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DEGENERATE FRACTIONAL DIFFERENTIAL EQUATIONS
IN LOCALLY CONVEX SPACES WITH A 0-REGULAR PAIR
OF OPERATORS

M. KOSTIC, V.E. FEDOROV

Abstract. We consider a degenerate fractional order differential equation Dy Lu(t) = Mu(t)
in a Hausdorff sequentially complete locally convex space. Under the p-regularity of the
operator pair (L, M), we find the phase space of the equation and the family of its resolving
operators. We show that the identity image of the latter coincides with the phase space.
We prove an unique solvability theorem and obtain the form of the solution to the Cauchy
problem for the corresponding inhomogeneous equation. We give an example of applica-
tion the obtained abstract results to studying the solvability of the initial boundary value
problems for the partial differential equations involving entire functions on an unbounded
operator in a Banach space, which is a specially constructed Frechét space. It allows us to
consider, for instance, a periodic in a spatial variable xz problem for the equation with a
shift along x and with a fractional order derivative with respect to time t.

Keywords: fractional differential equation, degenerate evolution equation, locally convex
space, o-regular pair of operators, phase space, solution operator.
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1. INTRODUCTION

We consider a linear differential equation
Dy Lu(t) = Mu(t) + f(t), (1)

where D is the fractional Caputo derivative of order a > 0 [I], & and U are separated
sequentially complete locally compact linear topological spaces, L : 4 — U is a linear continuous
operator, M : Dy; — U is a linear closed operator with a domain D), dense in . In what
follows this equation is called degenerate since we assume that ker L # {0}. In the work we
consider the issues on unique solvability of the Cauchy problem

u(0) = up, k =0,1,...,m—1, (2)

for equation (1). Here m is the smallest integer number greater than or equal to .

Equations of such type in Banach spaces were considered in works [2, 3] in the non-degenerate
case, when the operator L is continuously invertible and work [4] for a degenerate operator L
and a strong (L, p)-sectorial operator M. There are also works [5]-[10], in which fractional
differential equations were studied in locally convex spaces.
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The present work provides the generalizations of results of work [I1], in which the solvability
of Cauchy problem (2) for homogeneous equation (1) in a Banach space was studied by using
the conditions of (L, o)-boundedness of the operator [12] introduced in studying a degenerate
equation of order & = 1. In the present work we employ the notion of (L, o)-regular operator
used before in [13] for studying first order degenerate equation in locally convex spaces. By
means of (L, o)-regularity condition for the operator M, we obtain pairs of invariant subspaces
of operators L and M and the original equation is reduced to a system of two equations on
two subspaces. One of the obtained equations is resolved with respect the derivative and has a
regular operator [14] at the sought function. The solvability condition of the Cauchy problem
for such equation and its solution were found in work [I4]. The other obtained equation has
a nilpotent operator at the derivative. In the case of p-regular pair of operators (L, M) we
show the unique solvability of such equation without initial data. In the homogeneous case the
corresponding solution is trivial. This fact allows us to find the phase space and the family
of resolving operator for the homogeneous equation. In the inhomogeneous case it leads to
compatibility conditions for the initial data in the Cauchy problem and the right hand of the
equation.

We also consider a generalized Showalter-Sidorov problem, in which the initial data is imposed
only for the projection of the solution on the first subspace instead of the initial for the solution
itself. This is why the difference between the solvability theorem for such problem and for
the Cauchy problem is just the absence of the compatibility conditions that stress a natural
character of such problem for degenerate evolution equations.

The family of the resolving operators found in the work is constructed explicitly by using
Mittag-Leffler function and this family is used for the representation of the solution.

The obtain abstract results are used for studying the solvability of periodic in a spatial
variable x Cauchy problem and Showalter-Sidorov problem for the equations of fractional order
w.r.t. the time and of infinite order w.r.t. x with entire functions of the differentiation operator
in z and with a shift in this variable. In order to do it, the shift in the spatial variable is
represented as the action of an exponential function of the operator A of the differentiation in
x. For the obtained operators we show the (L, 0)-regularity of the operator M while considering
the problem in the Fréchet space being the inductive limit of the scale of Fréchet space of the
elements of A-exponential type in D(A>).

2. INHOMOGENEOUS CAUCHY PROBLEM FOR A NON-DEGENERATE EQUATION

Let 3 be a separated sequentially complete locally convex space. By ®3 we denote a funda-
mental system of semi-norms in 3 defining a topology in this space.

Definition 1. A linear continuous operator A : 3 — 3 is called regular (shortly A € R(3))
if there exists C' € Ry such that for each semi-norm q € ®3 there exists a semi-norm r € ®s3
such that q(A"z) < C"r(z) for all z € 3, n € IN.

Remark 1. The constant C' in Definition 1 is called the regularity constant of the operator
A. It is clear that the set of the regularity constants for a given operator is unbounded from
above.

Remark 2. In the case of the Banach space 3, the reqularity of the operator means exactly
the belonging to class L(3) of linear continuous on the entire space operators.

Remark 3. In the case of a quasi-complete locally convex space, an operator A is regular in
the sense of the above definition if and only if it is a reqular element of the convex bornological
algebra of continuous linear mappings from 3 into 3 with the bornology of equicontinuity [14].

The regular spectrum o,.(A) of an operator A [14] is a set of u € C, for which there exists
no regular operator (uI — A)~!, and the regular resolvent set of operator A is the set p,(A) =
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C\ 0.(A). The regular spectrum of a regular operator in a quasi-complete locally convex space
is a non-empty compact set [14]. In this case of the spectral radius of a regular operator A we

have r,(A) = inf{C' > 0: q(A"v) < C"r(v)}.
We denote gs(t) =T'(6)" L asd >0,t>0,

IPh(E) = (95 (e) = [ gt~ )h(s)ds.

Let o > 0, m be the smallest integer greater than or equal to o, D" is the usual derivative
of order m € IN, J? is the identical operator, D¢ is the fractional Caputo derivative, that is,
D f(t) = J" D f(t) in the case when the expression in the right hand side of this identity
makes sense. In what follows we shall make use of the identity

m—1
D?f(t)ZDQ"Jf“‘“< = FP(0) gt )
k=0

which is valid in the case when the expression in its right hand side is well-defined [1].
As a, 8 > 0 we introduce the Mittag-Leffler function E, 5(z) = > r(#nw) and we consider
n=0
the Cauchy problem

2P0 =2, k=0,1,...,m—1, (3)

for the fractional differential equation

Dz(t) = Az(t) + f(t), tel0,T), (4)

where T € (0,400], A is a regular operator in a sequentially complete locally convex
space 3. A solution to problem (3), (4) is a function z € C™ '(R,;3), for which

m—1
Gm—a * (z - > z(k)(())ng) € C™(R4; 3) and identities (3) and (4) are satisfied. Hereinafter
k=0

R+:{$€Rx>0},E+ZR+U{O}

Theorem 1. Let A € R(3), f € C™([0,T);3). Then for each zy € 3 there exists the unique
solution to problem (3), (4). This solution is

z(t) = t* By i1 (A1) 2y, +/ ) By o (At — 8)%) f(s)ds. (5)

0

i

Proof. Differentiating series term by term, by the regularity of the operator A we obtain the
identities

D“Zt B i1 (At)z AZt B i1 (A1) 2, (6)
k=0 k=0
m—1

D}t Eapea(At) 2o = 2, 1=0,1,...,m— 1, (7)
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t t

Dy / (t = 5)° LB o (A(t — )) f(s)ds = J=oDp" / S, o (As) f(t — 5)ds
0 0

= J"D] 7 (127 By o (ALY)) f(0) + S D /sa_lEa,a(Aso‘)f’(t — s)ds

0
t

= J"Y  DF (7 By o (AY)) fR(0) + g / LE, o(As*) f™ (L — s)ds
k=0 ,
m—1 oo n a(n
— Jm—a Z A"t - f(m—l—k)(())
! c= = Tan+ o — k)

t(t—T)m_l_adT TT_Safl ) £ () ds
+/ L(m — «) 0/( )" Baa(A( )) S (s)d

Antoermflfk

- % Z I'(lan+m —k) A0 (8)

=0
t

3

t s wT—Sa_l 7 — ) f" (s)dr
+ [as [N (1 = )7 Baal A(T = 8)°)f"(5)d

m— «)

(k t — 5= U m e g1 a\ £(m)
= Zt ak+1(At f + Ea,a(AO )f (S)dO’
k=0

= Z tkEa k+1(At f(k + Jtmsa - a 1Ea a(A<t - S)Q)} f(m)<3)d5
k=0

o\“

N B (A F9(0) + / (t = )" Basn( Al — 5)) 1™ (s)ds

_f(t)—/t [%EaJ(A(t—s) } ds_A/ ) By (At — $)2) f(s)ds + f().

Here in the end we made m-multiple integration by parts. It follows from identities (6)-(8) that
function (5) solves problem (3), (4).

If there exist solutions z; and zo to problem (3), (4), then their difference z = z; — 29 solves
Cauchy problem (3) with the initial data z, = 0, &k = 0,1,...,m — 1, for the homogeneous
equation Dy z ( ) Az(t). We apply the operator J;* to the both sides of this identity to obtain

f (t— s z(s)ds (see [, Formula (1.21)]). Then by [14, Thm. 4], the unique solution
to this problem for a regular operator A in a sequentially complete locally convex space is
z = 0. O

3. O0-REGULAR PAIR OF OPERATORS

Let 4, U be sequentially complete locally convex spaces. By L(;20) we denote the set
of linear continuous operators acting from il into 2. The set of linear closed operators with
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domains dense in the space il acting into U is denoted by CI(4;0). If U = 4L, the corresponding
notations are L£() and CI(4l), respectively.

Let L, M € CI(;0). By Dy, Dy we denote the domains of the operators L and M. We
denote R(M) = (uL — M)™'L, LL(M) = L(uL — M)~".

A regular L-resolvent set of the operator M is the set pX(M) = {u € C : (uL — M)~ ! €
L(T;4), RE(M) € R(Y), LL(M) € R(D)}, a regular L-spectrum is its complement o (M) =
C\ py(M).

Below we shall need the following identities valid for all p, A € pZ(M), u € Dy N Dy;:

(L — M) "' (AL — M)u=u+ (A — p)(uL — M) Lu,
(AL = M)(pL — M)~ =T+ (X — p)L(pL — M)~

(ML —M)™ = (AL = M)™" = (A = )Ry (M)(AL — M) ™",
L(pL — M) *Mu = M(uL — M) Lu.

(9)

Proposition 1. Let L, M € CI(;*0), the set Dy, N Dy is sequentially dense in L. Then
(i) pL(M) is an open set;
(i) The operator function (uL — M), R (M), L% (M) are strongly holomorphic on pk(M);
(ili) We can choose regularity constants for the operators RY(M) and L} (M) depending
continuously on pu € p=(M).
Proof. Let p € p=(M), C,, be the maximal of two regularity constants of the operators R{j(M )
and L(M). Then
{AeC:Ix—pl<C '} C pE(M).
Indeed, in accordance with the second identity in (9), the continuous operator is well-defined:

o0

(AL = M)(uL = M)7'T7" =3 (= N [L(pL — M)~

k=0

We multiply this identity by Lﬁ (M) from the left and for each v € Y, ¢ € ®y we obtain:
(LE(M)v) = EOO A — wH(LEM)) | < — )
q(Ly(M)v) =g (A= )" (L, (M) v | < o
L —[A=plCy

g(LEM))" ) <D > A —p &, ((Lﬁ(M))"i;kiU)

k1=0  kyp=0
> > Cmr(v)
g )\—[L|klckl+l"' )\—,uk"Ck"“r(v) g |
2| e 2, Pl == Gy

for some r € ®g. Thus, operator RY (M) is regular with the regularity constant C,,(1 — |\ —
pulCu) ™

The proof for the operator functions (uL — M)~", RY(M) is similar by employing the first
identity in (9). This is why each point p lies in pZ(M) with some neighbourhood. Statements
(i) and (iii) are obviously implied by the proved facts. O

Definition 2. Let L € L(4;0), M € Cl(&4;0). The operator M is called (L, o)-regular if
Ja>0 YueC (lul>a)= (uep (M).

Sometimes, instead of (L, o)-reqular operator M, it is more convenient to speak about o-regular
pair of operators (L, M), which in our presentation is the same.



DEGENERATE FRACTIONAL DIFFERENTIAL EQUATIONS ... 103

We take a (L, o)-regular operator M and construct a closed contour
v={neC:lul=R>a}.
Then the integrals

1 1
Py = o Rﬁ(M)udu, Qu = - Lﬁ(M)vdu
8! 8!
are well-defined as the integrals of holomorphic functions over the closed contour.

It is easy to show that the operators P and ) are projectors. We let 4° = ker P, B° = ker Q,
U =imP, P! = imQ, then U = U B U U =V Y. By L (M) we denote the restriction
of the operator L (M) on U* (Dyy, = Dy N4UF), k = 0,1. Moreover, by o, (M) we denote the
regular Li-spectrum of the operator M, while pTLk(M ) stands for its regular Lg-resolvent set.

Lemma 1. Let the operator M be (L,o)-reqular. Then for each u € 4 Pu € D,y.
Proof. Indeed, by Statement (ii) in Proposition 1, the integral

/MRﬁ(M)ud,u: /,uLRﬁ(M)udu
v B!

converges. Since the operator M is closed, we obtain the needed fact. O

Theorem 2. Let the operator M be (L,o)-reqular. Then

(i) Ly € L(UF:0%), k=0, 1;

(i) My € Cl(U°;BY), M, € L(UL;T1);

(iii) There exists the operator Li* € L(UY; U);

(iv) pko(M) = C and in particular, there exists the operator My € L(0% U%);
(v) The operators Sy = Ly' M, Ty = M, L;* are regular.

The proof of the theorem can be found in [I3].

We denote H = M, ' Ly. If for some p € Ny = {0} UN we have H? # Q, HP*! = Q, then
the (L, o)-regular operator M is called (L, p)-regular. At that, the pair of the operators (L, M)
is called (L, p)-regular.

It is easy to show that the nilpotentness degree of the operator H or the absence of the
nilpotentness determine the character of the singularity at the infinity for the operator function
(uL — M)~ (see [12]).

An ordered set {po, 1, @2, ...} C L is called a chain of M-adjont vectors of the operator L
if pg € ker L \ {0},

Lopyi=Mepr, k=0,1,..., o €kerL, [=1,2,...

The chain is finite if there exists an M-adjoint vector ¢, such that either ¢, & Dy or My, &

imL. The index of a M-adjoint vector in the chain is called the height of this vector. The linear

span of all M-adjoint vectors of the operator L is called M-root lineal of the operator L.
Arguing as in the monograph [12], we can obtain the following result.

Theorem 3. Let the operator M be (L, o)-reqular. Then a M-root lineal of the operator L
is contained in U°. At that, the following statements hold.

(i) The operator M is (L, p)-reqular for p € N if and only if M-root lineal consists of M -
adjoint vectors of the operator L of height at most p and at that there exist a M -adjoint vector
of the height p. In this case, the M-root space of the operator L coincides with U°.

(ii) The operator M is (L,0)-reqular if and only if ker L = U°. At that, imL = B' and for
each @o € ker L'\ {0} we have po ¢ Dyr or Mpy ¢ imL.
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Lemma 2. Let the operator M be (L,o)-reqgular v ={p € C: |u| =R > a}, a, f >0,

1
Unalt) = 57 | REQDEasp(ut®)du, ¢ 0.

omi
¥

/ LE(M)Eq5(put®)dp, t > 0.
;

Then for each t > 0 we have U, g(t)P = PU,(t) = Uap(t), Vas(t)Q = QVas(t) = Vas(t).
Proof. Letvz{ué@‘|ﬂ|:R>a} 7 ={A € C: |\ =R+ 1}, then

Unalt)P = PUws(0) = oo / / RE(M)RE(M) Eq (™) dpud

2(2;1-)2 /Rﬁ(M)Ea,a(ut“)du/ ACZ_AM — (27”.)2 /Ri(M)dk/%?m = U, 5(t).

Y At At Y

1

Va,s(t) = i

The statements of the lemma on the operators V, g(¢) and () can be proved in the same way. [
The above lemma implies the obvious corollary.

Corollary 1. Let the operator M be (L,o)-reqular, o, 5 > 0. Then for each t > 0 we have
U C ker U, 5(t), imU, 5(t) C U, B0 C ker V, 45(t), imV, 5(t) C T

Lemma 3. Let the operator M be (L,o)-reqular, o, 5 > 0. Then for each t > 0 we have
U p(t) = Eog(Li'Mit*)P, Vo 5(t) = Ea (M L7't%)Q.

Proof. By Theorem 2, S = L' M, € R(U'). By Lemma 2, for t > 0,

1
Ua6) =Uns()P = o [ BEN(ML)P Bt
il

_ ! (uI — S) ' PE, s(ut*)dp = — /Z,u_k 1gkp Zﬂd#

T omi 2mi I(an + B)

8!

e Sktak‘
= = E,3(St*)P.

Z (ak + B s(5t%)

The second 1dent1ty can be proved in the same way. O

Remark 4. In the same way we can show that if the operator L is continuously invertible,
then Uy 5(t) = Eopg(L™"Mt*) for reqular operator LM and V, (t) = Eos(ML™'t*) if the
operator ML~ is reqular.

4. HOMOGENEOUS DEGENERATE EQUATION

A solution to the equation
D¢ Lu(t) = Mu(t), te€ Ry, (10)
is a function u € C(R,; D) obeying

m—1

Lu€ C™" Ry D),  Gma* (Lu — ) O)Qk—l-l) € C"(Ry; ),

k=0

at that, for all + € R, identity (10) holds true.
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We shall consider equation (10) together with the equivalent equation on the space U
DELE(M)u(t) = M(BL — M)~'o(t), t€R,, (11)
where (8L — M)~ € L(;41). The relation between the solutions to equations (10) and (11)
is given by the identity u(t) = (8L — M)~ o(t).
Lemma 4. Let the operator M be (L, o)-reqular. Then for each ug € U (vy € B), the vector
function u(t) = Uy (t)ug (v(t) = Va1 (t)ve) solves equations (10) (11).
Proof. Let ug € 4. Then

MU (t)uy = ,uLRL(M)uoE (ut*)dp — —/LuoE (ut®)dp.

2772
¥

The obtained function is continuous in ¢. It is also obvious that LU, 1(-)ug € C™ 1(R,;Y). In
view of the strong holomorphy in p of the integrands, as ¢ > 0, we obtain the identities

1 TLO&TL’H’L

Dy LU (tyug =5 — LRE(M)ug ;™ Z g 1>du
v
1 ,u”to‘"l m—a,an —m+1)
_ LRL ’ d
T omi UOZ F(om—m+ 1) a
v
! LR:(M i prt d ! LR (M)uoE(ut*)d
" 2mi M)uo I'a(n—1)+1) F=omi ) HoRAE AR
v ol

1 1
=— /LuOE(uta)du + — /MRL(M)UOE(;LtO“)dp =0+ MU(t)ug
271 271 ’

by the Cauchy theorem and the closedness of the operator M. O

A solution to the Cauchy problem
u(0) = ug, uP(0) =0, k=1,2,...,m—1, (12)

for equation (10) is a solution u € C™~1(IR; 4f) to this equation satisfying conditions (12).

The feature of equations like (10) with a degenerate operator at the derivative is that their
solutions cover pointwise just some subspace of the original space, in which the equation is
posed. Of course, this subspace plays an important role in studying the equation. In order to
describe it formally, we follow [I2] and introduce a definition.

The set B C 4 is called the phase space of equation (10) if

(i) for each solution u = u(t) to equation (10) we have u(t) € B for all ¢t > 0;

(ii) for each uy € P there exists the unique solution to problem (10), (12).

It is obvious that if the phase space of the equation exists, it is unique.

Remark 5. If the operator L=' € L(U; ) exists and at that L~ M is reqular, then the phase
space of equation (9) is the entire space . Indeed, by [14, Thm. 4], for each uy € U there ezists
the unique solution u(t) = Eo 1 (L™ Mt*)ug to problem (10), (12).

Lemma 5. Let an operator G € L(3) be nilpotent of degree p € Ny, there exist fractional
derivatives (D2G)*g € C([0,T);3) as k = 0,1,...,p, T € (0,+00]. Then there exists the
unique solution to the equation

DyGz(t) = 2(t) + g(t), te€[0,T), (13)
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and it 1s of the form

=D (DPG)g(t), te0,T). (14)

Proof. Let z = z(t) be a solution to equation (13). We apply the operator G to the both sides
of (13) to obtain the identity GD{Gz(t) = Gz(t) + Gg(t). Then there exists the fractional
derivative of order « of its right hand side, and hence, of its left hand side. Applying the
operator Df* to the both sides of this identity, we obtain

(D8G)*z = DGz + DYGg = 2+ g + DPGy.
Repeating this procedure, at the p-th step we obtain the identity

p
(DPG)" 'z =2+ ) (DFG)g
k=0
By the continuity and the nilpotentness of the operator G we have

(DEG)PTz = (DMPHGPH 2 = 0,

which implies identity (14). It yields the existence of solution to equation (13) that can be
checked by substituting this function into the equation and it also yields the uniqueness. [

Theorem 4. Let the operator M is (L,p)-reqular. Then the phase space of equation (10)
(of equation (11)) coincides with the space ' (T).

Proof. Let u = u(t) be a solution to equation (10). We let u°(t) = (I — P)u(t), u'(t) = Pu(t).
Then by Theorem 2 we have

Dy Hu'(t) = u’(t), H= M Lo,

Deul(t) = Su'(t), S=L{'M,. (15)
According to Lemma 5, u® = 0 and u(t) = u*(t) € U for each ¢ > 0.

By Theorem 2, the operator S is regular in the space U'. Then for each Puy = u} € ' there
exists the unique solution to the Cauchy problem u!(0) = u}, u'®(0) =0, k=1,2,...,m —1,
for equation (15) (see Remark 5). Hence, the solution exists also for equation (10) and it is of
the form u(t) = Eu1(St*)ug = Un1(t)uo .

The statement of the theorem on the phase space of equation (11) can be proved in the same
way. 0

Remark 6. It follows from the proof of Theorem 4 that the Cauchy problem
uP(0) =uy, k=0,1,2,...,m—1, (16)

for equation (10) under the condition of (L, p)-reqularity for the operator M is reduced to the
Cauchy problem for equation (15). It implies the equivalence of Cauchy problem (12) and
general Cauchy problem (16) for equation (10) and the solvability of the latter problem for each
giwven u, € Uk =0,1,2,....,m — 1. According to [1] and Remark 5, the solution to both
problem (10), (16) and problem (10), (12) is of the form:

ZJUM up = ZJ’“ Eo (St")uy = ZtUakH

The family of operators {W(¢) € L(4f) : t € R, } is called the family of resolving operators
for equation (10) if there exists the phase space P of this equation and for each ug € P the
unique solution to problem (10), (12) is of the form wu(t) = W (t)uy as t > 0.

It follows from the definition that for each ¢t > 0, the family of the resolving operators satisies
imW (t) C B, imW(0) =P
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Theorem 5. Let the operator M is (L,p)—regul_ar. Then the family of the operators
{Uaa(t) € L) 1t € Ry} ({Vaa(t) € L) = t € Ry}) is the family of resolving operators
for equation (10), (12).

Proof. If ug € 4!, by the definition of the phase space there exists the unique solution to problem

(12) for equation (10). Therefore it should coincide with the known solution u(t) = U1 (t)ug
to this problem. O

5. CAUCHY PROBLEM AND SHOWALTER-SIDOROV PROBLEM FOR INHOMOGENEOUS
DEGENERATE EQUATION

Theorem 6. Let the operator M be (L, p)-reqular, Qf € C™([0,T);0), T € (0,+oc], there
exist fractional derivatives (DCH)"M; (I — Q)f € C([0,T);4) asn = 0,1,...,p, up € 4,
k=0,1,...,m — 1, the identities

—D; Y (DY H) M (1= Q) f(t)li=o = (I = P)uy, k=0,1,...,m—1, (17)

n=0
hold true. Then there exists the unique solution to problem (16) for the equation
D Lu(t) = Mu(t) + f(t), te€][0,T), (18)
and it is of the form ast € [0,T)

m—1 t P
u(t) = ZtkUa,kH(t)uk+/(t—8)“_1Ua,a(t—S)LflQf(S)dS—Z(D?H)"Mo_l(I—Q)f(t)- (19)
k=0 0 n=0
Proof. Arguing as in the proof of Theorem 4, we obtain
DEHW(t) = (t) + My (I — Q) f(t), H= M; "Ly, (20)
Deul(t) = Sut(t) + h(t), S=L7'My, h(t) = LT'Qf(t). (21)
By Lemma 5, there exists the unique solution to equation (20), it is of the form
p
W = = S DEHY M (1 - Q)f
n=0

It follows that to satisfy Cauchy conditions (16), we need to satisfy compatibility conditions
(17).

By Theorem 2, we have S € R(U'). This is why by Theorem 1, there exists the unique
solution to Cauchy problem u'®)(0) = Puy, k = 0,1,...,m — 1 for equation (21) and it is of
the form

m—1 ¢

ul(t) = > " Eq 1 () Puy, + / (t — 5)* LBy 0(S%(t — 5)*)h(s)ds.
k=0 0
By using Lemma 3 we complete the proof. O]

Since in the definition of the solution the function Lu belongs to the class C™~1([0, T); ) but
not u, it could seem logical to consider the initial conditions (Lu)®(0) = v, k =0,1,...m—1,
instead of conditions (16). However, as we see by Theorem 6, in this case we need the matching
conditions of the form

p
lim DfLY (DyH)"My'(I - Q)f(t) = —L(I - Pyuy, k=0,1,...,m— 1.
n=0

t—0+
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It seems to be more natural to consider the generalized Showalter-Sidorov problem
(Pu)®(0) =up, kE=0,1,...,m—1, (22)

quite often arising in applications.

A solution of problem (22) for equation (18) is the solution to this equation satisfying condi-
tions (22). We observe that the existence of the derivatives (Lu)* (0) implies the existence of
the derivatives (Pu)®(0). Indeed, L7 'Q(Lu)® = (L7'QLu)* = (L7'LPu)® = (Pu)®. In
the case p = 0, by Theorem 3, the identity ker P = ker L holds true and this is conditions (22)
are equivalent to conditions for (Lu)®(0).

Theorem 7. Let the operator M be (L, p)-reqular, Qf € C™([0,T);0), there exist fractional
derivatives (DY H)"My ' (I —Q)f € C([0,T);4) asn =0,1,...,p. Then there exists the unique
solution to problem (18), (22) and it given by (19).

The proof is similar the previous one. At that, the feature of the initial Showalter-Sidorov
condition is such that it does not imply the initial conditions for the projection u° of the solution
to equation (18) and to its derivatives. This is why there is no need in satisfying compatibility
conditions (17).

6. EXAMPLE

Let X be a Banach space, A € CI(X). We equip the lineal D(A>) = (N2, D(AF) by the
system of semi-norms gy (u) = Zfzo | A%u||%, & € Ny, and we obtain the Frechét space, which we
denote by © 4. For some 7 > 0 we denote by €y(7) = {u € D(A%) : mk_,ooHAkuH;/k < 7} the
set of the elements of A-exponential type not exceeding 7. The maximal closed in the topology
® 4 subspace of the space Qfgl(T) is denoted by €&.. This set with the topology induced by the
semi-norms ¢, k € Ny, is also a Frechét space. We denote A, = Al¢,. It was shown in [14, Ch.
7, Sect. 3] that 0(A;) C o(A)N{X € C: |\ < 7}, at that, the operator A, is regular in €,.

Let L=G(A) =Y azA*, M = J(A) = Y b, A*, where G()), J(\) are entire functions. By
k=0 k=0
the said above, L, M € L(&,).

We consider the inductive scale of locally convex linear topological spaces {&, : 7 € N}
and its inductive limit €. It is interior and even proper [I5, Ch. 1, Append.]. The space
€ = U,en € C D4 equipped by the semi-norms gy, -(u) = S ol ALullx, k€ Ny, 7 € N, is a
separable locally convex space. By [15, Ch. 1, Append., Prop. 4.1], G(A), J(A) € L(€).

We denote Gy = {A € R: G(\) = 0}.

Theorem 8. Let X be a Hilbert space, A be a self-adjoint operator in X, U = U = €,
entire functions G, J have no common zeroes in the set o(A),

da>0 YAea(A)\Gy [J(N)/GN)| < a.
Then the operator J(A) is (G(A),0)-regular.

Proof. We denote by {€) : A € R} the spectral family of the self-adjoint operator A. By the
assumption of the theorem, in the case |u| > a+ 1 the inequality | — J(X)/G(N)| = |p| —a > 1
holds true and therefore,

dé}\u _ pL ° — L U
| ithyany R = E0n
a(A)\Go

3 LgEu 3
(DI = 2 | ooy <2 | sl =t

o(Ar)\Go =0 lo(amngo x
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Moreover, 4° = U° =im [ d€,, Ly = O, and this is why the operator M is (L,0)-regular. O
Go

Let X = LQ(O, 1),

d
A= z'd—, D(A) ={v e Ly(0,1) : v" € Ly(0,1), v(0) = v(1)}. (23)
x
Then 0(A) = {\x = 27k : k € Z}. The eigenfunctions associated with the eigenvalues A, are
or(r) = e7¥™ By the operator A we construct the space €., as it was done above.

We consider the initial boundary value problem

DYG(A)u(z,t) = Ji(Au(z + h,t) + f(z), (z,t) € R xRy, (24)
u(z,t) =u(z +1,t), (2,t) € R xRy, (25)
%(az,O):un(:c), n=0,1,....,m—1, x € (0,1). (26)

Theorem 9. Let G and J; be entire functions satisfying |G(2rk)| + |J(27k)| # 0 as k € Z,
the set {Ji(2nk)/G(2rk) : k € Z, G(2rk) # 0} is bounded, f(z,t) = f(x + 1,t) for all
(l’,t) € R x R-H f S Cm<R+; 6OO): Up € eoo;

/dSA(Jl()\)ei“un +f™(,0)=0, n=0,1,...,m—1.
Go

Then problem (24)-(26) has the unique solution with the values in the space €, and it is of the
form

m—1 —ihX
u(z,t) = Z t" / Eont1 (ta%> dE\uy,

n=0
a(A\G
. (27)
—ih\ . ihA .
+ /(t — )" / Eoa (t“ hide ) E1a8) g / CRdE (5),
G(A) G(A) J1(A)
0 o(A)\Go Go
Proof. We let X = Ly(0,1), A is self-adjoint operator (23), J(A) = e~*.J;(\). Then
2 hF®) (1)
J(Ay(z) = Ji(A)Y —g =l +h)
k=0
for v € D(A>). By Theorem 8 we obtain (G(A), 0)-regularity of the operator J(A) in the space
€. Theorem 6 implies the statement of the theorem. O
In this case the Showalter-Sidorov condition can be imposed as
J"u
G(A) @(1’,0) —uy(z) ] =0, n=0,1,...,m—1, z € (0,1). (28)

In the same way we obtain the following statement.

Theorem 10. Let G and Jy be entire functions satisfying |G(27k)|+|J(2nk)| # 0 as k € Z,
the set {J1(2nk)/G(2rk) : k € Z, G(2rk) # 0} is bounded, f(z,t) = f(z + 1,t) for all
(,t) ERX Ry, f € C™Ry;E), Uup € € asn =0,1,...,m — 1. Then problem (24), (25),
(28) has the unique solution with the values in the space €, and it has the form (27).
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Remark 7. The assumptions of Theorem 9 are satisfied, for instance, by the polynomials G
and Jy having no common zeroes among the numbers {2rk : k € Z} and satisfying deg G >
deg Ji. Then equation (24) has the form

D Z aru® (z,t) = Z bu (x4 h,t) + f(z), (z,t) € R xRy,
k=0 1=0

where a, # 0, by # 0, r > s, —tay are the coefficients of the polynomial G, —ib; are the
coefficients of the polynomial J.
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