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ON SOLVABILITY OF A BOUNDARY VALUE PROBLEM
FOR AN INHOMOGENEOUS POLYHARMONIC EQUATION
WITH A FRACTIONAL ORDER BOUNDARY OPERATOR

B.KH. TURMETOV

Abstract. In this paper we study the solvability of one boundary value problem for an
inhomogeneous polyharmonic equation. As a boundary operator, we consider a differen-
tiation operator of fractional order in the Hadamard sense. The considered problem is a
generalization of the known Neumann problem.
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1. INTRODUCTION

Let 2 = {x € R" : |z| < 1} be the n-dimensional unit ball, n > 2, 02 = {x € R" : |z| = 1}
be the unit sphere. Let u(z) be a smooth function in the ball Q, r = |z|,0 = z/r, § = r< be

n
. d __ zj 0
the Dirac operator, where £ = 231 TJ@.
J:
For each a > 0, the following expression

Jou](x) = ﬁ / (n g)alu(ze)ds (1)

is called the integration operator of order « in the Hadamard sense [1].
In what follows we assume that J[u](z) = u(x).
By the change of variables & = sr, integral is represented in the form

o) (z) = FL /1 (ml)a_l“(f“’)dg. @)

§ §

We observe that the operator J* can not be applied to continuous functions u(x) as u(0) # 0,
1 a—1
since the integral | (ln %) £71d¢ diverges. This is why for each o € (0 — 1,/],4 = 1,2, ...,
0

as the differentiation operator of fractional order we consider the following modification of the
Hadamard operator
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T

Du)(z) = J* [6'[u]] (z) = ﬁ/ <1n S>E - a(s%)g[u](sﬁ)%.

0
Let 0 <a<1, m=1,2, ... In the domain €2, we consider the following problem

(=A)"u(z) = f(z), =€,
D [u] () = ge(z),, 2€09, k=01,...,m—1.

A solution to problem (3)), () is a function u € C*™ () N C(Q), for which D*™*[u] € C'(Q),
k= 0,1,...,m — 1, and the equation (3) and boundary conditions are satisfied in the
classical sense.

We note that the boundary value problems for elliptic second order equations with fractional
order boundary operators were studied in works [2]-[10]. The applications of boundary value
problems for elliptic equations with fractional order boundary operators were considered in
works [I1]-[13]. The analogues of the Neumann problems for the biharmonic and polyharmonic
equations in the case of the integer order boundary operators were studied in works [15]-[19],
while boundary operators fractional in Riemann-Liouville, Caputo and Hadamard-Marchaud
sense were addressed in [20]-[23].

Since J°[u ](m) = u(x), in the case @ = 1 the operator D' coincides with the operator §, while

Dk = §F = ( ) It was proved in [20] that the operator (T—T) satisfies the identity

() -E(Eerta) -

i=1 \j=1

It is also known (see, for instance, [I7]) that
dl

d ri—l ri—z?l—l
dr 89 d?“ dr dr 59

where v is the outward normal for the boundary of the domain €. Therefore, in the case a = 1,
problem — is a some analogue of the Neumann problem for equation ({3)).

O'u(zx)
59 ovt

Y

2. AUXILIARY STATEMENTS
In this section we study some properties of the operators J* and D®.

Lemma 1. Let 0 < o, 0 < A < 1 and u € CP(Q), p = 0,1,... If u(0) = 0, then the
function J¥u](z) also belongs to the class C**P(Q) and the identity J*[u](0) = 0 holds true.

Proof. Let u(0) = 0. Then

7o ()] < ﬁ/ <1n§)a1|“(z FL/(m ) s,

Since the integral f (In1)*" ' $2~1ds converges, then |J*u)(z)] < C, where C' = const, and
]

hence, the functluon Ju](x) is well-defined. We denote h(z) = J*u](z). Then for each

x,yeﬁwehave
oyl < [ () o=t
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1
Cle —y* 1\ A1 A
<———— In — ds < -y~
(o) / n - s" 7 ds < Clx — vy
0

In the same for each multi-index 3 with || < p we obtain

1
1 1\ " | DPu(sz) — DPu(sy)|
; Y < - < —y|.
|D°h(z) — D°h(y)| < (o) / <1n8) . ds < Clz —y|
0

Moreover,

«@ _ oz _ 1 —1 7 .

Jul](0) = glglLI(l)J = m/ (ln ) ilir(l)u(sx)ds = 0.
0

In the same way we prove the following statement.

Lemma 2. Let 0 < a < 1,0 <\ <1 and u € CMPTY(Q). Then D*[u] € C*P?(Q) and the
identity D*[u](0) = 0 holds true.

Lemma 3. Let 0 <a,A<1andu€ CMYQ). Then
1) for each x € Q, the identity

J[D[u]] (z) = u(x) — u(0) (5)
holds true;
2) if u(0) = 0, then for each x € Q, the identity
D [J[u]] = u(x) (6)
holds true.

Proof. Tfu € C*1(Q), by Lemma 2.2 we obtain: D%[u] € C*(©2) and D*[u](0) = 0. On the
class of such functions, the operator J is well-defined and

r

7 [0} () = / ()" Dlu(st)

S

:1“L I'(1—a) /( / 1n§>a5[u](79)d7_7%
F(ll—a)/ducgie)/<1n£)a_l(ln;) a%dr

o
»

It is easy to show that

Then

o [D°u]] () = / BuT0) 1 ) — u(0).

The identity is proven.
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Since u(0) = 0, by Lemma 2.1 the function J%[u](x) is defined in domain € and

r

D [J°[u]] (z) :ﬁ / (m g)asd%ﬁ[u](se@
:ﬁrd%/ 1ia(ln g)l_ad%Ja[u](sH)ds

Since J!7@. J* = J!, then

D [J%u]] (z) = rd%l“ /u(sé’)@ = ru(r@) = u(x).

]

Lemma 4. Let (—A)™u(z) = f(x), where f(x) is a smooth function in Q. Then the identity
(=A)"Dul(x) = F(z), =€, (7)

holds, where
F(z) = [« D [Ja|*" f(x)] . (8)

Proof. Employing identity ({2)) for the function D*[u](x), we have

D*[ul(x) = ﬁ /1 (m é)asdis[u](sx)%.

It is easy to show that

S

A™ [sdi[u](sx)] = gm (s— + zm) f(s2).

Moreover,

ds ds
Applying the operator A™ to the function D[u](z), we obtain

g2m (si i 2m) F(sz) = 5L [ f(sa)]

A™D?[u) () :ﬁ / (m%)_”‘s%[smf(sxﬂg

—2m

r ; 1 *Oéd o B I . B
:r<—1-a>0/ (1“;) g5l " f(solds = [a] " D° (| f(2)] = F(a).
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Lemma 5. The function F(x) can be represented as

F(z) = (rdii +2m) Fioala), 9)

where
fioa(z) = la|2m g [JaP™ f ()] (10)

Proof. By the change of variables sr = &, it follows from representation that

Plo) o / (%) "o lemrceo) dg

*—|x|72m Ti [ (nf)l_a— "
T T(1—a) dr /1—a 1 £ 5[5 1(€0)] d¢

It is obvious that

roal) = s [ (2) 560 S < el e (a2 )

I'l —a)
Then
F(x) = o 2L [P fa(@)] = (7L 4 2m) froa(e)
d’f’ 11—« dT 11—« )
that is, identity @ holds. O]

The following statement was proved in work [22].

Lemma 6. Let 0 < a < 1, and D u(x), k = 1,2,... is well-defined. Then the identity

Do) = (-8 ) Dl (1)

holds true.



160 B.KH. TURMETOV

3. STUDY OF SOME PROPERTIES OF SOLUTIONS TO DIRICHLET TYPE PROBLEM

We consider the following problem

(=A)"(z) = F(r), =€, b
] (2) = gu(z), €09, k=01,...;m—1. (12)
Assume that functions V' (z) and w(z) solve the following problems:
my x), x €8,
( A)"V(x) = F() 13)
FVi(x)=0, 2€09, k=0,1,...,m—1,
A)"w(z) =0, =z €,
( )" w () (14)
§F w] (v) = ge(z), €09, k=01,...,m—1.
Then v(z) = V(z) + w(x).
Lemma 7. Let 0 < A < 1 and F € CMP~2™(Q), p > 2m. Then
1) problem is uniquely solvable and the solution belongs to the class C P (ﬁ) ;
2) if the function F(x) can be represented as
d
F(z) = (r% + Zm) g(x), (15)
then the identity
1 m—1
V(0) = 1— [y d 16
0 = s s | 0" e (16)

o0
holds true.

Proof. In Section 1 we have shown that the boundary value problems in problem (13| are
equivalent to the conditions

k

= Zagk)a V(.x), x € 0f).
— ovt

Then problem ([13)) is equivalent to the Dirichlet problem for the equation (—A)™ = F(x),
z € Q. Tt is known (see, for instance, [24]) that for F' € C**P~2m(Q)), the Dirichlet problem is
uniquely solvable in the class C**P(€Q2). The first statement of the lemma is proven.

It is also known (see, for instance, [15]) that the solution to the Dirichlet problem is repre-
sented as

V()= [ Gl n)F () dy a7)
Q
where Gy, (2, y) is the Green function of the Dirichlet problem.
We note that the function G, ,(z,y) was constructed explicitly in work [25]-[27]. For in-
stance, it was shown in work [25] that G, ,(z,y) is of the form

a(z,y)

Grn(2,y) = Kpulz — y™ " / = 1) e, (18)
1
where
‘w!yl o 1 2
D= T e e, T )
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Employing the identity w,, = r (n) the coefficient K,,,, can be represented as
2
1 25T (g) _ 1
4m=1((m — 1)’n 2772 4m=1((m — 1) ’w

In what follows we shall need the value of the function G, ,,(z,y) at the point x = 0. By the
representation we have

m,n

ly| =1
G (0,9) = Kpnly?™ / (2 — 1" e,
1

We denote the last integral by I,,, ,,. Let calculate this integral. If n # 2(i+1),i=0,1,...,m—
1, then

™ m—1 ly|~*
L= [ @ =0 0= 3 (e [ e
1 =0 1
s i+1)—n (=l
L Z52(14-1) n
— _1 mflfzcz S
m—1 1
= _1 m—1—1 o n—2(l+1) _ 1 ‘

Let

1
d - m—1—i i
m,n,t ( ) Cm 12(Z+1)—’I’L

If n takes one of the values n =2(k+ 1), k=0,1,...,m — 1, then

m-1 Iyl lyl =
[mn — ( 1)m—1—zC?in . / t2z+1 n ¢ + ( >m—1—k07]%71 / tildt
1=0,1#k 1 1
m—1 1
= i [[y" 20+ = 1] 4+ (1)1 kCk In—
i=0,i£k Y]
Then asn # 2(i+1),i=0,1,...,m — 1 we have
m—1
G (0,y) = Ko, [ i [y 7200 — |y|2’”‘"]] : (19)
=0

while for other values n we have

m—1
Gmn (0,y) =Kpn [ Z o [|y|2m—2(z’+1) B |y|2m_”]]
i=0,i#k (20)

1
+ Km,n(_l)milikcfn—l ‘Z/Pmin In—.

[y
Then in the case n # 2(i+1),i=0,1,...,m—1, it follows from identity and representation

that
d
Kmn/ [Z s |y|2m 26+ _ |y [2m- n}] ( p+2m> g(y)dy.



162 B.KH. TURMETOV

Passing to the spherical coordinates y = (p, £), where £ are angular coordinates, we express the
latter integral as

-t | [

Z o [P 2 — Pm‘"}] (p d%”m> 9(p. €)dpde
=0

l¢[=1 0
:Km,n / [J1<IO7 g) + JZ(pa 5)]d§7
|§]=1
where
m—1 1 d
Ji(p, €) Ay / p Tt [pPm A pzm‘”]pd—g(p, €)dp,
1=0 0 P
m—1 1
o 2m (- / H[pPm RN — g2 g (p, €)dp
=0 0

Integrating by parts in Ji(p, ), we obtain

m—1 1

Ji=Y  dpn, / [— @m+n —=2(i+ 1)) P> 120 L 2P g(p, §)dp =
=0 0
m—1 1

= i / P = @mAn = 2(i 4 1)) 2D 4 2mp? " g (p, €)dp.
0

i=0
Hence,

1 m—1

Ji(p, +sz€=/p”1 D)™ P Vg(p,6)
0 =0
n— m—1
=/,0 1 =0%)" g(p, ©dp.

0

Therefore,

1
0) =K / /p”‘l(l — )" glp, €)dpde

l¢]=1 0

1 2\m—1
T4 (m— 1)), / (1= 1yl*)™ g(y)de.

o0

If n takes one of the values n = 2(k+ 1), k = 0,1,...,m — 1, as above, by identity we
obtain

m—1
—2(7 m—n d
() =Ko | S ds / [y _ 2 }(d—pwm)g(y)dy

i=0,i#k

d
b (1) / o o (e 2m ) oy
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=K / [J1.1(p, €) + J21(p, §)]dE.

6i=1
Here
m—1 1
Ji1(p, &) = Y dmni / it [Py —,02""”‘”]0%9(;% €)dp
i=0,i£k 0

1

+ (=)™t '“Cr'il_l/p ! (p2 In ;) pd—pg(p,é)dp,
0

1

m—1
JQ,l(p: 5) :2m Z dm,n,i / pnil [mei?(iJrl) - pZmin]g(p7 g)dp
=0

0
1

—-1- n— m—n 1
+2m(—=1)"" '“Cf%_l/p ! (p2 In ;) g(p, &)dp.

0

Integrating by parts Ji1(p,§), we obtain

1

m—1
Ji1 = Z A n,i /p“l [— (2m +n —2(i + 1)) p*™ 2D 4 2mp*™ ] g(p, €)dp

i=0,i2k 4

1
—1—= n— m—n 1

— (=" kCS;_ﬂm/p ! (p2 In ;) 9(p.&)dp

0
1

+ (—1)m‘1‘k0ﬁ_1/p”‘1p2m‘"g(p, €)dp.
0

Then
1 m—1
Ji1(p;€) + Jan(p, €) Z/p”‘l (=)™ Ch P Vg (p, )dp
0 i=0
1
n— m—1
=/p 1 =p%)" g(p,&)dp.
0
Hence, in this case we also have identity . O

Let us study problem . Let A be a matrix of

%20c11 L.. 1
02 4... 2 (m — 1)
A— 022 2.0 2m-1P| (21)

02m—t 4m-1 2 (m— 1)
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We denote by A, j =0,1,...,m — 1 the determinant of the matrix obtained from the matrix
A by removing the first column and j + 1 rows. In particular, Ay = |A| = det A. It is easy to
show that |A| # 0.

Lemma 8. Let 0 <A< 1 and g, € C*P*(0Q), p>m—1,k=0,1,. — 1. Then
1) problem 1S uniquely solvable and belongs to the class CA ( )
2) the solution to problem (14) satisfies the identity

w (0) = WHZ / 1A, - g,(2)dS,. (22)

789

Proof. Let us show that problem is equivalent to the Dirichlet problem for the equation
(—=A)™w(xz) = 0. In Section 1 we have shown that if v is the outward normal for the sphere
091, then for all z € 0€) the identity

OFw(z) L OFw(z) OFw(z)
= a5 - ) k= 17 2a )
ark g ark g ok g
holds true.
Then for k = 1 we have 6 [w] (z) = r22, and hence, it follows from the condition § [w] (z) |sq =
g1(x) that
ow
o =a@=a)
For k = 2 we have )
9) Pw  Ow
2 _ - — 27 " il
07 [w] (z) = (r8r> w(z)=r 52 —i—rar.
Then by the boundary condition §? [w] [sq = g2 We obtain
9w ow
Wm—m(l’)—am—g( T) = g1 = p2(x).

In the general case, by employing the identity

Za

91;68(2

we obtain

k—1
87”“ — ’ 87’2

Employing the boundary conditions 6% [w] (z)]se = gr(z) in problem (14)), for g%(x) we
obtain

ak
ak’BQ_gk szkgz —(;Ok(x)ak:273>-"7m_1a

where the coefficients b, depend on agk), 1 < k. Thus, problem is equivalent to the
Dirichlet problem:

OFw
W($)|ag=g0k($), k‘:O,l,...,m—l.

It is obvious that as g, € C*MP~%(9Q), the functions ¢(z) also belong to the class
C*MP=k(9Q). Then by the known statement for the Dirichlet problem [24] it follows that
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problem ([14]) is uniquely solvable and the solution belongs to the class CA*? (ﬁ) The first of
the lemma is proven.

We proceed to the proof of the second statement. Let w(x) be the solution to problem
(14). Since the function w(x) is polyharmonic, there exist the harmonic in Q functions w;(x),

j =0,m — 1, such that
w(z) = wo(z) + |z wi (@) + ... + |2 w1 (z). (23)

We apply the operator (r ( —) . =1,2,...,m—1, to the functions of the form |x|2jwj (). Then
forall1</<m—1and 0 <j < —1weﬁnd

N ¢ 00 o
(r3r) [ePue)] =32 55 o, o)

i=

81”7"]8 p’LU ) (p) 2 8'*pw-(x)
_Za rz i 5 sz Za TZC’f’dz’; Jp—ari—]p ,

where
0, p>2j

df) = L, p=0
22— 1) ... 2 —p+1), p<2i

Thus, the function (T%)g [r¥w;(x)] can be represented as

<ag) lalwi@)] = lalhso(z), (24

where

8 p
hiy(@ Z “qu’d” a;fﬂf). (25)

=1

. . . . _p PPy .
Since for harmonic function w;(z), the functions r*~? 8r:‘i],,(x) are also harmonic €2, then for

all j=0,...,m—1,¢=1,..., m—1 the functions h;¢(x) are harmonic in €. On the other
hand, expanding the functions w;(x), j = 0,m — 1 into the series of the form

oo  hi
D=3 ulf
k=0 =1

and applying the operator (r%)e, ¢{=1,2,....,m — 1 to the function |x|2jwj(x) for all z € €,
we obtain

o\* A > N .
(75) 2P w;(@)] = 2l 323~ (k4 25) 0 HY (@) = lal*h o).

k=0 i=1

Therefore, as |z| < 1, the representation

oo hy
heg(x) = (k+2)) wd H (x) (26)
k=0 =1

holds true. .
Thus, for the polyharmonic function (r£) w(z) we obtain

A .
<r§) w(z) = hog(a) + 2 hie(r) + .4 2 Vg (2),
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where the harmonic functions h;.(x) are determined by the identity (3.14) and are expanded
into the series of form ([26)).
We consider harmonic in €2 functions

{ 20(x) = wo(x) +wi(x) + ... + Wp1(x) 27)
2o(x) = hoo(x) + hig(x) + ...+ hpore(x), €=1,2,...,m—1
It is obvious that
Zg(x) ‘89 = h075($) + hl,g(m) 4+ ...+ hm,Lg([L’) ‘89 = gg(a:), ! = O, m — 1.
Then the functions z,(x) can be represented as the Poisson integral
11—z
= — ds,.
Zg(l') W, |I — y|ngZ (y) Y
o9
Hence, for each ¢ =0,1,...,m —1
1
20 = [ ds, (28)
i
It follows from expansion that
he (0) = > (24) wiyHy” =(24)"w; (0), £ > 1.
=1
Then by identities we obtain the system of equations
Wo + Wy + -+ W1 = 20
O-wo+2-wy+-+2m—1) wy,_1 =2
(29)

0wy +2""wy + 4+ 2m = 1)) wyy = 2

The matrix of this system is of form ([21)). It follows from representation that w (0) = wy (0).

Let us show that the value wy (0) is expressed via linear combinations of the integrals of the
functions g;(x), j = 0,m — 1 over the sphere 0. Indeed, since |A| = det A # 0, by the Cramer
rule, we find the value wy(0) from the system by the formula

A,

Wo (0) = T (30)
|Al
where A, stands for the determinant
0 1 1 .. 1
400 2 4 ... 2m-1)
A, =| =0 22 42 . [2(m-1)
Zmo1 (0) 2771 4=l 2 (m = 1))

It is obvious that A, = — >~ (=1)""'A; - 2; (0). And since z;(0) are determined by 29,
then
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Now it follows from identity that

AZ 1 m—1 '
w0 =m0 =G = 3 [0 s,
=04
Hence, identity holds true. O
Lemmata 3.1 and 3.2 imply the following statement.

Lemma 9. Let 0 < A < 1, g, € CM?P7%0Q), k = 0,1,...,m — 1, and F € CMP~2m(Q).
Then
1) problem is uniquely solvable and the solution belongs to the class CMP(Q);
2) if the function F(x) is represented as (15), then the identity v(0) = 0 is necessary and
sufficient for the condition
2 m—1

/(1 — 191" g(y)de = m ((Cfl'_ DY Z/(—l)j“Aj - g;(2)dS,. (31)

Q 7=0 50

4. MAIN STATEMENT

In this section we provide the main statement on problem , .
We have the following statement.

Theorem 1. Let 0 < a <1, 0 < A <1, g € CMm=1=k(OQ), k = 0,1,...,m — 1 and
f € C*YQ). Then problem (3), is solvable if and only if

m—1
m—1

[ @) ety = 3 [ asmgy(@ds.. (32)

Q =090
where ) )
—2m 71—« m 4™ ((m — 1)')
Freaa) = el 271 (o7 (@] =
|A| is the determinant of the matriz A in identity 1), A;, j = 0,1,...,m — 1, are the
determinants of the matrices obtained from the matrix A by removing the first column and
J + 1-th row. -

If the problem is solvable, the solution belongs to the class CA™1(Q) and is unique up to a

constant term. It is represented as

’ (_1)j+1Aj7

u(x) = C+ J*v(x), (33)
where v(x) is the solution to problem with the function F(x) = |z|72™D*[|z|*" f(x)]
satisfying the additional condition v(0) = 0.

Proof. Assume that problem f exists and it is u(z). We apply the operator D to the
function u(x) and denote v(x) = D*[u]. Let us find the conditions for the function v(x). First
of all, by Lemma 2.2, the identity v(0) = 0 holds true. By Lemma 2.5, the representation (|{11))
holds, that is,

D) = (g ) 070l (0) = Do)
Then
v(@)|pn = D[] (2)|pg = go(),  8°[v](2)],q = D" [u)(2)],q = gr(2), k=1,2,...
And finally, applying the operator (—A)™ to the identity v(x) = D*[u](x), by formula in

Lemma 2.3 we obtain

(=A)"0(z) = (=4)"D* [u] (z) = F(x),
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where F(z) is defined by identity (8).

Thus, if u(z) is a solution to problem (3], (4), then for the function v(x) = D [u] (x)
we obtain the problem with the function F(z) = |z|=2"D"[|x|*™ f] (x). Moreover, since
D® [u] (0) = 0, the function v(z) should satisfy the condition v(0) = 0. Under the assumptions
of the theorems, by Lemma 3.3 problem is uniquely solvable and the solution belongs to
the class C**™~1(Q). In order to satisfy the condition v(0) = 0, we need condition (31)), which
in our case has form (32)).

Therefore, if problem , is solvable, then condition (32)) is satisfied. Let us show that
this condition is also sufficient for the solvability of problem (3)), .

Indeed, assume that in problem (12)), the function F(z) can be represented as F(z) =
|z| 2™ D% [|2|*" f] (). Then under the condition f € C*'(Q) we have F € C*(Q) and if
gr € CMm=1=k(90), k =0,1,...,m — 1, then by Lemma 3 problem is uniquely solvable
and the solution belongs to the class C**™~1(Q). If condition is satisfied, this solution
also satisfies the condition v(0) = 0. This is why in the class of such functions the operator
J% is well-defined and therefore, we can consider the function C' + J%[v] (). We denote this
function by u(x), that is, we consider the function u(x) = C' + J*[v](x). Let us show that this
function satisfies all the conditions in problem , .

Indeed, since v(0) = 0, by Lemma 2.1 the function J* [v] (z) belongs to the class C**™~! (Q).
Applying the operator (—A)™ to this function, we obtain

:ﬁ / (m%)a_ls%l( AV (s2) ds

:% j (m %)alsmF (5)

ﬁ/l (111 i)a_ls2m|sx|—2mpa e f] (s2)
el [0 ] 0.

Then, by identity ,
JO[D* (|2 f]] (x) =[x f(x) = |2[*™ f(2)],_y = |2[*" f (2).

Then (—A)™J* [v] (x) = f(z), that is, the function u(z) satisfies equation (3). Moreover, it
follows from condition @ that

D [u] (z) = D* [J* [v] + C] (x) = D* [J* [v]] () = v(x).
Therefore,

D* [u] (x) ‘BQ = 7)(37) |OQ = gl(m)v

D[] (1) |, = (di)D 4] (2) |y = (di)u o = gu(0), k=12,

Let us consider the solvability conditions of problem , for some particular cases.
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Example 1. Ifm =1, we obtain the boundary value problem for the Poisson equation. Since
in this case |A| = Ag = 1, the solvability condition of this problem is of the form:

Q/ fima(y)dy = / 90 (y)dS,.

o

If a = 1, then fo(y) = f(y) and we obtain the solvability condition of the classical Neumann
problem for the Poisson equation.

Example 2. Let m = 2, then

(11 B a1 B B
A_(O 2>a ‘A’_2a Az_ 2 92 | A0_2a A1_ )
4 4
a072:§-(—1)A0:—4,a172:—-(—1)2A1:

2
Then the solvability condition of the problem is of the form

/ (1_—2|y|2)f1—a(y)dy = / [91(y) — 290(y)] dS,.

Q o0
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