NONLINEARITIES
IN FIRST DERIVATIVES

I.V. RAKHMELEVICH

Abstract. We consider a class of multi-dimensional partial differential equations involv-
ing a linear differential operator of arbitrary order and a power nonlinearity in the first
derivatives. Under some additional assumptions for this operator, we study the solutions
of multi-dimensional travelling waves that depend on some linear combinations of the orig-
inal variables. The original equation is transformed to a reduced one, which can be solved
by the separation of variables. Solutions of the reduced equation are found for the cases of
additive, multiplicative and combined separation of variables.

Keywords: partial differential equation, reduced equation, method of separation of vari-
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INTRODUCTION

An important direction in the modern mathematical physics is the study of multi-dimensional
nonlinear partial differential equations and finding their exact solutions [1-12]. One of the most
effective and widely used method of solving such equations is the separation of variables (SV).
In known handbooks and textbooks [1-3] the classical scheme of the method is described as well
as its modern versions, generalized and functional SV [4]. In works [5-9] by the method of SV,
there were studied partial differential equations with power nonlinearities in the derivatives as
well as equations involving homogeneous and multi-homogeneous functions of the derivatives;
such equations are reduced to the equations with power nonlinearities for certain classes of
solutions. The present work is devoted to continuing these studies. We consider a multi-
dimensional partial differential equation involving a linear differential operator of arbitrary
order with constant coefficients and power nonlinearities in first derivatives. By means of the
reduction method and the method of separation of variables we find the solutions of multi-
dimensional travelling waves type for this equation.

1. FORMULATION OF THE PROBLEM

We consider the following class of multidimensional partial differential equations for an un-

known function u(zy, xs, ..., xy) involving power nonlinearities in the first derivatives:
N B
R 8u n
Lu(xy,x9,...,xn) =D . 1
(enaaa) =] () )
n=1
Here L is a linear differential operator with constant coefficients in variables x1,xs, ..., zy.
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We represent the set of the values I = {1,..., N} of the index n indexing independent
variables as the union of K disjoint subsets Iy, (k = 1,..., K). Then the set of the variables
X = {x1,x9,...,xy} can be partitioned into K disjoint subsets Xy = {,,}ner,. Hereinafter
we denote by Q = {1,..., K} the set of the values of the index k. In what follows we assume
that the operator L can be represented as

A K A
L=> Ly, (2)

where L x, 1s a linear differential operator with constant coefficients in the variables Xj. Rela-
tion (2) means that the operator L involves no mixed derivatives w.r.t. the variables in different
subsets X. In its turn, the operator L x, can be represented as a sum of linear homogeneous
differential operators of various orders in the variables Xj:

My,
Ly, =Y LY (3)
m=1

By the said above, the operator I:gg? can be written as

~ (m o\
1 =Y a1 <8xn) | (4)

(m) nel
oy, k

Here we have introduced the multi-index o,gm) = {Mmu}ner,, and m, > 0 for all n € I and

> m, = m. In the present work we seek the solutions to equation (1), which depend on the
nely
variables z; and which are linear combinations of the original variables x,,:

2L = Z CnTp. (5)

nely

In view of relations (2), (3), (4), (5), for the solutions u = U(z1, ..., zx) of the mentioned type,
equation (1) can be easily reduced to the form:

ZK:kaU(zl,...,zK):Bﬁ<g—Z>rk. (6)

N A
Here 1, = > B, B =10 [] . The linear differential operator Ly of order M;, acting in the
nely n=1
variable z; is of the form

My

. o
Ly = Z Af )@, (7)
m=1

Mn
"

where the coefficients of the operator are A,(Cm) =2, am []c

(m) k  nely
Tk
Thus, original equation (1) is transformed to the reduced equation (6) for the solutions
depending on the variables z; and determined by expression (5).
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2.  AUXILIARY FUNCTIONAL DIFFERENTIAL EQUATION

For further analysis of the solutions to equations (6) we consider an auxiliary functional
differential equation (FDE) for unknown functions Uy(z) (k=1,..., K):

where Pk, Nk are differential operators in the variable zj.

Lemma 1. Equation (8) is satisfied by the functions Uy (zx), which are solutions of the fol-
lowing ordinary differential equations: R
1) Under one of the conditions B =0 or N,Uj(z) =0 for some l € €,

PeU(2) = pu, (9)
for all k € Q, here the constants u. should obey the condition

K
> =0 (10)
k=1

2) As B # 0, for each fized | € €,

]f)lUl(Zl) + ﬂl = BD[N[UZ(ZI), (11)
and for all k € Q, k # 1, the functions Uy(z) solve the systems
PkUk(Zk) = Uk, NkUk(Zk) = V. (12)
Here
K K
= Z P, = H Vs (13)
k=1k#l k=1,k#l

Ui, Vi are some constants (v, # 0). In particular, equation (8) is satisfied by the functions
Uk(zx) solving equations(12) for all k € Q) if the constants uy, vy, obey the condition

K K
k=1 k=1

Proof. 1. If one of the conditions B = 0 or NlUl(zl) = 0 for some [ € () is satisfied, then
equation (8) is reduced to the following one:

K
k=1

Since the left hand side of equation (15) is a sum of functions of different variables z;, then

the functions Uy (zy) should satisfy equation (9), while the constants py, should obey condition

(10).

2. Assume that the right hand side in (8) is not identically zero and consider the case, when
all the factors in the right hand side of (8) are non-zero constants. In this case the functions
Uk(zx) satisfy the second of equations (12), for all k& € 2 we have vy, # 0, and equation (8) is
reduced to the following one:

K K
k=1 k=1

Arguing for equation (16) as above, we obtain that the functions U(zx) should satisfy the first
of equations (12), while the constants g, v, should obey condition (14). At that, equation (8)
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is satisfied if and only if systems (12) are compatible for all £ € Q. Let | € Q be some fixed
value k, for which the condition

NlUl(zl) = const (17)
holds. We differentiate equation (8) term by term w.r.t. z; and in view of (17), we write it as
0/0z) U, T
(9/0z)RUi(=) _ I NUi(z). (18)
(8/8zl)NlUl(zl) k=1,k#l

The left hand side of relation (18) depends only on z;, while the right hand side depends only
on zi, k # l. Hence, it is satisfied only in the case, when all functions Uy(zy) solve the second
equation in (12) for all k£ # [. Then equation (8) can be reduced to the form:

K
> BUi(z) = BoNiUi(z), (19)
h=1

where 7 is determined by the second identity in (13). Since the right hand side in (19) depends
only on z;, this equation can be satisfied only in the case, when the left hand side depends
only on this variable. This implies that for all £ # [ the functions Uy(z;) should satisfy the
first equation in (12). Then equation (8) is satisfied if U;(z;) solves equation (11), where the
constants 7, fi are determined by expressions (13). Thus, for each [ € Q, for which condition
(17) is satisfied, the function Uj(z;) is determined by solving equation (11) and the functions
Uk(zx) for k # [ are solutions to system (12). The considered solution exists if and only if these
systems are compatible for all £ # [. The proof is complete. O

3. ANALYSIS OF REDUCED EQUATION

In this section we analyse the solutions to equation (6). First we consider simplest particular
cases.

I. The right hand side in (6) is identically zero.

1) B = 0. In this case (6) is reduced to the linear homogeneous equation:

K
ZﬁkU(Zl,,ZK) = 0. (20)
k=1

In particular, if the parameters of the problem are such that together with the condition B = 0,
the conditions A,gm) = 0 are satisfied for all £k € ©Q, 1 < m < My, then equation (20), and
therefore, equation (6) holds for an arbitrary function U(zy,..., zx) differentiable sufficiently
many times in all variables.

2) If for some [ € Q the condition r; > 0 holds, then equation (6) is satisfied by each solution
to the following linear homogeneous equation

K
Z LiU(z1y .oy 211, 2141y - - -5 2k) = 0. (21)
k=1,k+l

Similar to Case 1), if for all k € Q, k # [, 1 < m < My the conditions A;m) =
0 hold, then equation (21), and therefore, equation (6), holds for an arbitrary function
U(z1, ..., 211, Zi41, - - -, 2ic) differentiable sufficiently many times in all variables.

IT. General case.
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Theorem 1. (On additive separation of variables). Equation (6) has the following family of

solutions represented by the sum of the functions of one of the variables z1, ..., zk:
U(Zl,..., Ul Zl Z I/l/rkzk—l—Uo. (22)
k=1,k#1

At that, the function Uj(z) solves the following ordinary differential equation:

f/lUl(Zl) + /le = Bﬁl[Ul/(Zl)]n. (23)
Here Uy, v are arbitrary constants; [, v; are determined by the expressions:
K K
0w w=> /AL, (24)
k=1,k+#l k=1,k+#l

Hereinafter the operator L; is determined by the expression (7). Solution (22) exists for all
I € Q.

Proof. According to the known scheme of the additive separation of variables [2], we seek the
solution to equation (6) as

Uz, 2x) = Y Us(z). (25)

Substituting (25) into equation (6), we obtain the following:

> LiUi(zk) = B] [ U ()] (26)

k=1
Relation (26) is a FDE of form (8); at that,
NiUi(z) = [Ui(=)]™ (27)

In accordance with the said above, in the cases, when the right hand side of equation (6) is
identically zero, it is reduced to linear equations (20) or (21). This is why we assume that the
right hand side in (6) is not identically zero.

Assume we are given some [ € ). Then by Lemma 1, equation (26) is satisfied by the function
Ui(z) solving equation (23) and by the functions Uy (zy), k # [, solving the following systems:

LyUw(z) = s [Uk(20)]™ = v (28)
Solving (28) and taking into consideration expression (7), we find:
Un(zr) = v/ ™ 21 + Uk, (29)

where Uy is an arbitrary constant. At that, system (28) is compatible if and only if the
constants pu, v, satisfy the relation

e =AY, (30)

where A,(:) is the coefficient at the first derivative in expression (7). By (30) and (13) we obtain
expression (24) for the constant fi;. Then, substituting (29) into (25) and summing additive
constants Uyg, we obtain solution (22). The proof is complete. O

Theorem 2. (On multiplicative separation of variables). Equation (6) has the following
families of solutions represented as the product of the functions on one variables zy, ..., zk:
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1) in the case rs, # 1:
K

Uz, oozk) =57 U(2) [ on (2 — 200)™, (31)
k=1 k£l

where pi, rs are determined by the expressions

Pk = re — 1 s = Zrk7 (32)

and function Uj(z;) solve the ordinary differential equation
LiUi(z1) = Bo[Uj ()] [Ui(z)]™= . (33)

Solution (31) exists if for all k # 1, k € Q, for each 1 < m < My, at least one of the following
conditions holds:

A =0, (34)
Ty = (TE — 1)7hk (35)

for some integer my, such that 1 < myp <m — 1.
2) in the case rs = 1:

U(z1,...,2x) = CoU(2) exp ( Z Ak»’«'k) ) (36)

k=1,k#l

Here Cy, A\, are arbitrary constants and the function U)(z) is the solution of the ordinary
differential equation

LiUi(z1) + uUi(z1) = Boy[U] ()] [Un(z0)] . (37)

The coefficients [, U involved in (37) are determined by the expressions:

K K Mj,
IT xe =D doawar. (38)

k=1,k#l k=1,k#l m=1

Proof. We seek a solution to equation (6) as

Uz, ..., 25 HUk (21)- (39)

We substitute (39) into equation (6) and after some transformations we obtain

LU Zk re—rx-1
Z U (20) BH{ Ur ()] ™ [Un(20)]™ 7} (40)
Equation (40), as the above considered equation (26), is a FDE of form (8). The operators
involved in this FDE are of the form:

i/kU k(Zk)
U k(zk) ’
Now we consider the cases listed in the formulation of the theorem.

1. Casery # 1. If [ € Q2 is some fixed value of the index k, by the second equation in system
(12) we find that for all k # [, Ux(z) is determined by the expression:
Ak

Pk
Uk(zx) = Uko(zk — 2k0)"*, Ugo = (E) , (42)

PuUi(z) = NpUx(zi) = [UL(20)]™ [U(2)]7> 7" (41)
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where pj, is determined by the expression (32), A\, = V;/ ", We substitute (42) into the first
equation in system (12) and take into consideration (41). Then after some elementary trans-
formations we obtain:

My,
> QI ()AL (21— 210 ™ = pzk — 2r0)™, (43)
m=1
where
Q" (o) = prlpe — 1) ... (. —m +1). (44)
Equation (43) can be satisfied only if the conditions
Q" (p) ALY =0, =0 (45)

hold for each k # [, k € Q and all m = 1,..., M. In view of expression (44), it is obvious that
for each given m the first of conditions (45) is satisfied if either A,E:m) = 0 or py = my, for some
1 <myp < m — 1. This implies that the considered solution exists if and only if at least one of
conditions (34), (35) holds true. Employing Lemma 1 and equation (11), in view of (13) and
the second condition in (45), we arrive at equation (33) for the function Uj(z;). Substituting
expression (42) into (39), we obtain the solution of form (31).

2. Case ry, = 1. In this case the second equation in system (12) is of the form

(7ieg) =

Uk(zk) = UkO eXp(/\ka>, (46)

and this implies that for all k& # [

1 . .
where )\, = z/k/ "t as in the previous case.

Substituting (46) into the first equation of system (12), in view of the first relation in (41)
we obtain:

My,
AN = (47)
m=1

Then due to (47) and (13) by equation (11) we find that the function Uj(z;) should solve
equation (37), in which 7, fi; are determined by expressions (38). Substituting expression (46)
into (39), we obtain the solution in form (36). The proof is complete. O

Let the set ) be represented as the union S of disjoint subsets s, s = 1,...,5. In what
follows we employ the expression:
I'ss = Z Tk-

keQs
We also introduce Ag as the set of the values of the index s, for which ry, = 0. Hereafter we
assume that [, ¢ are some fixed values of the indices k, s and [ € €);.

Theorem 3. (on combined separation of variables) For each partition of the set Q into the
subsets Qs, s = 1,...,5, equation (6) has the following family of solutions:
a) as ryg; = 1:

U(z1,...,25) = Z D, exp <Z )\kzk>

s€Ng,s#t ke,

+ Z ES H (Zk - Zko)ak + Dt exXp ( Z )\kzk> Ul(Zl).

s¢ho,sEt ke ke k#l

(48)
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At that, Uj(z;) solves the ordinary differential equation:

LiUi(z) + mUi(z) = KU/ (z)]" [Ui(z2)] ", (49)
where
M, K
o= X S m-n 1 og T TD% T e 11 e
keQt kAl m=1 keQy, k#l s€Ng,s#£t kEQs s¢Mo,s£t keQs s¢No,s#t

Solution (48) exists under the following conditions:

My,
DD AN =0 (50)

keQs m=1
forall s € Ny, s #t;
AQ (01) = 0 (51)
forallk € Qs, 1 <m < My, s¢ Ao, s #t;
b) as rey # 1:
U(z1,...,25) = Z D, exp (Z )\kzk)
SENg,s#£t keQs (52)
+ Z ES H (Zk — Zk())ak —f- EtUl(Zl) H (Zk — Zko)pk.
s¢ho,sAt  kEQs kEQ k£l
At that, Uj(z;) solves the ordinary differential equation:
LiU(z) = Gi[U{(2)]" Ui (z)]™ ™, (53)

where

K
Gl:BEtrzrl H pE H H/\?l;k H Hazk H ET>s.

keQy,k#l seMg,s#t keQs s¢MNo,s#£t keQs s&ANo,s#£t
Solution (52) exists under conditions (50), (51) and the following additional condition:

AQ (pr) =0 (54)
forallk € Q, k#1, 1 <m < M. In formulae (48)-(54), the symbols Ds, Eg, Ay, zro stand

for arbitrary constants, while py, oy are determined by the expressions:

Tk
= ke
Pk ey — 1 ( € t)? (55)
o= 5 (ke (56)
T'ss

Proof. We seek solutions to equation (6) as

Uz, ozi) = Y T Ukz). (57)

s=1 ke

Substituting (57) into equation (6) and taking into consideration expression (7), we reduce
equation (6) to the form:

> > Bz [T Utz) = BT T UGG Uk (i)™=, (58)

s=1 ke ke s=1 ke,



106 1.V. RAKHMFELEVICH

where P,[Ug(z,)] is determined by the first identity in (41). We differentiate equation (58) term
by term in z; to obtain:

{Z PUs(z) [ Usze)} =B [ {106 G))™ [Un(z0)]™ ”}—{[Uz ()] [U(z)]™ "}
ke ke keQ k#L
(59)
The left hand side in (59) depends only on zx(k € €2;) and this is why for all k& € €, s # ¢ the
functions Uy(zx) should satisfy the equation:

[k ()™ [Uk(z0)] 77 = A (60)

where \; are some constants. We consider particular cases for equation (60).
1) rgs = 0. In this case, the solution to equation (60) is the exponential function:

Uk(zk)] = Uro exp(Ar2i); (61)

2) rys # 0. In this case the solution to equation (60) is of the form:

o] = () (- 0™, (62

Ok

where oy, is determined by expression (56). Employing expressions (61), (62), we can write the
terms in the left hand side of equation (58) corresponding to particular values s # t as:
1) For rys = 0:

> BilUk(z)] ] Ur(zi) = Dyexp (Z )\kzk> S AT (63)

keQs keQs keQs keQs m=1

where

2) For ryg # 0:

Z pk[Uk(Zk)] H Uk(Zk) =FE; H (Zk - ZkO Z Z m)Qk Uk (Zk - Zk()) ", (64)

keQs kEQs keQ, €0 m=1
where Q,gm) is determined by expression (44),
A\ 7F
E, = —
I ;)
keQs

As it was mentioned above, the functions Uy(z;) satisfy equation (60) for all k € Qs, s # t.
This is why both the right hand side and left hand side of equation (58) can depend only of the
variables z;, k € ;. In view of expressions (63), (64), this is possible only under conditions
(50), (51). Then equation (58) becomes:

Z pkUk(Zk B H{ U (20)] % [Up(25)] =1, (65)
ke ke,
where

S
B, =B [ [

s=1,s#t keQs
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Arguing as in the proof of (59), we differentiate equation (65) term by term w.r.t. z; and as a
result we obtain

Dy = B T] A U™ Yo U Wl =) (66
A keQy kAl &

Since the left hand side of equation (66) depends only on z;, the right hand side can depend
only on this variable and this is why the functions Uy(zx) should satisfy the equation

(U ()™ [Us ()] = A (67)

for all k € Q, k # L.

Equation (67) has the form similar to equation (60) up to the change rs; — rg; — 1 and this
is why, as in the analysis of equation (60), we consider the particular cases:

1) rs; = 1. In this case function (61) solves equation (67). Substituting expression (61)
into equation (65), we obtain that the function U;(z;) should satisfy equation (49). Employing
expressions (61), (62), (57), we obtain equation in the form (48).

2) rs¢ # 1. In this case equation (67) is of the form:

/\k: Pk
Ug(zr) = (—) (26 — 2k0)", (68)

Pk

where py, is determined by expression (55).
Substituting expression (68) into equation (65), we obtain:

My,
PU@)+ Y0 D ATQM (o) (5 = 0) ™" = GiU] ()] [Ui (=)™ 7L (69)

kE€Q kAl m=1
If condition (54) is satisfied for all k € Q, k # 1, 1 < m < My, then equation (69) is reduced
to ordinary differential equation (53) for the function Uj(z;). Substituting expressions (61),
(62), (68) into (57), we obtain the solution to equation (6) in the form (52). The proof is
complete. n

4. CONCLUSION

Thus, in the present work we studied multidimensional partial differential equation (1) involv-
ing linear differential operator of arbitrary order and power nonlinearities in the first derivatives.
For solutions of multi-dimensional travelling waves type depending on some linear combinations
of original variables, equation (1) is transformed to the reduced equation (6). In order to solve
this equation, we apply the separation of variables. At that we first analyse the auxiliary func-
tional differential equation arising while applying this method to the reduced equation. We
obtain solutions of the reduced equations for additive, multiplicative and combined separation
of variables.
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