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REPRESENTATION OF ANALYTIC FUNCTIONS

A.I. ABDULNAGIMOV, A.S. KRIVOSHEYEV

Abstract. In this paper we consider exponential series with complex exponents, whose
real and imaginary parts are integer. We prove that each function analytical in the vicinity
of the closure of a bounded convex domain in the complex plain can be expanded into the
above mentioned series and this series converges absolutely inside this domain and uniformly
on compact subsets. The result is based on constructing a regular subset with a prescribed
angular density of the sequence of all complex numbers, whose real and imaginary parts
are integer.
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1. INTRODUCTION

Let Az = { M}, be a sequence of all complex numbers with integer coordinates A\, = m+il,
m, | € Z, taken in the order of ascending absolute values. We consider the series

> e, (1.1)
m,lEZ

We assume that this series converges at each point of some open subset £ C C. It is easy to
see that the sequence Az = {\;}72, satisfies the relations

Ink . Ink
2 im 22—,
Then according to the results of work [1] (Theorems 3.1 and 4.1), series (1.1) converges in a

convex domain D C C containing the convex hull of the set £/. The domain D is determined
by means of Cauchy-Hadamard formula for the series of exponentials (see [1, Thm. 4.1]):

D= {z€C:Re(z€) < h(9), ¢ = 1},

(1 /|y 1 20
h(€) = inf lim (1) | i) 060 1)
Jj—0o0 )‘kz(])

. A =m(k) +al(k),

where the infimum is taken over all the subsequences { ;) }32, of the sequence Az such that
i)/ | M) converges to the point £ as j — oo. At that, series (1.1) converges absolutely and
uniformly on compact subsets of the domain D (see [1, Thm. 3.1]). Therefore, its sum g(z) is
an analytic function in the domain D.

This, if series (1.1) converges on an open subset F C C, it converges on a convex domain D
containing E to a function analytic in D.

In the present work we solve an inverse in some sense problem on representing each function
analytic in the vicinity of the closure of an arbitrary fixed bounded convex domain D C C by
series (1.1) converging on D.
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Thanks to a classical result by A.F. Leontiev (see [2, Ch. IV, Sect. 6, Thm. 4.6.4]) on
representation of functions analytic in the vicinity of the closure of a bounded convex domain
D C C, we succeed to reduce the mentioned problem to the problem on constructing a regular
set with a prescribed angular density (see [3, Ch. II, Sect. 1]) being a part of the sequence Az.

In the second section (Thms. 2.1 and 2.2), the latter problem is solved completely. On the
base of this problem, in the third section we prove (Theorem 3.2) that each function analytic
in the vicinity of the closure of an arbitrary fixed bounded convex domain D C C is expanded
into series (1.1) converging absolutely and uniformly on compact subsets of the domain D.

2. CONSTRUCTING OF REGULAR SET

Let A = {\:}32; be a sequence of complex numbers taken in the order of ascending absolute
values such that |[Ay| — co. We denote by n(r, A) the amount of points Ay lying in the ball
B(0,r) of radius r > 0 centered at the origin. The upper and lower densities of A are respectively
the quantities

n(A) = tim 0N oy = M0A)

r—00 T T—00 T

The sequence A is said to have a density n(A) (measurable) if n(A) = (A) = n(A) < +oo. We
have:

_ — 1. A — 1, A
Tm k- < Tim n( Al +1,4) Tim n([ Al +1,4) < 7(A),
T T (A e P P (L B TELY RN

oo MRl T koo ] oo [ =1
Thus, if sequence A is measurable, then

n(A) = lim =

Let @1, 9 € [—27,27), @2 — 1 € (0,27]. We shall call such values ¢4, p2 admissible. We let

L(pr, 02)(T(spr, pa]) = {A = te™ : 0 € (01, 02) (01, 2]), £ > 0}
By the symbol A(p1, 2)(A(p1, pa]) we denote the sequence consisting of all pairs { g, ng} such
that )\k c F(QOl, (pg)(F((pl, QDQD

Lemma 2.1. Let 1, @9 be admissible and v > 0. There exists Ry > 0 such that as R > Ry,
each interval (R, R + ) contains the absolute value |\g| of some point A\, € Az(p1,p2).

Proof. Let p, m be integer number such that the ray I'" starting at the origin and passing the
point with the coordinates (m,p) lies (except the beginning) in the angle I'(¢1, p2). Such p,
m can be chosen by taken an appropriate approximation of the number tan ¢ by the fractions
p/m (p € (p1,92) \ {7k }rez is chosen arbitrarily).

The ray I' consists of the diagonals of the rectangles, whose vertices are the points in the
sequences Az, while the lengths of the sides are equal to |p| and |m|. It contains the points Axs),
s =1,2,..., of the sequence Az(¢1, 2) separated by the distance h. The latter coincides with
the lengths of the diagonals of the mentioned rectangles. The points Ay(s) have the coordinates
(sm, sp), s =1,2,... Let ¢s be the straight line perpendicular to the ray I" and passing through
the points Ap), s = 1. It also consists of the diagonals of the rectangles, whose vertices are
the points in the sequence Az and the lengths of their sides are equal to |p| and |m|. For each
s > 1, the straight line ¢, contains the points Ay ;), j € Z, of the sequence Az. Their are of the
form Apsjy = Ais) + jhe!$otm/2) j € 7. where pq is determined by the identity tan ¢y = p/m.

Since the ray I' \ {0} lies in the angle I'(¢1, ), for some number 5 > 0 each point Ay )
obeying the condition 0 < 7 < s and s > 1 belongs to the sequence Az(1, ¢2). Let s > 1 and
js be the maximal number j > 0 satisfying the inequality j < fs.
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We consider the set |Ags |, 7 =0,1,...,7s. The quantity |Ays;| is the hypotenuse of the
right triangle with the vertices 0, Aps) and Ay j). The length |[Agi) — Agsj)| of one of its
cathetus is an increasing function in the parameter 7 > 0; it is equal to jh. This is why we get
the inequalities

Ar(s.0)] < Ak ] <00 < [ Aksgol-

We have
IMes,0)] = [Ais)| = V (sm)? + (sp)? = svVmZ + s2 = sh
and as 7 > 0,
’)\k‘ SJ+1)| - ’)‘k (5,9) | —\/|)\k S)|2 \/‘)\k(s ’2

=/ (sh)? J+1)h) —\/(8h) (Jh)2
=h(\/s2+ (j — /824 j2) = hy/s? + 52 < ﬂ—l).

2+]2

We have the estimate In /1 + = < /2. Therefore,

0 22
/2 __ —
vVi+z<e ngozn'\1+ +z ngox—1+2—|—1_x<1+x

for all x € [0,1/4]. By the above relations we obtain

JEr a2l 2j + 1 2 + 1
[A(sgrn| = Ak | < h/8% + 52 J J —h J ghj .

N Y e

We choose an index sg such that h/sy < v/2. Then

37
4h’
Let o = min{g, sy/4h} and j, be the maximal index j = 0 satisfying the inequality j < Bs.

[Aksgan)| = eyl <7, J < s> s0.

Then ]S < Js. This is why all the points Ay ), 7 = O,]S, > 1, belong to the sequence
Az (¢1,p2). Moreover, the inequalities

Mg = el <70 3=0,7ss 5= s0. (2.1)

Let us estimate from below the quantity |/\k(S 33)|. By the choice of the index }S we have

= /Pl + (k)2 = VTR + (55— DAY = sh\/ (")

|A

k(s Js) s

Since

lim
s—o0 8+ 1

—1\?

\/1+ (BS ) =1+ p2>1,
S

there exists an index s; > sg such that

[Apsjol > sh++h, 5= s1

Thus, for each s > s; we an increasing set of numbers Ay 5|, J = 0,35 such that Ay ;) €

Az (1, @2) for all j = 0,7,. The first of these numbers coincides with sk, while the other is
strictly greater than sh+ h. In view of (2.1) it follows that each interval (R, R+ +) intersecting
the semi-interval [sh, sh 4+ h) contains at least one of the numbers in this set. Letting now
Ry = s1h, we complete the proof of the lemma. O
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Let A' = {\;}p2, and A* = {A3}52,. We shall say that A" is a subsequence of A* and we
shall write A' C A? if there exists a set of the indices j(k), k > 1, such that A\ = A,, k > 1.
If AL # )\?, k,j > 1, then by the union A'|JA? of the sequences A1 and A? we shall mean the
sequence consisting of all elements A\, A%, k, j > 1

The proof of the next statement is based on the method exposed in the proof of Lemma 5 in

work [4], see also [5, Lm. 2].

Lemma 2.2. Let 1, @o be admissible, § > 0 and A° = {\}22, have a density 7o > 0
(probably, A° is empty). Assume that T > 79. Then there exists a sequence A' = {AJ}32,
Az (o1, ¢2) having density T — 19 such that

1 .
||)‘1|_|)‘ H _7 7]217 |/\ +1| |)‘jl|>;_57 ]21 (22)
If A° is empty, the first mequalu‘y in (2.2) is omitted.

Proof. Let a« = 1/7 and v = min{d,a}. By Lemma 2.1, there exists a natural number py
such that as R > poa, each interval (R, R + ) contains the absolute value |,,| of some point
&m € Az(p1,p2). We seek the sequence A! as the union A! = Upspo A, We construct the sets
Azl,, p = po, by the induction. First we denote the total amount of the points in the set Al
s = Do, D, by the symbol N,,.

Let p = po. If the semi-interval [pa, (p + 1)a) contains at least one of the elements of the
sequence {|A}[}32,, we let A} = (). Otherwise as A} we choose the set consisting of one point
Em € Az (1, p2), whose absolute value [,,| belongs to the interval

2w+ 1 m+1
(p v 2p +7)_

oa— -, a+ =
2 2 2 2
At least one such point &, exists by the definition of the point pg; if there are several such
points, we arbitrarily choose one of them.

(2.3)

Suppose now p > py. We assume that we have constructed the sets Al for all s = pg,p — 1.
Let us define A}. If the inequality
Ny +n((p+ 1), A%) — n(poa, A°) = p+1—pg (2.4)
holds true, we let A} = (). If
Nyt + nl(p + 1), A%) — nfpoa, A% < p+1 = p, 2.5)

as All) we choose a set consisting of some point &, € Az(p1,¢2) whose absolute value |&,,|
belongs to interval (2.3). As above, there exists at least one such point &,,.

Thus, we have constructed the sequence A'. Let us show that it is the sought one. We let
A = A°JA! and we are going to prove that A has density 7.

Let us prove first that for all [ > py the inequalities

[ —po < n(la,\) — n(pocr, A) < max{l — py, Ni_o + n(la, AD) — n(poa, AO)} (2.6)

hold true, where for the convenience we let N,,_; = 0.
If as p = [ — 1, we have (2.4), then by the construction A} ; = (. This is why N;_; = N;_».
Therefore,

n(la, A) — n(poa, A) = Ni_1 + n(la, AO) — n(poc, AO) = N2+ n(la, AO) —n(poc, AO),

that is, the right inequality in (2.6) holds true. If (2.5) holds true, then by the construction
A}, consists of one point. This is why N;_; = N;_5 + 1. Therefore, by (2.5) we have

n(lOZ, A) - n(p()aa A) :Nl—l + TL(ZO!, AO) - n(p0a7 AO)
=N;_o + 14+ n(la, A°) — n(poa, A°) <1 —po+1 <1 — py.
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Thus, the right inequality in (2.6) holds true in this case as well.
Let us prove the left inequality. We employ the induction. If the semi-interval [pocy, (po + 1))
contains at least one element of the sequence {|\}]}32,, then

n((po + 1)a, A) — n(poa, A) = n((po + 1)er, A%) — n(pocr, A°) = 1 =po+ 1 — po,

that is, in this case the left inequality in (2.6) holds true. If the semi-interval [poc, (po + 1))
contains no elements of the sequence {|\}|}32,, by the construction, A} consists of one point.
This is why

n((po + e, A) = n(pocr, A) = n((po + 1o, A') — n(poa, A') = Ny = 1 =po +1 = po.

Thus, the left inequality in (2.6) is true under the assumption [ = py + 1. We assume that it is
true for all [ = py + 1, p and let us prove it for [ = p + 1.
If (2.4) holds true for p =1 — 1, then

n(la, A) — n(poa, A) =n((p + 1)a, A) — n(poa, A) = N, + n((p + 1), A?) — n(poc, A°)
>N,1+n((p+1)a, A%) = n(poa, A) = p+1—py =1 = p,

that is, in this case the left inequality in (2.6) holds true. Assume that (2.5) is true for

p = [ — 1. Then by the definition Azl) consists of one point, that is, N, = N,_; + 1. By the

induction assumption n(pa, A) — n(poa, A) = p — po. Therefore,

n(la, A) = n(pocs A) =n((p + 1, A) — n(poas, A)

=n(pa, A) —n(poc, A) + +n((p + e, A) — n(pa, A)
>p — Po + n((p + 1)0&, Al) - n(poz, Al) =p—po+ Np - prl
=p—po+1=1—po.

Thus, inequalities (2.6) are proved.
Employing the left inequality in (2.6), we obtain

A A A
n(d) = lim "0 S gy e d) (e, A)
o0 r l—00 (l + 1)0( l—o00 la
~ lim n(lo, A) — n(poa, A) + n(pocr, A) = i n(la, A) — n(poa, A)
l—o00 la I—oo lov
>li_ml_p0 Zh_mizl:r.
=0 la l—0o0 la (6%

It implies that n(A) > 7. Let us prove the inequality m(A) < 7.

Let r; — oo be a sequence realizing the uppoer limit in the definition of the quantity n(A), and
1(), j = 1, be the minimal natural number such that (7)o > 7;. If n(la, A) —n(poa, A) > I—py
for all [ > pg, by the right inequality in (2.6) and the definition of N; we have

n(la, A) — n(poa, A) <Nj_y +n(la, A°) — n(pocr, A°)

:7’L<<l - 1)0[, A) - n(poa; A) + TL(ZO[, AO) - n((l - 1)0(, AO)

<N + (= 1, A?) = n(poar, A°) + +n(la, A) — n((l = 1)a, A°)
:n«l o 2)047 A) - n(poOé, A) + +7’L(lO&, AO) o n((l - 2)0(, AO)

< -

<Npp—1 + n((po + D)a, A%) — n(pocr, A°) + n(lo, A°) — n((po + 1)av, A°)
—n(la, A% — n(poe, A).
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Hence, taking into consideration that A° has the density 7y < 7, we obtain:

ﬁ(A) = lim n<rj7 A) < m n(l(j)Oé, A) _ m ”(l(J)OéaA) _ n(poa, A) + n<p0a7 A)
B SERGG) - Da AR IG)a
. _ . . 0y _ 0
_ i @A) —nlpoos A) - em nllG)as A) — nlpooy, A7)
j—o0 (7)o j—o0 (7)o
I T n(l(j)a,AO)
e (j)a
This contradicts the inequality n(A) > 7. Therefore, n(la, A) — n(poa, A) < 1 — po at least for
one index [ > pg. Thus, there exists jy such that for each j > jy there exists a maximal natural
number m(j) satisfying the conditions: m(j) < I(j) and n(m(j)a, A) — n(poc, A) < m(j) — po-
Choosing a subsequence, we can assume that m(j)/l(j) converges to some number v € [0, 1].
Employing the right inequality in (2.6), as above, we obtain the estimate

n(l(j)a, A) — n(poc, A) <n((1(5) — D, A) — n(pocr, A) + n(l(§)a, A°) — n((I(5) — 1)a, A°)
< <n(m(G)a, A) = n(poa, A) + n(l(5)a, A°) — n(m(j)a, A%).
By the choice of index m(j) we get
n(i(i)aA) _ e nlG)oA) _ e nliG)a A) — n(poo, &)

gﬁ(AO):T(]<T.

mA) < Jim ) A TR i
<Hm n(m(])a,ﬁ; ); n(poc, A) - T n(l(y)a,/\o)l&)z(mom,A°>
\J@% +31%o (l(j)a,/\o)l(;)z(m(j)a,/\o)
ZJF}%O n(l(J)%AO)Z&)Z(m(J)Oé,AO)'
If 4 = 0, then
) < n(l(j)a,Ao)l(;)z(m(j)a,/&o) < % CHAY) — <7

This contradicts the inequality n(A) > 7. Therefore, v > 0. We choose §' > 0 such that
v—0">0. Welet 6 =1—~+¢". Then ¢ € (0,1) and m(j) > (1 —0)I(j), j = j1. Hence,
- N, A°) — 1 — Nev. A°
7(A) < X + Tm n(p(j)en A7) = n((1 = d)p(j)a, A7)
a g p(j)a
Since the sequence A° have the density 7y, then
= n(p(7)e, A) — n((1 = 0)p(j)a, A%)

n(p(j)a, A%) — (1 = d)p(j)a, A°)

lim , = lim .
j—oo p(j)a j=00 p(j)a
. 0 - . 0
= lim M — lim n(d 5)],9(])&’A ) =10— (1 —0)10 = d70.
e p(j)a j=o0 p(j)a

Thus,
AA) < 2401 =7+ (1= 7+ ).
Since ¢’ > 0 can be arbitrarily small, then ©m(A) < 7y + (1 — 7)79. By the inequalities 7y < 7
and n(A) > 7 we obtain: m(A) = 7 and v = 1. In particular, it means that the sequence A has
the density 7. Then
n(r, \) Y n(r, A°)

Al A) — A°
n(A') = lim n(r.A’) = lim n(r,A) = nfr, A7) = lim ——— — lim ———= =7 — 79,
r—00 T r—00 T r—00 T r—00 T
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that is, A! has the density 7 — 7.

It remains to prove inequalities (2.2). By construction, each semi-interval [pa, (p + 1)a),
p = 0,1,..., contains at most one element of the sequence {|)\j1|};";1 At that, if the semi-
interval [pa, (p+1)ar), p=0,1,..., contains the number |Aj|, it lies in interval (2.3). Therefore,
Nl =[Nl =>a—-y=1/r—y>1/7 =4, j > 1, that is, the right inequality in (2.2) holds
true.

Let us prove the left one. We have

n((p+ 1)a, A) — n(poa, A) =n((p + 1)a, AY) — n(poc, A')
+n((p+ 1)a, A°) — n(pocr, A°)
=n((p+ 1)a, A') — n(pa, A")

+ n(pa, A') — n(poa, A') +n((p + 1)a, A) — n(pocr, A?) (2.7)
=n((p+ 1)a, A') — n(pa, A") + Ny
+n((p+ Da, A°) — n(poa, A°).
Moreover,
n((p+ 1), A) — n(poa, A) =n(pa, A) — n(poc, A) + n((p + Da, AY) — n(pa, A) 2.8)

+n((p+ Do, A”) = n(poa, A?).

Assume that the semi-interval [pa, (p + 1)a) contains at the same time some number |[A}| and
at least one element of the sequence {|\?]}22,. Then

n((p+ Da, AY) —n(pa, A') =1, n((p+ 1Da, A°)n(pea, A°) > 1.
In view of (2.8) and the left inequality in (2.6) we obtain

n((p+ a,A) —n(poe, A) = n(pa, A) —n(poe, A) +2 = p—po+2>p+1—po.

This is why by the right inequality in (2.6) we have

n((p+ Da, A) = n(poc, A) < Npoy + n((p + 1), A%) = n(poc, A”).
Together with (2.7) this gives the identity

n((p+ a, A') = n(pa, A') = 0,

which means that the semi-interval [pa, (p+1)a) contains no elements of the sequence {|A]}52;.
This contradicts the assumptions.

Thus, if the semi-interval [pa, (p 4 1)a) contains some number [Aj], it contains no elements
of the sequence {|A}]}32,. By construction, |Aj| belongs to interval (2.3). Therefore,

a 1 v )
Mo\l L — 2 >,
X |’“|‘/2 2 2r 27 2r 20 77
This gives the first inequality in (2.2). The proof is complete. O

Lemma 2.3. Let § > 0 and ¢1 € [-27m,0), ¢1 < @2 < -+ < ¢p < @py1 = 1 + 2,
Ti,eooyTh =2 0and 7 = 7 + -+ 7, > 0. There exists a sequence A = {\.}32, such that
A - AZ7 n(A<9087 SOS+1]) =Ts, §= 1,_717 and

1
Aestl =Ml > o= =6, k=1, (2.9)

Proof. We let 79 = 0 and Ay = (). We seek a sequence A C Az as the union A4 U...UAn.
By induction, we construct sequences Ay C Az(¢s, 9si1), s = 1,n, satisfying the following
conditions: Ay = {|A;|}%2; has the density 75 and as 75 > 0, the inequalities

. , 1 ) e s s 1
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hold true, where 7, = 7 + -+« + 74, if AgUJ...|[JAs—1 = 0, then the first inequality in (2.10) is
omitted. If 7, = 0, then A, = 0.

Let s = 1. If ; = 0, we let A; = (). Otherwise by Lemma 2.2 there exists a sequence
Ay = {|ML]152, € Az(p1, p2) having the density 7; — 79 = 71 such that (2.10) holds true.

We assume that the sought sequences A;, j = 1,5 — 1, are constructed. In Lemma 2.2, as
Ao we choose the union AjJ...[JAs_1. Then by this lemma there exists a sequence Ay =
{1, € Az(pj, @j+1) having the density 7, = 7y — T,_1 such that (2.10). Thus, we have
constructed the sequence A = {\}22, C Az, for which n(A(ps, psi1]) = n(Ay) =75, s = 1,n.
Since 7 > 7,, s = 1, n, it satisfies (2.9). The proof is complete. O

Let us consider more precise characteristics of the sequence A = {\;}2 .

The lower and upper densities of A in the angle I'(¢1, ¢2) are the corresponding densities of
the sequence A(pq, ¢2).

A sequence A is said to have an angular density n(A, 1, p2) < +oo (at order one) if
for all admissible ¢1, @2 except probably a countable set ®,, the identity n(A(p1,p2)) =
(A1, 92)) = n(A, @1, p2) holds true [3, Ch. I, Sect. 1]. We have ¢ € &5 \ {—27} if and only
if (ipr;% (A(@ — v, @+ ¢)) > 0, where ¢ is sufficiently small. The number —27 belongs or does

not to ®, simultaneously with ¢ = 0.

By the symbol ¥ we denote the class of non-decaying in [—27, 27| functions w(p) possessing
the following properties: w(0) = 0, w is right-continuous, w(y) = w(y — 27) — w(=27), ¢ €
[0,27). By ®(w) we denote the set of the discontinuity points of the function w.

Let A have an angular density. Then it determines uniquely the function wy € ¥ by the rule:

for ©v1, P2 € (—271',0) \ @A, Y e ((,01,(,01 + 271') \ Dy
walp1) = _Jgglon(f\ﬂﬂh ©2),  walp) = n(A, p1,0) + waler).

More precisely, wy is continued uniquely to a function in the class ¥, and the continuation is
independent of ;. It is easy to see that the sets ®5 and ®(wy) coincide. The definition of wy
implies the identity n(A, p1, ¢2) = walp2) — wa(pr) for all admissible @1, o2 ¢ Py = P(wy).
At that, n(A) = wa(p + 2m) —wa(p), ¢ € [—2m,0). We shall say that the sequence A has an
angular density w € X if it has an angular density and wy = w.

Lemma 2.4. Let w € ¥ and A are such that for some ¢, € (—2m,0) \ ®(w) and all ¢, ¢
O (w) obeying the condition p1 < ¢ < ¥ < @1 + 27 the sequence A(p, ] has a density and
n(A(e,¥]) =w@) —w(e). Then A has an angular density w.

Proof. Let ©1,p2 ¢ ®p be admissible. Subject to the location of the points @1, in the
segment [—27, 27|, several situations are possible. We shall study two of them, the other can
be considered in the same way.

1. @2 = ;. In this case A(p1, p2) = A(@1 + 21,01 + 2m) C A(@1 + 27, 91 + 27]. By the
assumption, (¢ + 27) ¢ ®(w). Let us show that (¢ + 27) ¢ ®(w). Since @y ¢ Py, then

inf n(A(P1 + 27 — ¢, @1 + 27 + ¢)) = Inf B(A (1 — ¢, 01 + ) = 0.
>0 >0
Let ¢y — 0 be such that (@1 + 27 £ ;) ¢ ®(w), | > 1. Then by the assumption we have

w(@l + 2T -+ 1/11) — w(§51 + 21 — 2/11) IH(A(QZQ + 2m — ¢l; @1 + 2T + 1/11])
<n(A(Q1 + 2m — 29, 01 + 27+ 2¢)) — 0, | — oo.

Since w does not decay, this implies the desired statement. Then by the definition of the upper
density and in view of Lemma 2.1 we obtain

T(A(@1, $2)) < T(A(P1 + 27, P2 + 27]) = w(ipr + 27) — w(Py + 27).
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On other hand, similar arguments yield the inequality
n(A(@1,¢2)) 2 n(A(pr + 27,1 4 21 — )]) = wpr + 27 — thy) —w(@r +2m), 121,

where 0 < ¢, — 0 and (91 + 27 — ¢y) ¢ ®(w). Hence, employing the continuity of w at the
point ¢ + 27 and the previous inequality we find that A(@;, @2) has the density w(¢; + 2m) —

w(p1 +2m) = = w(p1) — w(P1) = w(P2) — w(P1).
2. P2 > @1, p1 < 1. As above, one can show that @o, 91 + 27 ¢ ®(w) and A(p1, P2) has
density w(p2) — w(p1). In view of the assumption we have

n(A(#1, @2)) =n(A(@1, 1)) + n(Ap1, P2)) = n(A(P1 + 2, 1 + 27]) + n(Ap1, p2))
=w(p1 +2m) — w(P1 + 2m) + w(P2) — wlepr) = w(P2) — w(P1)-
By the continuity of w at point ¢ it implies that p1 ¢ 4.
Thus, A has the angular density n(A, @1, 2) = w(@2) —w(P1). It remains to show wy = w.

In view of the above fact this is implied immediately by the definition of wy, the left-continuity
of function w and identity w(0) = 0. The proof is complete. [

The proof of the following statement is based on the method used in the proof of Theorem 2.1
in work [6].
Theorem 1. Let w € ¥ and § > 0. There is a sequence A = {\;}32, C Ay with an angular
density w such that
1

2(wa(pr +2m) — waler))
where 1 € (—2m,0) \ ®(w) is chosen arbitrarily.

[ Aegr| — [ Me| =

—6, k=1, (2.11)

Proof. First of all, let us construct a special set of sequences A7 C Az, 7 > 1. Then we
shall “glue” sequence A with the desired angular density from the parts of AJ. Let ¢ €
(—2m,0) \ @(w). For each j > 1 we fix a set of numbers gpf ¢ ®(w), s = 1,s(j) such that

90 =1, p] < pp < -0 < 805(]) < )+ 21 = QOJ( N1 and SDSH — ¢l < 1/j, s =1,s(j). By
Lemma 2.3, for each j > 1 there exists a sequence A/ = {\.}22, C Az such that
(A](gpsﬂos—&—l]) - T - w((ps—l—l) - W(@g), § = 17 S(j)a .] > 17 (212)
. . 1
Ml Ml Za= -6 k>1, (2.13)
T

where 7 = 7{ 4+ - + Tj( j)- By (2.12) we obtain n(A) =7 = wp(p1 + 27) — wa(pr).
Let j > 1. By (2 12), there exists a number R; > 0 satisfying the condition

n(r, AJ(@év gpi+1]) i Vi 1 s
— — =1 > R.. 2.14
r (W(SOSH) w(@s)) < ]8(])7 S ,3(])7 r J ( )
We can assume that
Rj—i—l = 2Rj, Rj+1 - > Rj, j =1 (215)

Let A7 be the set of all elements in the sequence A7 located in the ring {A € C: R; < |A\| < Rj1 —

We let A = J,,, A77. By construction, A = {\}72, C Az. By (2.13), condition (2.11) holds

for all points in set A%/, j > 1. Then by construction |X,| — |\.| > a if j # [ and X, € AJ7,
Aoe ABL Tt follows that condition (2.11) holds true for the sequence A. It remains to show
that A has the angular density w.

al.
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We fix numbers ¢, 1) ¢ ®(w) such that p; < ¢ < ¥ < 1 + 2m. Let us prove the identity
n(A(p,]) = w(¥) —w(p). Let r > 0 and an index j(r) be such that Rj,)—1 < r < Rjiy. By
construction, for each index jp and all r > R;, we have

3(r)—2

n(r, A, ¢]) =n(Rjp, A, 0) + Y (n(Rysr — a0, N (0,9]) = n(Ry, N (ip,9]))

(2.16)

+n(t(r), AN o, ) = n(Rjy-1, MO, ),
where ¢(r) = min{r, R;,y — a}.
For each j > 1 there exist indices 1 < i(j) < I(j) < s(j) such that the embeddings

1)1 W
U T@lela) STy C | Tl el

s=i(j)+1 s=i(j)

hold true. For finitely many indices j we can have i(j) + 1 > [(j) — 1; in this case the left
embedding is absent. Then we obtain

1(j)-1
Z (n(ra N (Qpiv @i-{-l]) - n(?v A](SO?S’ @é—&—l])) < n(r, A](SO, 1/1]) - n(?’ A](QO, ¢])
s=i(j)+1
< Z (n(r, AJ (¢g7 QOJerl]) - ’I’L(?7 AJ(@?@? ¢i+1])) ) 0 < ?:< r.
s=i(j)
Let 1 <i <1< s(j)and r >7 > R;. By (2.14) the inequality
l
S SO o
Z (n(T, N (¢é7 Soi+1]) - ’I"L(’f’7 AJ(QOgu ¢i+1 ’f’ - A) Z 805+1 —w (ps)) A 77
holds true. Therefore,
!
. o . , o
Z (n(T, AJ(@?S: (10?94-1]) - Tl(?", N ((10]57 Soi-i-l])) - (7" - F) (W((,Og) - W(@f)) < 7
In view of (2.17) this implies:
(r = 7) (w(elyy1) = w(@ly0)) = 20/3 <, N (0, 8]) = (A (o, ) o
< (=7 (wely) —wllg)) + 2/ §21, r>F>R;.
Let € > 0. By the continuity of w at the points ¢ and ¢ there exists 6 > 0 such that
w(th) —w(@) — (W) —w(@)) <&, Y,F: [ -y <|F— | <o (2.19)
We choose jo > max{1/d,1/e}. Then in view of (2.16), (2.18), (2.19) and (2.15) we have
j(r)=2 2R
, A N
A 0]) 20l M)+ 3 (R =@ = R)lily) — (i) - 25
J=jo
T 2t(r)
j(r)—1 (r)-1
+ (t(r) = Rjiry—1)(w (90{( j(r)— )) - W(@Z(j(r)—l))) - i) — 1
Jlr)— 2R,
Sn(Ryp A 0] ++ 3 ( jo1 = = R)() - (o) —¢) - 251

Jj=jo+1
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+ (1(r) = Ryn-1)(w(®) —w(p) — &) — j(?t%l
j(r)—2
>n(Rjy, Mo, ¥]) + (w(¥) —w(p) —¢€) Z (Ry1 — o — Ry) + t(r) — Ry

3(r)—2

i=jo i) =1
>n(Rjo, Ao, ¥]) + (W) —w(p) —e)(r — Rjy — aj(r)) — 6er, 1> Ry,

J

Therefore,

n(Aor]) = im "CA@ED) o o) e i 20

r—00 r r—oo I

— be.

By the choice of index j(r) and (2.15), the inequalities 7 > R;)—1 = 2/0)72R; hold true. This
is why n(A(p, ¥]) = w(¥) —w(p) — 7e. Since € > 0 is arbitrary, then n(A(p, ¥]) = w(¥) —w(p).
In the same way we get the upper bound: 7(A(p,?¢]) < w(v) — w(yp). Hence, we have the
identities n(A(p, ¥]) = n(A(p, ¥]) = n(A(p,¢¥]) = w(¥) —w(p). By Lemma 2.4 it yields that
A has angular density w. The proof is complete. O

We recall that sequence A = {\;}22, is called properly distributed set (see [1, Ch. I, Sect.
1]) at order one if it has an angular density and Lindel6f condition is satisfied, that is, there
exists lim N(r,A), where

r—r00

In the following statements we give an answer to the question how a sequence with an angular
density can be “converted” into a properly distributed set.

Let A have an angular density. We shall say that A is a general form sequence if there exist
©1, P2, p3 € [—m, ) such that ¢1 < pa < @3, P2 — Y1 < T, P3 — P < T, Y1+ 27 — 3 < © and

n(Alp; —p, 0 +¢) >0, j=1,2,3 ¢e(0,1/2).

We observe that the function depending on ¢ in the left hand side in this inequality is non-
decreasing. This is it is sufficient to satisfy the inequality at some sequence ¢ = 1), — 0.

Lemma 2.5. Let a > 1, A = {\}32, and C > v, — 0, m — oco. Assume that A is a
general form sequence. Then there exists a sequence of zero density T C A such that

I
nym—N(alH,T)—)O, [ — oo.

m=1

Proof. Let @1, w2, @3 be the numbers involved in the definition of the general form sequence.
We let

0o =47 "min{7m — (2 — 1); T — (3 — @a); ™ — (1 + 27 — 3)} < /4.
Let us observe an important property of numbers g, @1, w2, 3. For an arbitrary straight

line passing through the origin and for each of two half-planes created by this line, there exists
J =1,2,3 such that the angle I'; = I'(¢; — 20, ¢; + 2¢0) lies in this half-plane.

We seek the set T as T' = |J,-_, T\, where T,,, = {tl}ﬁrg()m—nﬂ = {)\k(m,p)}z(ﬂ) is a some

subset of A lying in the ring K(m) = {£ : a™ < |¢| < a™™'}. Tt is possible that T,,, = 0 (that
is, p(m) = 0, p(m) = p(m — 1)) for some m.
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We let p(0) = p(0) = 0, %(0) = 0, 71 (0) = Ym-1(p(m — 1)) + Y, m = 1,
p(m—1)+p
p=p(m-1)+1 *

Let fj = T(¢; — @0, 0; + ¢0), 7 = 1,2,3, () = {£ € C : Re(&e™} > 0, p(m,p) be the
argument of number v,,(p) and j(m,p), m # 0, be the index such that Iy, ) C H(p(m,p)).

For each m > 1 we choose a set T, = {t; ?ﬁ;;(;;iﬁ?) such that

1) p(m) is the minimal non-negative integer number for which either |vy,,(p(m))| <
(a™sin o)~ or the set K (m) [\ I'jompem)) contains no points in the sequence A \ T,,.

2) For each p = 1,p(m), the number t5,,_1)4, is an arbitrary element Ay py € A\ Thnp1,
where T0, 0 = 0 and Th,p-1 = {Negm,s) }g;i, p > 1, and this element belongs to the intersection
K(m) 7T jm.p-1)-

Thus, the set T = |J,._, T}, is well-defined. Let us find the upper bound for the indices

p(m) > 0. First of all, let us prove the inequality

Y ()] < |ym(p — 1) =27 a ™ singy, p=1,p(m). (2.21)

In accordance with (2.20) we have 7, (p) = Ym(p — 1) — (Mkmp)) '~ Then by the cosine
theorem

(@) = (P = DI 4 Pamap |7 = 2/7m (P = DI Asmp |~ cos v,
where « is an angle between the vectors y,(p — 1) and (Ag(np)) ", which does not exceed

/2 — o (such angle exists since Ay ) € fj(m,p—l))- Since Agmp) € K(m) and by 1) the
inequality |y,,(p — 1)| > (a™sin ) ~! holds true, then
B [ 22l (P = DAk | sin 00 = [Armp) |~

=Y (= D[ Armp| ™ (25in 00 — (|Mmp|[ym(@ — D))
2V (p — D Ak(mp)| " (28in g — singg) = [yim(p — 1)]a™"" sin py.

[V (P = D7 = [7m(p)

In particular, |y, (p — 1)| > [ym(p)|. Therefore,
2[9m(p = DI(lm(p = DI = [ @) = (I (p = DI + [y @)D (19 (p = D = Iym ()])
> [Ym(p — Dla™™ " sin pp.
It follows inequality (2.21). Applying it p(m) times, we get

0 < [Fm(p(m)] < |3 (0)] = 27 ™™ p(m) singy, m > 1. (2.22)
For p(m) = 0 this inequality is trivial. This is why
p(m) < 2a™ 1 (sin o) "y (0)], m > 1. (2.23)
Let us show that l
D) =Y Ym— N(@*,T) =0, - o0 (2.24)

m=1

By the assumption, n(A(p; — o, ©; + o)) >0, 7 =1,2,3. Then
i @ Aps — @0, 95 + o)) = nla™, Alps = o, 95 + o))

m—00 aerl
= TL(A(QOJ — o, SOJ + QOO)) - ailn(A(gpj — o, 90] + SOO)) > 07 j = 17 27 3.

Therefore, there exist a number 7 > 0 and an index mg such that

n(am+1,A(gpj — Yo, Pj + QOO)) - n(am7/\(§03 — $0,¥; + QOO)) P am-i-l’ ] = 172737 m = mo.
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In view of (2.22) and 1), 2) we obtain
[ (p(m))| < max{(a™ sin go) ", |4 (0)] — 27 7 sino},  m > m. (2.25)

In accordance with the assumption of the lemma we can assume that
V| + (@™ Psingg) Tt <47 rsingy,  m > my. (2.26)
Assume that |y,,(p(m))| > (a™singy)~" for all m = mg. Then by (2.25), (2.26) and the
definition of ~,,(0) we have
[ (p())] < (0)] = 27 7 sin g < fyma(p(l = 1)| + ] — 27 7 sin g
<na(p(l = 1) =47 7singg < -+ < g (P(m0))] = 477 (1 — my) sin g,

For large indices [ the right hand in the above relation becomes negative. This leads us to the
contradiction. Thus, there exists m; > mg such that |7, (p(m1))| < (@™ sinp)~'. Then by
(2.26) we obtain

[Ymi+1(0)] = 27 7 sin o < Yy (P(m1))| + [Yimg+1] — 27 7 sin gy < 0.

Therefore, in view of (2.25) we have |V, +1(p(my+1))| < (a™ T singp) ™! Tt yields that (2.24)
is true. It remains to show that 7" has a zero density. In accordance with (2.23), (2.24), the
assumption of the lemma and the definition of 7,,(0) we have:

p(m) _ 201 (O)] _ 20(lym-1(p(m — )] + rm)
am T singg sin @g

— 0, m — oo.

We fix € > 0. Then there exists an index m(e) such that p(m) < ea™, m > m(e). Let r > a™)
and an index m(r) is chosen so that a™" < r < @™+, Then

n(r,T) n(a™®, T) N n(a™M* T) — n(a™®), T)

T r r
m(e) e m(e) m(e) 4 ... m(r)
(@O T) | plon(e)) - pn(r)) _ (@O T) a0
r am(r) r am(r)
It follows that 7(7T") < ea/(a — 1). Since € > 0 is arbitrary, this completes the proof. O

Lemma 2.6. Let A = {\;}32, has a density 7 >0, a > 1, 1m0 >r; >0 and ro/r1 < a. Then
the representation

1 T2

Z m =7ln (r_ +e(ry,ra), e(r,r) =0, r—oo, 1r9>1r1 >0, 7ro/r1 <a,
r1<| A <2 K !

holds true, that is €(ry,r3) — 0, 11 — 0o, uniformly in ry 1719 >1r; >0, 79/7 < a.

Remark. If the ring r1 < || < ry contains no points \x, we assume that the left hand side
i the above identity vanishes.

Proof. We assume that n(r, A) — +o0, r — oo; otherwise the statement of the lemma becomes
trivial.

r1<|Ag|<re

Let 7 > 0. Then by Euler representation we have

i%:lnn%—ﬁ—i-ﬁ(n), B(n) =0, n— oo, (2.27)
k=1
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where (3 is the Euler constant. By the assumption, A has the density 7, that is, the identities
M| = k/(T+0(k)),k — o0, n(r,A)=1r+ce(r)r,e(r) = 0,7 — oo, (2.28)
hold true. By (2.27) it follows that

n(ra,A) n(ra,A)

I T+0(k) ! Ok)
Z m _ Z - =T Z 3 + Z L
1<l <ra ri< Akl <ra k=n(ri )l k=n(riA)+l
n(ra,A)
A o(k
—rin 228 o (g, A)) = B, M) + oAk}
n({’nlu A) g
k:n(rl A)+1
T T+ £(ry) Sy 0(k)
:TlnT—1+T <IHT€(T1)+6(TL(T2’A)) _/B(n(rl’A))) + T

We fix € > 0. In accordance with (2.27) and (2.28) we choose an index kg such that |d(k)| < ¢,
B(n)| <e, k,n > k. By (2.28) we also choose r(¢) > 0 such that

lln% e, n(ri,A) = ko, 1r9>1r1>7(e).
Then
nard)
le(ri,m2)| < 3eT + € Z T <3et+e(lna+3e), ro>r >r(e), ry/ri <a.
k=n(r1,A)+1
The proof is complete. 0

Let K be a convex compact set. It determines uniquely a function in the class ¥ by means
of the arc length of its boundary 0K. For each ¢ € R by L(¢, K) we denote the intersection
of the support straight line

l(p,K)={z:Re(2¢7) = H(p,K)}, H(p, K)=supRe(ze ),
zeK
and the boundary 0K, where H(p, K) is the support function of the compact set K. The
set L(p, K) is either a point, which we denote by z(p, K), or a segment. The set W(K)
of directions ¢, for which L(p, K) is a segment, is at most countable. Let @1,y ¢ W (K),
w2 — 1 € (0,27), and s(¢1, 2, K) be the length of the arc 0K connecting points z(¢1, K) and
2(p9, K) and motion on this arc is made from z(p1, K) to z(¢2, K) in the positive direction
(counterclockwise). Let o1, 09 € (—2m,0) \ V(K), ¢ € (v1,01 + 27m) \ ¥(K). The function

w(pr, K) = — 3211308(%902, K), w(p, K)=s(p1, 0, K)+w(pr, K)

is continued uniquely to the function in the class 3 and this continuation is independent of ;.
It is easy to observe that the sets W(K) ([—27,27) and ®(w(-, K)) coincide.

Let ps & ®(K), s = 1,p, be such that ¢; € (—27,0) and p; < -+ < ¢, < @1 +27= p,y1. We
let as = z(ps, K), s = 1,p + 1 and consider the convex polygon €2 with vertices ai, ..., ap,, ap11 =
ay inscribed in the compact set K. We note that some vertices with neighbouring indices can
coincide. By the symbol e; we denote the unit outward normal to 9 in the internal points (if
they exist) of the segment [as, asi1]. We mention that for some ¢(s) € (ps, psy1) the identity
e, = €9 holds true. If a, = as41, then by e, we mean an arbitrarily chosen vector ¢, where
© € (s, @si1)- The next statement has a simple geometric meaning,.

Lemma 2.7. The identity
p
Z |as+1 - a5|€5 =0
s=1
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holds true.

Proof. We have
p

P
Z lasi1 — asles = Z(asﬂ — as)e””/2 = 0.
s=1

s=1

Remark. [t follows from 2.7 that for w = w(-, K), the identity

/027r edw(p) =0 (2.29)

holds true. Vice versa, let w € ¥ satisfy this identity. Then by [3, Ch. I, Sect. 17, Thm. 24],
[2, Ch. I, Sect. 2, Thm. 1.2.4] the function

%)
1
H(p) = Acosp + Bsingp — by / (p — 0)sin(p — 0)dw(0),
s
p—2m
coincide with the support function H(p, K) of the conver set K (for different A, B € R the
compact sets can be obtained one from the other by a shift). At that, w(0) = w(f, K).

By the symbol ¥, we denote a subclass of all functions w € ¥ satisfying (2.29).

Lemma 2.8. Let A = {\:}72, has an angular density wyn € Xo. Then for all a > 1,
ro >11 >0 and ry/r < a

N(ry, A) = N(ri,A) = e(ry,re) =0, 1y — oo.

Proof. By the assumption, wy € ¥y. Then, as it was mentioned above, there exists a convex
compact set K obeying the identity wy = w(p, K).
We fix € > 0 and choose 0 > 0 such that

e — e’ < e/(ds(K) na), Ve,0: |p—6] <4,

where s(K) = wa(p1 + 2m) — wa(p1) is the length of the boundary of the compact set K.
We choose numbers ¢, & ®(wy), s = 1,p, p1 € (=27m,0), o1 < -+ < p, < ©1 + 27 = Ppy1,
satisfying the conditions: 1) ¢,y — s <0, s =1,p, 2) s(K) — P(Q) < /(41na), where P()
is the perimeter of the convex polygon 2 with the vertices aq, ..., ap, apt1 = a1, as = 2(ps, K),
s=1,p+1.

Let A, = [M\i]e™*, iy € (01,01 +27], k > 1, and ©(s) € (¢s, 9s11), $ = 1, p, are such that the
vector e, = (%) is the outward normal to 92 in the internal points of the segment [ay, ay1]
(if there are no such points, then ¢(s) € (¢s, psi1) is chosen arbitrarily). Then by condition 1)
and the choice of § > 0 we have:

1 1 € 1
= Ve .
Z ()\k |)\k|ei‘P(5)) ~ 4s5(K)Ina Z A

PEE(Ps,pst1],r1<| Ak |<r2 PrE(Ps,pst1],m1 < Ag <12

Since n(A(ps, @si1]) = wal@st1) — wa(ps), by Lemma 2.6 we obtain

1 1 E(W (stJrl) —w ((105))
2 (A__!M—“) STLm e

VEE(ps,pst1],m1< Ak |<r2

where 7o > r; > 0, ro/r; < a and g4(ry,79) — 0, 11 — 0o. Thus,

p
SIS ()| <A<

s=1 | €(ps,ps+1],r1<|Apl<ra

: (2.30)

DO | ™
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where 7o > r; > 19(€), :—f < a.

Let wa(@s41) — wa(ps)
get

P _ p
€s To _ A
% oS () St el e+

k
s=1 ¢k€(9037805+1]77’1<|)\k|<7‘2 | | s=1

s+1 — as| + 5. Employing again Lemma 2.6 and Lemma 2.7, we

P

r A A

=In (7‘_2> E €sYs +E(r, 1), E(ri,m0) —»— 0, 11— 00.
1 s=1

In view of (2.30) and condition 2) we obtain

N(rg, A) — N(r1,A) = e(ry,ra),
p
le(r1,re)| < §+ln (r—Q) ;ES%

3e
" +[é(r1,m2)| < — + Ina(s(K) — P(Q)) < ¢,
1
where 79 > r; > 7¢(€), 72/ < a. This completes the proof. O

4

Let w € . we shall say that w is a general form function if there exist 1, @9, @3 € [—m, 7)
such that ¢1 < o < 3, Yo — 1 < T, P35 — Yo < T, Y1+ 27 — Y3 < 7 and

wlpj +¢) —wlp;—¢) >0, j=1,23 ¢e(0,7/2).

If A has an angular density w, it is easy to confirm that A is a general form sequence if and only
if w = wy is a general form function. Let K be a convex compact set. It is easy to show that
w(p, K) is a general form function if and only if it is a closure of a bounded convex domain.
Assume that the identity w(¢) = w(p, K) holds true. If K is a point, then w(p) = 0. If K is
a segment, then w takes exactly three mutually different values in [0, 27]. In other cases, that
is, as K is a closure of a domain, w takes more than three mutually different values in segment
[0,27]. If w € ¥y, as it was mentioned above, there exists a convex compact set K satisfying
the identity w(p) = w(p, K).

Thus, if w € ¥y, then w is a general form function if and only if it takes more than three
mutually different values in segment [0, 27].

Lemma 2.9. Let A has an angular density wy € Xy and wg 1s a general form function.

Then there exists a sequence A C A with an angular density wy = wy such that N(r,A) — 0,
r — 400.

Proof. We let
1 =N2%A), Y =N A) —N@™AN), m>2.
Since w; € Yo, by Lemma 2.8 7, — 0, m — oo. By the assumption, wg is a general form

function. Therefore, A is a general form sequence. Then by Lemma 2.5 there exists a sequence
of zero density 7' C A such that

~

Y A = NE@TT) =0, - o

m=1
By the definition of 7,, we obtain: N(2/,A) = N(2/,T) — 0, I — co. Let A C A is a sequence
completing T to A, that is, A = A|JT. Then by the above facts we have AV(2!,A) — 0,

| — +o0. For each r > 0 we choose a number [(r) by condition 2/") < r < 21"+ The proven
facts and Lemma 2.8 yield

N(r,A) = N2 A) + (N (r,A) = N2, A) =0, r— 4oo.
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Since T" has a zero density, the sequence A has an angular density wy = wi. At that, the
embedding holds true. The proof is complete. O

Theorem 2. Let d > 0 and w € ¥ is a general form function. Then there exists a sequence
A ={ i}, € Az with an angular density wy = w such that
1
A — M| = a= -9, k=1, 2.31
Ml =l > = S o 2m —an (o) 230

where @1 € (—2m,0) \ ®(w) is chosen arbitrarily and N (r,A) = 0, r — +oo.

Proof. By Theorem 2.1, there exists a sequence A= {Xk}Zil C Az with an angular density
wy = w such that

Newt| = M| =, k> 1 (2.32)
By Lemma 2.9, there exists a sequence A C A C Az with an angular density wy = wy = w

satisfying the condition N'(r, A) — 0, r — +oo. It remains to observe that inequalities (2.31)
hold true for A C A by (2.32). The proof is complete. H

Remark. The sequence A C Ay, existence of which is proved in Theorem 2.2, is a regular
set and in particular, it 1s properly distributed.

3. REPRESENTATION OF ANALYTIC FUNCTIONS

Properly distributed sets are closely related with functions of regular growth. Let f be an
entire function of exponential type, that is, there exists A > 0 and B > 0 such that

In|f(\)|] <A+ BJ]A, MeC.
The upper indicator of f (or simply indicator) is the function
Tim In|f(tA)]

t—o00

hf()\) = , reC.

The indicator h; is a convex positive homogeneous function of order one. At that, hy(e™)
coincides with the support function H (¢, K) of some convex compact set K called the indicator
diagram of f (see, [3, Ch. I, Sect. 19]). The compact set complex conjugated with K is called
the conjugate diagram of function f.

Function f is said to have a regular growth (see [3, Ch. 1)) if

he(A) = lim M, NeC,
f t

t—oo,t¢ E

where E' is a set of zero relative measure in the ray (0, +00), that is, the Lebesgue measure of
its intersection with the interval (0, ) is infinitesimally small in comparison with r as r — +o00.
The regularity of the growth for function f is equivalent to the asymptotic identity

In[fO)] = k() +a(N). AT, lm_ a(N)/N =0

‘ — 00, f

where Z; is a some C%set. We recall (see [3, Ch. I, Sect. 1]) that R C C is called C%set if it
can be covered by the balls B(z;,7;), 7 > 1, such that

1
lm =D =0,

|zj|<r

Let A = {\¢}32; and f(A, A) be the canonical product

it A nk/\

k=1



20 A.l. ABDULNAGIMOV, A.S. KRIVOSHEYEV

The function f(A,A) has a regular growth if and only if A is a properly distributed set [3,
Ch. I, Sect. 3, Thm. 4, Ch. I, Sect. 1, Thm. 2]. At that, its angular density w, belongs to
the set Xy. If K is an indicator diagram of the function f(A, A), then wy () = w(0, K)/27 and
hi(e¥) = H(p, K) [3, Ch. T, Sect. 1, Eq. (2.07)].

Let D be a bounded convex domain in C and H(D) is a space of functions analytic in the
vicinity of the closure D. There are well-known A.F. Leontiev conditions [2, Ch. IV, Sect. 6,

Thm. 4.6.4] for representing functions g € H(D) as the series

g(z) = deeA’“Z, z €D, (3.1)
k=1

in the case, when A is a set of simple zeroes for an entire function f of exponential type, whose
conjugated diagram coincides with D. These are two conditions: the regularity of the growth
of function f and the lower bound for the absolute value of its derivatives at points A

In|f' M) = hp(Ae) —erMe], 0<er—0, k— oo

Let us provide sufficient conditions for representation (3.1) for an arbitrary sequence A =
{Ae}32,, which sequence is not assumed to be a zero set of some entire functions. These
conditions are formulated only in terms of geometric characteristics of A and D. In order to do
it, we need a “local” characteristics of the sequence A introduced in work [7].

Let A = {\;}72,. We consider the function

z — )\k
G VO TV
A€ B(w,8]w]) k

In the case, when the ball B(w, §|w|) contains no points Az, we let ga(z,w,d) = 1. The absolute
value of the function g5 (z,w,d) can be interpreted as the measure of accumulation of points
Ar € B(w,d|lw|) at z. The quantity In|qa(z,w,d)|/|w| is similar by sense to the logarithm of
geometric mean (arithmetic mean of logarithm) of normalized distances from A\, € B(w, d|w|)
to z. If & € (0,1), then the absolute value of each factor in the definition of g, in the ball
B(w, §|w|) is estimated from above by the quantity 2(3(1 — §))~!. This is why for § € (0,1/3)
it does not exceed one. We let

" B z—= A e T 1H|QKL(>\m>5)|
qx (2,6) = H m, SA_(ISI—%AI—I&T'
Me€B(Am,8|Am]),k£m

The definition of Sy implies the inequality Sy < 0 (see [7]).

Lemma 3.1. Let A = {\}32, be the zero set of an entire function f of exponential type
and reqular growth. Assume that Sy = 0. Then

In |f/(/\k)| > hf(/\k) — 5k|)\k|7 O0<ep— 0, k — oo. (32)
Proof. The regular growth of function f means that
In|f(A)| =hrN) +a(N), AeC, lim  «a(A)/|A =0, (3.3)

where Z; is a (C%-set. Fix ¢ > 0 and choose R > 0 such that
a(N) = —¢|A, A€ 1y, Al > R. (3.4)

The indicator hs(\) is a convex function and this is why it is continuous. Employing its uniform
continuity on compact subsets, we find §y € (0,1/3), for which the inequality

hy V)~ hp(w)| <e, we B, Al=1, (3.5)
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holds true. In accordance with the assumption and the definition of quantity S, we choose
0 € (0,60) and an index kg such that

Al = 2R, Infgi(Me, 0)] = —elel, & > ko (3.6)

Finally, taking into consideration that Z; is a C%-set, we can assume the following condition:
for each k > ko the total sum of exceptional circles in Z; intersecting B(Ag,d|Ax|) does not
exceed 0|Ag|/4. Then by (3.3), (3.4) and (3.6), for each k > ko, there exists ay € (1/2,1) such
that
In|f(N)] = he(A) —e|Al, A € OB(Ag, aid|Agl).
Taking into consideration the positive homogeneity of the indicator and (3.5), we obtain:
In[f(A)] = he(Ae) — 3e|Ae], A€ 0B, axd|Mi|), k= ko. (3.7)

According to the assumption, the function In |(f(X)/ga(X, Ak, )| is harmonic in the circle
B(Ag, 0] Ax]). Since 6 < 1/3, the function In |gx (A, Ak, d)| is non-positive in this circle. Hence,
employing (3.7) and the minimum principle for harmonic functions, we get:

In ’hk(/\k)l 2 hf()\k) — 36|)\k|, k 2 k)o.
By (3.6) this implies:
In |f/()\k)| =In |hk(>\k>| + In |q/’§()\k, 5)’ - 1H(35|)\k‘) 2 hf()\k) — 56|>\k|, k 2 /{31.
The proof is complete. n

Remark. 1. Estimate (3.2) implies the identity Sy = 0. At that, the regularity of the growth
of the function f is not needed (see the proof of Corollary 4.2 in work [8]).

2. The issue on whether estimate (3.2) implies the regularity of the growth for f is still open.
The answer is the matter of the A.F. Leontiev problem.

3. The only identity Sy = 0 does not imply estimate (3.2) (see example in the end of work

[9])-

Theorem 3. Let D be a bounded convex domain and A = {Xk},i"zl has an angular density.
Assume that Sz = 0 and the identity wi(¢) = w(y, K)/21 holds true, where K is the complex

conjugate to D compact set. Then in the domain D each function g € H(D) is represented by
the series

g(z) = Zglvlgexkz, z € D. (3.8)
k=1

Proof. Since D is a domain, then w(v, K) € ¥ (see the remark after Lemma 2.7) and w(1, K) is
a general form function. Then in accordance with Lemma 2.9, there exists a properly distributed
set A C A with an angular density wy = (27) 'w(-, K). In the beginning of the section we
mentioned that in this case the canonical function f(A,A) has a regular growth, while its
indicator diagram (see the remark after Lemma 2.7) coincides with some shift K — z of the
compact set K.

We let f(A\) = f(\,A)e*. Then the function f has a regular growth and its conjugate
diagram coincides with D. By the assumption, Sy = 0. Since A C A, by the definition all the
factors forming the function ¢j'(z,d) are among the factors forming the function ¢§'(z,4). As
d € (0,1/3), the absolute value of each of them does not exceed one. It implies the inequality
Sx = S3 = 0. We mentioned above that we always have Sy = 0. This is why Sy = 0.

Thus, we can apply Lemma 3.1. In accordance with this lemma, estimate (3.2) holds true.
Therefore, by Theorem 4.6.4. in book [2], each function g € H(D) is represented in the domain
D by series (3.1), and therefore, by series (3.8). The proof is complete. ]
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Remark. Let {Kp};il be a sequence of convexr compact sets in the domain D, which strictly
ezhausts it, that is, K, C int K, 1, p > 1, (the symbol int stands for the interior of a set)
and D = U;il K,. For each p > 1 we introduce the Banach space of the sequences of complex
numbers

={d={dp}:||d|, = iullj |di| exp Hg, (M) < oo}
>

Let Q(D,A) = ﬂp>1 Qp be equipped with the topology of the projective limit. According to
Lemma 2.3 in work [1], the pointwise convergence of series (3.1) on the domain D implies the
inclusion d = {dy} € Q(D,\). Moreover, by Theorem 3.1 in this work (an analogue of Abel
theorem for power series) the inequality

Zl |di| gg;glewl < Glldllps2, p=1,
holds true, where C, > 0 is independent of d = {dy} € Q,. In particular, it means that series
(3.1) ((3.8)) converges absolutely and uniformly on each compact set on the domain D.
Lemma 3.2. Let a > 0 and A = {\;}2, satisfy the condition

Aer1]l — Ml =2, kB> 1. (3.9)
Then Sy = 0.
Proof. Let m > 1 and 6 € (0,1/3). In view of (3.9), for each A\, € B(Ap, 0| Ap|) we have:

O Am| > Am = Akl = [[Am| = Akl = |m = Kl

Therefore, the inequalities (1 — §)|A\n| < [Ae| < (1 4 )[Am| hold true. By I(m,d) we denote
the maximal natural number obeying I(m,d)a < d|A\,|. Then the quantity la/30|Ax| does

not exceed one for all [ = 1,I(m,d). This is why the above facts yield (we also take into
consideration that s! > (s/3)%)

| Am — Ak |m — k|a
A (Am,0)| = i 2 T
A EB(Am,0|Am|),k#m AEB(Am,0|Am]),k#

l(m,5) 2 21(m,) 21(m,8)
> H O (I(m, 5)1)? > _lm,)a .
3(5|)\;.C (14 0)30| A (1+0)90| A

Thus, by the definition of {(m, §) we have

... 2l(m,9) l(m,d)a .. 2l(m,9) 0 Am| — a
Sy = lim | 1 > lim 1 1
M Al (L0090 Al T 00 msne Al (14 0) = 93 A,
=lim lim 2tm, ) In ! > lim lim 20 Am |ln !
60 11— 00 ’)\m‘ (1 + 5) 6—>Omﬁoo a|A ’ (1 + 5)9
Since we always have S, < 0, this completes the proof. n

Theorem 4. Let D be a bounded convexr domain in C. Then each function g € H(D) is
represented by the series
= Z Ay ye™t 2 2 € D. (3.10)
m,lEZ

At that, {d.} € Q(D,Az) and series (3.10) converges absolutely and uniformly on compact
subsets on the domain D.
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Proof. Let K be the compact set complex conjugate to E.N Since D is a domain, then
w(y, K) € ¥y (see the remark after Lemma 2.7) and w(v, K) is a general form function.
Then by Theorem 2.2 and Lemma 3.2 there exists a sequence A = {\;}r=1 C Az with the an-

gular density wy = (27)"'w(-, K) such that Sy = 0. By Theorem 3.1 each function g € H(D)
is represented in the domain D by series (3.1), and therefore, by series (3.10), where we let
Ay = di if (m+1l) = M\, € A and d,,; = 0 if (m +dl) ¢ A. At that, according to the remark
after Theorem 3.1, series (3.10) converges absolutely and uniformly on compact subsets in the
domain D. Moreover, {d;} € Q(D,A). Together with the definition of the coefficients d,,; it
implies that {d,,;} € Q(D,Az). The proof is complete. O

Remark. 1. According to the Abel theorem for the exponential series in work [1] (Theo-
rem 3.1), series (3.10) converges absolutely on a convex domain (probably, unbounded one) and
uniformly on its compact subsets. This domain is determined by the Cauchy-Hadamard formula
for the exponential series [1, Thm. 4.1].

2. It follows from Lemma 2.5 of work [1] that for each set of the coefficients
{dm.} € Q(D,Az) the sum g(z) of series (3.10) is a function analytic in the domain D (but
not necessarily in the vicinity of D).
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