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DARBOUX TRANSFORMATIONS IN THE INVERSE
SCATTERING PROBLEM

M.SH. BADAKHOV, A.B. SHABAT

Abstract. As it is known, Darboux transformations play a key role in applications in ISP.
In the paper we expose the theory of such transformations for the Schrodinger equations
with compactly supported potential, which are not necessarily smooth. We study a new
class of transformations connected with the zeroes of the reflection coefficient located at
conjugated points in the complex plane.
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1. COMPACTLY SUPPORTED POTENTIALS

The problem on enlarging the family of exactly solvable potentials in the inverse scattering
problem for the Schrodinger equation attracts permanent attentions of the specialists. One of
such classes of the potentials, for which the inverse scattering problem can be solved completely,
is formed by Bargmann potentials (reflectionless potentials, see [6]). However, while solving
the inverse problem in the class of the Bargmann potential, a character feature in the spectral
data is missing. This feature is related with the threshold of the essential spectrum that, in
particular, does not allow one to enlarge essentially this class by passing to the limit. Another
class of the potentials admitting constructive solutions is formed by the delta-type potentials
[2] and here we consider the enlarging of this class by means of special Darboux transforms
preserving the property of compact supports for the potentials.

For the solutions to the Schrodinger equations

L =M, L=q(x)-D;, (1)

the Darboux transform is introduced by the “well-known” formula

('l})b):<—f2+f>\—)\o _fl) (i)a fx+fZZQ(IE)_)\O>

by which we find that

~

b= (f-Dy, L=, L=qlx)—D* {z)=q(x)—2f,

,(Z}/ / (2)
(f+=) =) =2
0 (G
In these formulae, the choice of the function f(z) satisfying the Riccati equation is determined
by the property of being compactly supported for the original and transformed potentials.
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By the formulae (2)) this means that the function f(x) is constants both as x ~ —oo and as
r ~ +00. As a rule, we can assume that

T k7 ~ -
Ao = —k2 <0, f(x):%(:c,ko):{_kz iwoooo _ (3)

This corresponds to choosing the logarithmic derivative of the Jost function ¢ (z, k) as f; the
Jost function is introduced as the solution to the integral equation

vl k) = e ke, 0w k) =1+ [ R~ s k(s Ha(s)ds, (1)
with the kernel R. In the right half-plane K
K, ={keC, Rek > 0}, (5)
this kernel satisfies the estimate
1— —2kx’ 0
R(z' k) = 26k 0(z') = |R(2 k)| g/ le?*|ds < 2’, Rek > 0. (6)

To the left of the support of the potential, the Jost function is of the form ¢ (z, k) = e**, while
to the right it is given by
Y(x, k) = a(k)e® + b(k)e™,  z ~ +oo. (7)
The functions a(k) and b(k) have a first order pole at &k = 0 but their linear combination
a(k) + b(k) is regular at this point.
In the case we are interested in, the function ¢ is a linear combination of delta-functions.
We call such functions delta-type. Choosing ¢ = 1 as the zero approximation and applying

the iterations method to scalar integral equation (], one can check that for the Schrédinger
equation with a delta-type potential of the form

q(z) = 2715(37 —j), (8)

the iterations method provides the exact solution at the Nth step. The constructed solution
to Schrodinger equation ([Il) with potential () is continuous at all x and satisfies the matching
condition of left and right derivatives at all the nodes z;, j € [N].

The case (B]) corresponds to a special choice of the parameter ky > 0 associated with a
negative eigenvalue A = \g < 0 of the original operator L = ¢(x) — D? and

a(ko) =0, Y(z, ko) — 0, x — Foo. 9)

If the eigenvalue of Ay < 0 is minimal, then Jost function (@) has no zeroes and its logarithmic

derivative has no poles. Employing (3)), in this case for the transformed Jost function we find:

k+ ko

k— ko’

We observe that in the case of the real-valued potentials ¢(x), € R, on the vertical axis
k=1, & € R, the following “realness” conditions should be satisfied:

a(—k) = a(k), b(—k) =b(k), |a(R)2P=1+[p(E)2>0, k=i, £eR, (11

= — gkt rb(k)e ™, e~ oo alk) = a(k) b(k) = —b(k). (10)

where the bar stands for the complex conjugation. For arbitrary compactly supported poten-
tials, the equation relating entire functions of exponential type 2ka(k) and 2kb(k) is written
as

a(k)a(—k) — b(k)b(—k) = 1. (12)
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For even potential the equation is simplified and it can be rewritten as

q(—z) = q(x) = b(=k) = =b(k), a(k)a(—k) = (1 = b(k))(1 + b(k)). (13)
While using the zeroes of the second coefficient b(k;) = 0, formula ([2) gives:
_ 1/}:13 . kh T~ —00 ~ . > o ki + k
f@%~$@%ﬁ—{h T S A= a0 =

However, the roots of the function b(k) are complex numbers and we need to make an addi-
tional transformation to the restore the realness of the potential. As a result of such double
transformation we obtain

. - kv +k ko +k -
k) =a(k), b(k)=>b(k ko = k. 14
k) = ak), b = bk L k=T (14)
The case, when all the zeroes of b(k) are located at the vertical line, is of a special interest. In
this case ky = —k; and formula (I4)) leads us to an unexpected result:
bk)=0, k=kio==if, E€R = a=a, b= (15)

We recall that in the case of “smooth” potentials the inverse scattering problem is reduced to
a pair of integral equations

U(x, k) = e +/ K(z,y)e™dy, Rek >0, (16)

K(x,y)JrF(:Eer)Jr/x K(z,s)F(s+y)ds=0, y<uzx. (17)

By means of the Fourier transform of the Jost function (@), the first of them determines the
kernel K (z,y), y < x, as a function of y for a fixed x. The second of these relations, “Gelfand-
Levitan-Marchenko” equation is used to recover the function K (z,y), y < x, as solutions to the
Wiener-Hopf equation on the half-line —oco < y < x with a given kernel F' = F'(z + y) tending
to zero X = x4y — —oo. The Fourier transform of the function F'(X) is expressed in terms of
b/a on the vertical line k = i¢. In Figure 1, the graph of the absolute value for some function
is provided, when all the zeroes of the entire function 2kb(k) are located on the imaginary axis.
As we shall show below, to construct the example of non-unique solvability of equation (IT),
one can use a pair of complex conjugate zeroes ([IT) of the entire function 2kb(k) located at the
imaginary axis. Observing that a pair of complex conjugate zeroes k = £ corresponds to the
same value A = —k?, we shall show (see Example 2 in the end of the work) that in this case the
Darboux transform leads to a new potential with a support in the half-line [z, 00) but with
the same function F(z).

2. ZEROES OF THE REFLECTION COEFFICIENT

Under Darboux transformation (I0), the coefficient a(k) has no zero at the point k = kg
and hence, we can get rid of the discrete spectrum of Schriodinger operator (IJ) in the inverse
problem. We recall that the number of these eigenvalues coincides with the number of sign
changes of the graph of the limiting (as & — 0) Jost function ¢ (x,0). In case (§) this graph is
a polyline (see Figure 2) with the nodes at the points z; playing the main role in the spectral
properties of delta-type potentials [I].

To give a complete picture, we recall the known formulae related with a piece-wise constant
potential ¢. with the shape of a rectangular well, which becomes the delta function with the
coefficient v in the limit ¢ — 0:

q(z) = q.(x) = g =—h, xz€][-¢0] def I..
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yi=—"2=121=-2 22=0

FIGURE 1. The graph of |2|(k) on the real axis.

The Jost function v.(x, k) and its derivative inside I. are determined by the following formula:

k
e*y)(x, k) = cosh z(z + €) + —sinh z(z + ¢), —e<z <0,
2

e, (2, k) = kcosh z(z + ¢) + zsinh z(z +¢), 2° =k* — h.
In particular, as k = 0 (z = iv/h), we have

1/1’ _ Jcos(z + e)Wh, —e <2 <0,
k=0 | cos(ev'h) — zvhsin(evh), x>0,

that, as it has been observed, allows us to determine the number of the eigenvalues depending
on the quantity €. On the other hand, these eigenvalues are determined by the zeroes in the
right half plane ({) of the entire function 2ka(k), where

1/k =z

1 [k
a(k)e™ = cosh ze + ) (; + %) sinh(ze), b(k)e™ = 5 (; _ E) sinh(ze).

As an approximate solution ¢ to integral equation (), we can use the first iteration

T

no(r o ' _
R(ZE _ x/’ kj)q(l‘/)dl‘, — € ffg R('r x ) k)d'r Y x e [ 87 0] .
1Rz + ¢, k), r = —¢€

gb(x,k;)z1+/

—00

4

Here the first line corresponds to the “well”, while the second does to the delta-type potential
q(x) = v0(x + ¢€), for which the first approximation gives an exact solution to the integral
equation.

As the first example we apply transformation (2) to delta like potential () with two nodes:

q(x) = 1d(x — 1) +720(x — 22), To1 = T2 — 11 > 0. (18)
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Letting for simplicity x5 = 0, we find that

(1+3)e — FrePme ™ 2y <2 <0,

19
a(k)er™ + b(k)e *, x =0, (19)

where

Yo, Y2 M2 2k ke Y1, V2, V172 2kx
By=14 0002y Mg ke oy e L 02 2 ke (g
alk) =1+ optopt gt = Tk =Moo opgptme) (20)

Thus,
Wl k) (1+ B)ehe 4 Ben
Dlogi(z, k) = =k , 11 <z <0, (21)
w('ra k) (1 + ;/_;:)eZka: — ;%ekal
and the jumps of this piece-continuous functions in the nodes of the delta functions, respectively,
v1 and s:

Yz, k)
(k)

The transformed function Qﬂ in the formula (2]) remains continuous and satisfies the Schrédinger
equation ([Il) with the potential

. 62]601‘(2]{: + ,y ) + 62k‘0$1/y 2
() = ~md(w — 1) = () - (ké - (ezwakzﬂj) - ,y) weln0), (22)

0 afk) = bE) _ ]
m::vl—(]—fh’ km —’YQ"‘DIOg’Lp( 07/{;)

for all sufficiently large ky > 0. However, to keep the transformed potential compactly sup-
ported, as kg, we should choose the maximal root of a(k) in the right half-plane (B). As
N = 2, the length of the interval [z;,0] can be fixed by rescaling v, and letting, for instance,
7 =7 = —1, xz;1 = —1, we find the only real root ky ~ 0.63923 of the function a(k) in half-
plane ([B)). Under such choice of kg, potential (22)) is compactly supported, but the coefficients
7; at the delta functions change sign.

Remark 1. Including delta-type potentials in the theory of Darbouz transformations enlarge
essentially the potentials of this theory and leads one to an interesting problem on the solutions
to the equations

it i =F =+ =X, Jjel (23)
of so-called dressing chain allowing the prescribed jumps vy; of first kind at the prescribed points
xj. The solutions to these equations considered below describe the compositions of the Darboux
transformations [2)) and corresponds [24) (see below). We recall [5] that smooth periodic in the

discrete j solutions to the dressing chain describe finite-gap potentials including the Bargmann
potentials.

As it has been already said, while using the zeroes of the second coefficient, to keep the
potential real-valued, we use pairs of complex conjugate zeroes and the double Darboux trans-
formation. We consider the superposition of form (2)) and the corresponding product of the
matrices

L fis —1 o |
F; = ()\ - jQ’ 5 ) det F; = X — \j. (24)
In the case FhF; = ® we find
fig+ A — A —9g )
b = = )
()\Q—Alf2—)\2f1—gf1f2 fog+Xa—A)7 g=h+r
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It is easy to see that in the general case, the entries ® = (®;;) of an arbitrary product of
matrices (2)) satisfy the following equations

d 0 1 0 1
dx (q(x) - A O) <q(x) - A O) ’ (@3] (25)
DYy = Par — (q(x) — A) D1, Py = Pop — Py,
Py = (G(z) = A) P12 — Py, D5 = () P11 — q(2)Poy + AN( P2z — P1y).
In the considered case of the double Darboux transform, by these equations we have
@12 = —g(ZL‘), (I)ll :h(ZL') _)‘7 (I)ZQ = —gl+‘1>11, (I)21 :hl+g()‘_q)a q:q_zgla (27)

and hence,

(26)

D1 P =N — 2h — g )N —g'h+ h*, P1aPa = g°(q— A) — gh'.
Since the determinant
det ® = A2 — 2aA +h? +gh' —g'h— g’qg = (A — X\)(\ — \2)
is independent of x, we finally obtain

h\ 2 n\’ A ho\
2h =g+ g + X\ + Ao, (E) +(E> =q(x)+ ;22, flz———l

Ao — A h fida— M\ f v (28)
2 — Al 1A2 — A1 12

= , - = Y + = xr)— )\ .

e W W f 417 =aqlx) =X

It is easy to check that as Ay # A\ the above formulae for ¢ and g/h and the two Ricatti
equations

frrf=al@) =2, fi+fi=al@)—M (29)
for the original Schrédginer equation Ly = Ay ensures two equations (28]) and vice versa. In
terms of the transformation operators in work [5] this corresponds to the formulae (see (),

@)):
IA/OA:AOL, A:D2+Q1D+(l2, A:(D_fZ)(D—fl),
(G—D)A=A(q—D?, A=D>—gD+h—gq AY=—g +(h— N\,

Returning back to the potential with two nodes and formulae (I9), (20), we provide an
example of the Darboux transform in the case of two real eigenvalues.

(30)

Example 1. As v; = —1, v2 = —1.1, 1 = =2, the graph of ¥(z,0) has two zeroes. Two
real zeroes of the functions a(k) can be found numerically:

a(k) =0, ki ~0.665, ky=~ 0.047.

In Figure 3 we provide the graph of the transformed potential under the single or double
Darboux transform.

Let us show that in the case of the degeneration (A2 = A1), the double Darboux transform
breaks the property of compact support for the potential.

Lemma 1. Let Ay = Ay, 1o = —g(x) and &1y = h(z) — X\. Then as q(z) = fi + f2 + A1,
equations [206), [21) are equivalent to the following relations:

g+9 =29fi, h=fg+h, q=q-29 (31)
Proof. Indeed, it follows from (28) that
h=fig+ M, d+@+X=2fg+M, fi+fi+h=q¢
Letting Ay = Ay, we complete the proof. O
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Y1 = —]_, Yo = —1.1, T, = —2, Lo = 0
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FIGURE 2. The graph of ¢(z)| .
k=0

T = —1, Yo = —11, T = —2., Ty = 0./ k’() = 0665, k'l =0.047
4 -

FIGURE 3. The graph of (z) + ¢(z) (dotted) and ¢(z) — ¢(x)

In addition to Lemma 1, we observe that as Ay = A1, the auxiliary solution f to Ricatti
equation (29) can be found by the method of variation of constants:

/

! IR 1 z 1
f1=%7 f:f1+U:><a) :2f15+17 U= 7=,

1
p=piz=¢ =2+ o0 P =iz = (2= Mg
Here ¢, is an arbitrary solution to the original equation ¢f = (¢ — A1)p1 and ¢ = ¢z is the
found second solution to this equation. As a result of the single transformation ([2)) with f = f;
we find:

1 I 1 .
(D — fi)e1 =0, (D—fl)SO—Ea (E) _(QI_)\1>av @ =q—2f.



DARBOUX TRANSFORMATIONS IN THE INVERSE SCATTERING PROBLEM 49

Thus, v; = —f; is a solution to the new Ricatti equation v’ + v? = ¢; — X and similar to (B2)
we find an auxiliary solution v as the sum:
2
v=—fitu, u+u'=2ufi=>v+fi= %, 7=t
This surely lead us to the formulae in Lemma 1.
Summarizing, we formulate the following statement.

For real-valued compactly supported potentials, the composition of the Darboux transforms
corresponding to matrices (24]) allow us to get rid of the zeroes of the entire function 2ka(k)
located in right half-plane ([B) and of finitely many zeroes of the entire function 2kb(k) not lying
at the vertical axis. In the second case we apply the double Darboux transform by using the
complex conjugate solutions to Ricatti equation [29) and formulae (28]).

Remark 2. Under the assumptions of Lemma 1, the functions f;, j = 1,2, in formulae (24)
satisfy the relations

/ /

Z /
(it ) =f2—f2 f=-2 =y =2
4 ©1 ©1

and equations [BIl) allow us to rewrite the dressing chain in Remark 1 in terms of z;

9i ==, Zy=¢%, ¢ = ¢ — 29

The role of the Ricatti equation is played the known in the spectral theory third order equation
with the “Schwarz derivative”

2 1 2400 1 [ 22 2 2
) +k=c——-~-(— ], zm=¢. (33)

2 z 4\ z,

2.1. Zeroes at the imaginary axis. First let us find out the behavior of the entire function

2kb(k) on the imaginary axis k = i¢ depending on the parameters of delta-type potential (g]).

Let xn = 0 and let the distance between the neighbouring nodes be equal to €. For the sake of
brevity we introduce the auxiliary notations:

N TR

J 2]{3 ) J

Multiplying the scattering matrices of delta-type potentials (see [2]), we find, for instance,

that as N = 3,

—b(k) = A3(1 + A1) (1 + 42) + €*41(1 — J2) (1 — 43) + eF2(1 + A1) (1 — 43) — e419293,
e1b(=k) = A1(1 +42) (1 + 43) + €*43(1 — 41) (1 — 42) + eF2(1 — A1) (1 + 43) — e15293-

Since b(k) = b(—k) on the real axis, the condition v, = 3 ensures that b(i¢) = 0 < b(i€) = 0
and e;b(—k) = —enb(k). It is obvious (see (I3))) that the latter condition is satisfied for all even
up to a shift delta-type potentials (8) and that for such potentials the problem on the zeroes
of the entire function 2kb(k) on the imaginary axis is reduced to the zeroes of trigonometrical
quasi-polynomials with real coefficients. The problem on the structure of zero set for such
polynomials was made numerically in work [3]. In the following example these zeroes form an
integer lattice up to the choice of € in formula (34).

2kx —2kx;
) )

€; € = 6jéj+1 = 6_2]%. (34)

j=¢€

Example 2. As N =2, thanks to (20), the roots of b(k) are determined by following simple
equation
621%1 - 1 + 2]{Z//71 - 62ka:1 — 1’

=T 2k, if 1+ 72 =0. (35)
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gamma,=gamma,=1, X;=-2, X2=0, ki=1.014i

FIGURE 4. Graphs for Re¢(x) Im¢(x) (dotted) for an imaginary zero of b(k)

As 1 479 = 0, the roots of the equation e*** =1 form a reqular lattice on the imaginary azis
and
@ = (1 _'_Blk) 2 P 2kx1 ! ) 61 = 37
a(k) Bik? + exp 2kx; — 1 M
The Fourier transform of this function on the imaginary axis and the corresponding solution to
integral equation (L) (cf. [4]) seems to lead a delta-type potential with two nodes at the points

z1 and xo = 0.

k = i€,

As it was mentioned in the end of Section 1, the Darboux transforms related with pair (15
of zeroes on the imaginary axis of the entire function 2kb(k) lead out the class of the real
compactly supported potentials and produce potentials with supported on the half-line similar
to one shown on Figure 4. This graph shows the application of Lemma 1 in considered case
B5). The form of the transformed potential § = ¢ —2¢’ is determined by means of the function
g(z) introduced as the solution to the Cauchy problem for the system of first order differential
equations (see Lemma 1):

Jd+9>=2fig, fi+fi+M=q, glx1) =2k, fi(z:) =k, M\ =—kl

To specify the details we involve the function

ek 4 Zsinh(kz), 7, <2 <0
gpl(l‘) = kx _ _
a(k‘)e , x>0, k=k, b(k’l) =0.

It is easy to see that ¢(x) = 0 as * < x; and for x > z; all can be expressed in terms of this
function ¢, (see Remark 2).

2.2. Acknowledgments. We thank V.E. Adler and R.Ch. Kulaev for an interest to the
work and useful remarks.
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