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SYMMETRIES AND CONSERVATION LAWS FOR A
TWO-COMPONENT DISCRETE POTENTIAL
KORTEWEG-DE VRIES EQUATION

M.N. POPTSOVA, I.T. HABIBULLIN

Abstract. In the work we discuss briefly a method for constructing a formal asymptotic
solution to a system of linear difference equations in the vicinity of a special value of the
parameter. In the case when the system is the Lax pair for some nonlinear equation on a
square graph, the found formal asymptotic solution allows us to describe the conservation
laws and higher symmetries for this nonlinear equation. In the work we give a complete
description of a series of conservation laws and the higher symmetries hierarchy for a discrete
potential two-component Korteweg-de Vries equation.

Keywords: integrable dynamical systems, equation on square graph, symmetries, conser-
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1. INTRODUCTION

Considerably many works are devoted to studying the asymptotic behavior of the system of
linear differential equations near the singular point, see, for instance, monograph [1]. Asymp-
totic representation for an eigenfunction of the Lax operators allows one to study effectively
the motion integrals, higher symmetries and particular solutions of the corresponding nonlinear
dynamical system [2, 3]. The method of formal asymptotic diagonalization allowed the authors
of work [4] to establish a deep connection between integrable systems and affine Lie algebras.

An algorithm for solving the problem on asymptotic diagonalization of a discrete operator in
the vicinity of the singular point and its applications in the theory of integrable nonlinear dis-
crete equations was discussed in details in works [5] [0} [7]. Interesting results on non-autonomous
discrete dynamical systems were obtained by using the formal diagonalization method in works
[8,9]. Alternative approaches to the problem on constructing the asymptotic expansion for an
eigenfunction of the discrete Lax operator were proposed in works [10, 11, 12].

In the present work we consider the two-component discrete potential Korteweg-de Vries
equation

(v —ur1)(vio —vo1) = P’ = ¢,
(v —v11)(ur0 — ug1) = p* — ¢*.
found in [I3]. The Lax pair for this equation was provided in [13], we also mention that

its explicit particular solutions were found in [I4]. We recall the one-component potential
Korteweg-de Vries equation

(U171 — U) (ul,O — U()’l) = 462 (11)
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was studied earlier in many works starting from [15], [16]. It is also known as equation H1 from
the list by Adler-Bobenko-Suris, see [I7]. An infinite series of conservation laws for this equation
was obtained in work [18], higher symmetries were constructed in papers [19, 20, 21, 22].

In the present work, by means of the method of the formal asymptotic diagonalization of Lax
pair, we describe an infinite series of conservation laws and construct the higher symmetries of
the two-component discrete potential Korteweg-de Vries equatiorﬂ.

Let us clarify briefly the structure of the work. In the second section we describe the class
of discrete linear equations with singular points, in the vicinities of which we construct an
asymptotic solution. By an example we demonstrate the way of reducing the linear system
to a special convenient form. In the third section we discuss an algorithm for reducing the
Lax operator to a quasi-diagonal form. In the forth section we expose a known method of
constructing the generating function for the conservation laws employing the commutation
condition of the diagonalized Lax operators. In the fifth section the formal diagonalization
method is applied to a particular dynamical system cdpKdV , for which we provide an
infinite series of conservation laws. And, finally, in the sixth section we prove that dynamical
system cdpKdV has an infinite hierarchy of higher symmetries. First two symmetries are
constructed explicitly, for the others we provide an effective way of calculating.

2. SINGULARITIES OF POLE KIND FOR DISCRETE LINEAR SYSTEM

We consider a linear discrete equation of the form
y(n+1,7) = f(n,u(n), Ny(n, A), (2.1)

where the potential f = f(n,u,\) € CV*¥ depends on an integer n € (—oo, +00), functional
parameter u = u(n) and complex parameter A. The potential is a meromorphic function on A
in a domain F C C and it is assumed that det f is not identically zero.

Let us define what is a singular point. We call a point A = )\ singular for equation ({2.1f) if
at least one of the functions f(n,u, ), f~(n,u,\) has a pole at this point. We assume that
Ap is independent of n.

We note that some singular points can be removed by means of a transformation of the
dependent variable y(n) = r(n, A\)g(n), which reduces equation to the same form

g(n + 1) = f(nv u, /\)g(n)

with a new potential f(n,u, A) = 71 (n + 1, ) f(n, u, \)r(n, \).
As a simple illustrative example, we consider equation (2.1)) with the potential

_{ Agur Agie -
/= ( Aga1 Aga2 ) v 9 = gw(n,U)-

This equation has two singular points A = co, A = 0. Both singular points are removed by the
transformation y(n) = A\"g(n). Indeed, f = A1 f = {g;; }.

A less trivial example is provided the well known linear equation associated in the integrability
context to equation . Its potential is of the form

B —u(n+1) 1
fnu,A) = ( A2 —u(n)u(n+1) u(n) ) ' (2.2)

Here u(n) is an arbitrary function. Equation (2.1), (2.2)) has two singular points A = 0, A = co.
The singular point A = 0 can be removed by the transformation

o) = r(n i), ) = (400 0.

'We thank the authors of work [14], who attracted out attention to this problem.
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Indeed, in this case the potential casts into the form

< B —u(n+ 1)\ 1
fn,A) = ( —1 —u(n)u(n+1)A? wu(n)A >
and has the only singular point A = co

The key step of the diagonalization algorithm is the reducing of the original system to

the special form

yn+1,\) = P(n,\)Zy(n, \) (2.3)
in the vicinity of the singular point A = ). Here functions P(n, \) and P~1(n, \) are analytic
in the vicinity of Ao, the principal minors of the matrix P(n, \) satisfy conditions below
and the matrix Z has diagonal form (3.7)).

If we succeeded to reduce the system to the mentioned form, then the coefficients of the
asymptotic series can be effectively calculated. By the known coefficients of the series we can
construct easily the conservation laws and the symmetries. Let us discuss one of the ways of
reducing the original system to form choosing as an example the equation

y(n+1,0) = f(nu(n), Ny(n,N), f= (i ~uln) ) (2.4)

It is easy to see that equation ([2.4)) has the unique singular point A = co. First we represent f
as the product f(n,u(n),\) = a(n,u(n), \)ZB(n,u(n), A) of three matrices, a diagonal matrix
Z and triangular matrices « and :

() =3 8) (3 )

We stress that a(n, A) and f(n,\) are analytic and non-degenerate in the vicinity of A = oo.
After the change 1) = By, equation (2.4)) casts into the required form

w(n+1,\) = P(n,u(n), \) Z(n, \).
Here P is determined by the formula P(n,u(n),\) = B(n+1 u(n+ 1), Na(n,u(n), ), namely,

P(n,u(n), \) = < L-ulny DA™ —u(n)u(n +1)A2 )

At that, P()) is analytic at infinity and principal minors of the matrix P(co) are non-zero.

3. ASYMPTOTIC DIAGONALIZATION OF THE DISCRETE OPERATOR IN THE VICINITY OF A
SINGULAR POINT

Assume that f(n,u, A) has a pole at A = \g. Then f can be expanded into the Laurent series
in the vicinity of this point:

Fnyu, N) = (A= Xo) " fy(n) + (A= XNo) " funy(n) + -+ k> 1. (3.1)

The aim of the present section is to discuss sufficient conditions for the “diagonalizability” of
equation (2.1)) in the vicinity of the point A = A\g. In accordance with work [0], equation ({2.1))
is diagonalizable if there exist formal series

R(n,A\) = Ry + Ray(A = Xo) + Riz) (A — No)* + -+ -, (3.2)
h(n,\) = hoy + h(l)(>\ —Xo) + h(g)()\ — )\0)2 4. (3.3)

with matrix coefficients R(;), h¢;) € CV*N, where h;) is a diagonal (block-diagonal) matrix for

all j such that the formal change of the dependent variable y = Ry reduces equation (2.1]) to
the form

©1=hZp. (3.4)
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Here Z = (A — A)%, d is a diagonal matrix with integer entries. We assume that det Ry # 0,
det hg) # 0. It follows from formulae (3.2)-(3.4)) that equation (2.1)) has a formal solution with
the following asymptotic expansion

y(n,\) = R(n, )\)622;10 log h(s:3) 7n (3.5)

with “amplitude” A = R(n,\) and “phase” ¢ = nlog Z 4+ """ logh(s, \).

s=ngo
We assume that the potential f(n, A) can be represented as

f(n,u(n),\) = a(n,u(n), \)ZB(n,u(n), A), (3.6)

where a(n,A) and (n,\) are analytic and non-degenerate in the vicinity of A = X\g, Z is a
diagonal matrix of the form

(A= X)) Ey 0 0
0 A—XN)2Ey .. 0
Z = : ( :0) i .. : ’ (3'7)
0 0 . (A= X)"WEy

E; are unit matrices of the size e; X e;, the exponents are mutually different 7, < 7 < ... < .
We let P(n,u,\) = 8(n+ 1,u(n + 1), \)a(n,u(n),\) and assume that the principal minors of
the matrix P(n,u, \g) satisfy the following condition:

det P(n,u, \g) # 0 for j = e1,e; +e9,e1 + €2+ e3,...,N. (3.8)
j

Theorem 1. Assume that A = \g is a singular point and the potential f(n,u(n), \) satisfies
conditions , in the vicinity of Ao and in the varying domain of u(n). Then there
exists a formal series “diagonalizing” equation in the vicinity of A = Ao, t.e., the formal
change y = Ry reduces to form , where h has the following block-diagonal structure

hiy 0 ... 0
0 he ... O

- : :22 - : (3.9)
0 0 ... A~y

Here hj; are square matrices of the size e; X ej. The coefficients R(;y and hy depend on a finite
subset of the infinite set of variables {u(k)}y——s=5 and this subset depends on .

The proof of Theorem (1] was given in work [7]. It should be said that in the proof of the
theorem, there was constructed a formal series T' = SR satisfying the equation

D,(T)h = P(n,u(n), )T, T =2TZ". (3.10)
Corollary 1. Linear equation rewritten in the following special form
Y(n+1,\) = P(n,u(n), \) Z(n, \)
18 reduced to the block-diagonal form
o(n+1,A) =h(n,\)Zp(n, )

by the transformation ¥(n, \) = T'(n, \)p(n, A) if P = D,(8)«, f = aZf and conditions (3.6]),
(3.8) are satisfied.
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4. ASYMPTOTIC DIAGONALIZATION OF LAX OPERATOR AND CONSERVATION LAWS

We consider the dynamical system
F(D,,D,v, D,,v, Dyv,v) =0, (4.1)

where the sought object is an vector-valued function v = v(n, m) with the coordinates v;(n, m),
j = 1,..., N, depending on integer n,m. The shift operators D, and D,, act by the rules
Dyy(n,m) =y(n+1,m) and D,,y(n,m) = y(n,m + 1). We assume that (4.1]) is the compati-
bility condition for linear equations

y(n+1,m) = P(n,m, [v], \) Zy(n,m),

y(n,m+1) = R(n,m, [v], \)y(n,m). (4.2)

The expression [v] means that the functions P and R depend on the variable v and a finite
number of its shifts D¥v, D*v. Let us introduce the discrete operators L = D 'PZ and
M = D, 'R. Then the compatibility condition of system (4.2]) can be written as

[L,M] =0, where [L,M]=LM —ML. (4.3)

We note that the first equation in has the form (2.3)). Assume that P(n,m,[v], \) satisfies
the assumptions of Theorem [I} P is analytic in the vicinity of A = )¢ for arbitrary integer n,
m and for all values u = [v] in some domain, while principal minors are non-zero in this
domain. We also assume that the function R(n,m, [v], ) is meromorphic in the vicinity of the
point A = )y, when u takes the values in the considered domain.

It follows from Theorem 1 that the discrete operator L = D' PZ is reduced to the quasi-
diagonal form Ly = D, 'hZ by the transformation L — T~'LT = Ly, where T(n,\) =
Yoo Ty (A — Xo)'. Tt follows from that [Lg, Mo] = 0, where My := T-'MT. By the
construction and by the above made assumption, the coefficient S in the formula My = D 'S
is a formal series of the form S = (A — \g)* > ooy Si(A — Xo) 7%

Theorem 2. The coefficients S; of the series S has the same bloc-diagonal structure as the
matrix h.

By the block-diagonal structure, S commutes with Z and we find that
D, (S)h = D,,(h)S. (4.4)

Passing to the block representation S = {S;;}, h = {h;;} in the identity (4.4)), we obtain
D, (Sii)hii = Dp(hii)Si;. Now it is clear that the equation

(Dn — 1) IOg det Su = (Dm — 1) log det hii7 1= ]_, 2, ey No, (45)

generates an infinite sequence of conservation laws for equation (4.1]). Since the function det S =
Mo det S;i is not identically zero, the logarithms in (4.5)) are well-defined.
=1 y g

5. CONSERVATION LAWS OF TWO-COMPONENT DISCRETE POTENTIAL
KORTEWEG-DE VRIES EQUATION

Consider the two-component discrete potential Korteweg-de Vries equation (cdpKdV)

(un,m - un+1,m+1)<vn+1,m - Un,erl) = 52 - 0-27 (5 1)

(Un,m - Un+1,m+1)(un+1,m - un,m—l—l) - 52 - 02- '

In this section we describe an infinite sequence of conservation laws and construct higher

symmetries for system (|5.1) by means of the method of asymptotic diagonalization of Lax

operators. Lax pair for (5.1)) was constructed in work [13] and is given by by the system of
equations

Yntim = fyn,vm Ynm4+1 = GYnm, (5'2)
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where the potentials f and ¢ are written as

0 —Un4+1,m 0 1
f _ —Un+1,m 0 1 0
N 0 _)\_1 - unJrl,mUn,m 0 vn,m ’
_)\_1 — Un,mUn+1,m 0 Un,m 0
0 —Un,m+1 0 1
. —Un,m+1 0 1 0
9= 0 02 =8 = At —upmi1Vam 0 U
02 = 0% = A — Uy U 0 Upm O

We represent the potentials f and g as f = FQ and g = G(Q, respectively, where

U 1m 0 1 0
_ 0 _UnJrl,m 0 1
F= _>\_1 — Un+1,mUn,m 0 Un,m 0 ’
0 _)\_1 - UnJrl,mun,m 0 un,m
—Unp,m+1 0 1 0
G = 0 —Un,m+1 0 1
A 4+ 0% — 0% — Uy i1Unm 0 Vpm 0 ’
0 A 40?2 = 0% —vpmittUnm 0 Upm
0100
1 000
2= 00 01
0010

Let R be the ring of matrices X, satisfying the condition 0 Xo~! = X, where 0 =
diag(1,—1,1,—1). It is easy to see that the matrices F' and G belong to the group G of
the invertible elements of the ring R.

By means of the change Q"™ ¢,, ., = Ypm, we transform system to the system of the
equations

Pn+1m = FSOn,m; Pn,m+1 = égon,m (53)
with new potentials
F _ Qf(n+m+1)FQn+m+1 _ ) _ﬁnjrl,m R ~[
-\ _anrl,mpn,m pn,m ’

é _ Qf(n+m+1)GQn+m+1 _ _ﬁn,m—l—l I ) .

( —)\71] + (0'2 - 62)] - ﬁn,m—}—lﬁn,m ﬁn,m

Here I stands for the unit block diag(1, 1), the variable p,, ,, is defined by the following formula:

0 VUnm

0 1
E- ( 01 ) |
Now system ({.1)) can be considered as the commutation condition of two discrete operators
L=D;'F and M = D_'G.
Let us reduce the equation @ny1m = F "Onm 10 special form (2.3). In order to do it, we
represent the potential F' as the product F = aZ B of three matrices, block lower triangular

o= 50 (e 0 ) oo -,

where
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matrix &, block diagonal matrix Z and block upper triangular matrix B :

joR

= (ot b, i)
QT;m—i_)\_lﬁ;Jlrl,m _ﬁ;il,m ’

_ I 0 2 _ﬁnJrl,mI
z=(g 5 ) a=( " 1)

Then the change v = ng reduces the first equation in (5.3)) to the form ¢, 1, = Pzﬁn,m, where
P = Dn—&-l(ﬁ)&a nam61Ya

_ S~ Al <1
P()\) = ( nm — Prtlm - ~Pntim ) + 27! ( Prsctim 0 ) .
Qn,m _pn—l-l,m pn+1,m 0
We see that P € R. At that, the minors
det((jn,m - ﬁn—i—l,m)a det p(OO) (55)

of the matrix ]5(00) are non-zero. We recall that g, »,, and P41, are 2x 2 blocks. By Theorem 1
there exist formal series

T=To+T N '+, h=hg+h\"+ -

such that the operator Ly:=T _1~Z~LT, where L = D;'PZ, is a diagonal operator of the form
Lo = D;'hZ. We find the series T and h by the equation

D (T)h=PT, T=2T7" (5.6)

Since

N T £
ZTZ_l — 1,1 21,2
( )\_1T2,1 159 ’

the identities

)\TLQ = %1,2, )\_1T2,1 = %2,1, T = iz, 1=1,2,
hold true. Substituting here the formal series
T:TO—F)\ilTl—F'“, %:?0+)\71%1+"',

we obtain that

)\TO,I,2 + T1,1,2 + )\717?2,1,2 +- = TO,1,2 + /\7171,1,2 + )\7272,1,2 +--

)\717?0,2,1 + )\727;1,2,1 + )\737:2,2,1 +- = TO,2,1 + )\71?1,2,1 + )\7272,2,1 +-

Toji+ AN T+ =Togi + XN Trig+-+, i=12
It follows from the latter identities that T()7172 =0, 7072,1 = 0, i.e., the matrices T and T are

block lower triangular and upper triangular, respectively, and the identities

Torr12=Tp12, Tp21=Tpr121, Tpii=Tpis, =12, (5.7)

hold true. We return back to equation (5.6)) and rewrite it as

Do(To + A T+ Yho + A h 4 ++) = (Py+ A" P)(To + ATy + ) (5.8)
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Comparing the coefficients at different powers of A, we obtain the following sequence of the
equations

D, (Ty)ho = PyT, (5.9)
Dn(Tl)iLO + Dn(To)ibl - p()Tl = plT[), (510)
_ o~ k—1 ~ ~
Dy(Ti)ho + Dy(To)hy, — PoTy = PTpy — Y Du(Tij)hy, k=2 (5.11)
j=1

Equation (5.9) is the Gauss problem on the decomposition of the matrix P, into the product
of three matrices in the group G, a block lower triangular matrix D, (), a block diagonal

~ ~—1
matrix hy and a block upper triangular T, . The solvability of this problem is guaranteed by
regularity condition ({5.5). The uniqueness of the solution to this problem is ensured by letting
the blocks of the matrix T to be equal to the unit matrices of the size 2 X 2. Since the Gauss

problem is solved in group G, we obtain that the matrices Ty, ho and T, belong to the group G.
We assume that the diagonal blocks of the matrices T, .. and T, are zero for all & > 0. We

expand each of the matrices Tk and T, into the sum of a lower block triangular matrix and an
upper block triangular matrices with zero diagonal blocks

Tk = TkL + TkU; T}c = TkL +TkU- (512)

The matrices TIU and T, can be found easily. Indeed, employing (5.7, we have TNLLQ = TO,LQ,
717271 =T 02,1 That is, there elements were found at the previous step. In order to find the
unknowns Ty, and Ty, we employ equation (5.10) written as

~ o~ ~ ~ . ~=1~ ~
hihy' + Do (Ty ') — hoTy Tivhy' = Hy,

~ ~ =~ ~ ~ o =1~
where the right hand side H, = D, (Ty )P/ Tohy' — Dp(Ty ' Thw) + hoT Tlszgl involves the
known matrices. At that, H; € R. In order to find the unknqwr}s l~11, TlL, Ty, we need to
expand H; into the sum of three terms, a block diagonal matrix hqh, ! a block lower triangular

matrix D, (T;'T1.), and a block upper triangular matrix —hoT, 1Tth5 !, And since this
problem is solved in the ring R, the sought terms also belong to R, and therefore, the matrices

Ty hy and T also belong to R. Continuing this procedure, we find all coefficients T, and hy by
the equation

~ ~ ~ ~ ~ ~—1~ .
hiho' + Dy(Ty ' Tir) — hoTy Trohg' = Hp,
where the term Hj contains the terms found at the previous step. Thus, we have proved that

all the coefficients of the series T belong to the ring R. 3 .
Let us write out explicitly the first elements of the formal series T and h:

~ O Y p 1 p
P — ~I 0 n ) Prt1,m(Prt2,m—Pn,m) )
=\ am g _ s 0 !
Pn4+1,m—Pn—1,m (ﬁn«kl,m_ﬁnfl,m)Q(ﬁn,m_ﬁnfzm)

> ﬁn,m - ﬁn—ﬁ-Q,m 0
h - < 0 ﬁn+2,m )

N ﬁn+l,m(ﬁn+2,m*lﬁn,7n)

1 0
ﬁn-‘—l,m_f)n—l,m ~ ~ - _ ~ ~ -1
+ 0 _pn+2,mpn+3,m_pn+2,mpn+1,m+pn,mpn+1,m )\ + e

ﬁ%Jrl,m (ﬁn+3,m _ﬁn+1,7n)(ﬁn+2,m _ﬁn,m)2
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We note that p is a diagonal matrix of the size 2 x 2, this is why using here the division sign
to denote the operation of the inverting a matrix for reducing the formulae length, we do not
spoil the meaning of the expressions.

The operator M = D;'G can be diagonalized as follows: M, = D;'S, where
S = D, (T 'B)GS~'T. We write out explicitly first terms of the series S-:

52_0.2 0
S Pn,m+1—Pn+1,m
S = _— .
O _62_02+pn,m(pn,m+1_pn+17m)

ﬁn+1,m

N S 0
ﬁn+1,'m*ﬁn71,m —1
+ 0 52_02+ﬁnxm+1ﬁn,m+ﬁn+2,mﬁn+l,m_ﬁn+l,mﬁn»m >\ _I_ U
ﬁi+1,m(ﬁn,m*ﬁn+2,m)

We write out explicitly three conservation laws in the infinite sequence obtained as a result of
the diagonalization

1 N -
(D” - 1) IOg ~ ~ - (Dm - 1) log(pn,m - pn+2,m)7
Pn+1,m — Pnm+1

ﬁn+1 m ﬁn m+1 1
D, —1)— — : = (D, —1)—= - - — ,
( ) (anrl,m - pnfl,m)<(52 - 02) ( ) (pn+1,m - pnfl,m>(pn,m - pn+2,m)
52 - 02 + ﬁn,m(ﬁn,erl - ﬁnJrl,m) + ﬁn+2,mﬁn+1,m
ﬁnJrl,m(ﬁn,m - ﬁn+2,m)(62 - 02 + ﬁn,m(ﬁn,m+1 - ﬁnJrl,m))

(Dm . 1) Prn+2,mPn+3m — Pn+2mPn+1,m + Prnt1,mPnm

(Dn_l) -

pn—&-l,mﬁn—‘rlm (ﬁn,m - ﬁn—&—Q,m) (ﬁn—&—l,m - ﬁn-{—?),m) ‘

Passing to the original variables v and v, we obtain

1
(D = 1) log (10,1 — u1,0)(vo,1 — V1) = (D = 1 loglu —uz0)(v ~va0),
U1 — UL Vo,1 — V1,0
D, -1 1=, + L=,
( ) {(P2 — @) (u_10 —uro) (P*—¢*)(v_10 — 01,0)}

(U—Lo - U1,o)(v - Uz,o) (U—1,o - Ul,o)(u - Uz,o)

(p? — @ +uv +vigusg)  (P* — ¢ + vp + urpvap)
(Dn—1) |-

— (D —1) {_ (v —va0) (10— trp)  (u—tz0)(v-10— 01,0)}

v10p(p? — ¢% + uv) u00(p? — ¢> + vp)

:(Dm—l)[ o L wso 1 }
V1,0001,0 U2,001,0 U1,0001,0 V2,001,0
Here we employ the notations p = u — us9, 0 = v — Va2, 1t = Up1 — U1,0, V = Vp,1 — V1 0.

We proceed to constructing the symmetries for system . The scheme of constructing the
higher symmetries of a discrete dynamical system by means of the diagonalization algorithm
was exposed in details in work [6].

We return back to the first of the linear equations in Lax pair for system and by

employing the discrete operator £ = D, IF we rewrite it as

0= Lop.

As it was shown above, the change of the variables ) = ng reduces this equation to the special
form
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with the operator L = D;'PZ. Then the formal series

T = ZT(k))\_k, h = Z iL(k))\_k (513)

k=0

“diagonalizing” the mentioned equation in the vicinity of A = oo wre found, that is, they
are such that the operator Ly := T 'LT is an operator with (block) diagonal coefficients
Lo=D;'hZ.

Following the lines of work [6], we construct the formal series

k=—M

with the coefficients (BO) having the same block diagonal structure as the elements of the
series h and being mdependent of n and such that [Lo, Bo] = 0. Tt was proved in work [6] that in

this case the formal series B’ = e k))\ given by the formula B’ = TByT~! commutes
with the operator L. Then the formal series B Zk B B(k A~* defined by the formula

B = B7'TBy(f7'T)™! (5.14)
commutes with the operator £.

Theorem 3. The coeﬁ‘iczents B ) of series - 5.14) belong to the ring R, that is, for each k,
they satisfy the relation O'B(k) = B(k where o = diag(1,—1,1, —1).

It was shown above that the coefficients T(k) of the series T lie in the ring R for each k and
3 € R by the construction. Thus, the statement of Theorem 3| is implied by formula (5.14)).
We choose By as

By =B\ ™, By = diag(1,1, -1, -1). (5.15)

Then by straightforward calculations we prove that for each k, the coefficients B(k) of the series
B satisfy the condition

BgZ = _Bfl'
Here by ij we denote 2 x 2 blocks of the matrix B(k):
- B, B
Bo = (g ) (5.16)
W=\ Bh B
Then we expand the series B into the sum B = A+ (B — A), where A = chv[:l A Ak =

Zk_f KA~ k. Then

£ B = £, 4]+ £, B — A = 0.
rl:he pOtGNIltial ~F of the first equation in Lax pair (5.3 is a rational function of the form
F = \"'F| + F,, where

= (0 0 5o —Pnt1m 1
Fl - ( —I O ) ’ FO - ( _ﬁnJrl,mﬁn,m ﬁn,m ’

M M
(L, A= [D7'F, Al = [D7' AP+ Fo), Y AN = [D7UR, A+ aph.
k=1
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On the other hand,
£, 4] = —I£,B— Al = =D\ R+ Fo), Y Bugh ™ = ~[D " Fa, Bl + Zw ‘
It follows from the latter identities that
where

R =—[D,'Fy, B = [D; ' F1, Aw)). (5.17)
It follows from the second identity in ((5.17)) that

- N —D, (A 0
D) = Fudly = D) B = (31 gn&)}l) i) (5.18)

Thus, D, (R) is a (block) lower triangular matrix. Employing this fact, by the first identity in
(5.17)), we obtain that D, (R) is of the form

e B\ Ry 0
D,(R) = —FyBg) + Dy (Boy) Fy = ( i BB Ry B ) . (5.19)

We let %D; 'F = R or %FO = D,(R). This relation introduces a differential-difference
equation. Indeed, the left hand side is of the form

dpn+1 m
dt 0
dpn+1 m o~ dpn m dﬁn,m
- < —a Pnm + pn+1 m- qr dt

and by (5.18]) and (5.19) the right hand side is

- D, () 0
n< ) B - (ﬁn-ﬁ-l,mA%Q +ﬁn,mDn (A%Q)) Ab '

Therefore,

= AL, (5.20)

In what follows we provide explicitly two higher symmetries. We choose the initial series By
as By = diag(1,1,—1,—1)A. Now the formal series B is of the form
B:B_ITB T_IB:B_U)\-FB +B(1)>\_1+~--
By construction, the formal series A consists of the elements of the series B at the p081tlve
coefficients of the spectral parameter and in this case it has the form A = A )A, where A

B( = A and A stands for the following matrix:
Pn+1, m+Dn— 1,m _ 2
A — Pn+1,m—Pn—1m Pn+1,m—Pn—-1m
- 2pn 1,mPn+1,m _pn+1,m+pn71,m °
Pn+1,m—Pn—1,m Pn+1,m—Pn—-1m
Employing (5.20)), we write out the symmetries
dﬁn,m _ 2
dt ﬁn—i—l,m - ﬁn—l,m
Returning back to the original variables u and v, we obtain the symmetries
dttnm 2 dvnm 2
= _ 7 - _
dt Un+1,m - Unfl,m dt un+1,m - unfl,m

for system ([5.1).



120 M.N. POPTSOVA, I.T. HABIBULLIN

In order to find the symmetry of the next order, we choose the initial series By as By =
diag(1,1,—1,—1)A\2. Now the sought formal series is

B = B_ITBOT_IB = B(_Q))\Z + B(_l)A + ...
Then the formal A is of the form A = 121(2))\2 + 121(1))\,

where A(Q) = B(,Q) = A’
’“] B’“ a a
(1) — (71) = ( 11 12 ) :

21 —an
and

2<ﬁn+2,mﬁn+1,m - ﬁn,mﬁn—&-l,m + ﬁn—l,mﬁn,m - ﬁn—l,mﬁn—&m)

= (ﬁn—i—?,m - ﬁn,m) (ﬁn,m - ﬁn—Z,m) (ﬁn—f—l,m - ﬁn—l,m)2 ’
ary = — — _ 2{ﬁn+27m~_ ﬁn—Q,Wj) _

(pn+2,m - pn,m) (pn,m - pn—Q,m) (pn—‘rl,m - pn—l,m>2 ’
gy = 2(ﬁi+1,mﬁn+2,m - ﬁi-&-l,miﬁn,m + ﬁi—l,mﬁn,m - ﬁi—l,mﬁn—lm)

(ﬁn+2,m - ﬁn,m)(ﬁnJrl,m - ﬁnfl,m)Q(ﬁn,m - ﬁnf2,m)
Employing ([5.20]), we obtain

dﬁn,m _ 2(25n+2,m - ﬁnflm)
dt (ﬁn+2,m - ﬁn,m)(ﬁn,m - ﬁn72,m>(ﬁn+1,m - ﬁnfl,m)2
or, in terms of the original variables, we write the symmetries
dun,m _ 2(un+2,m - un—2,m)
dt (un+2,m - un,m)(un,m - un72,m)<vn+1,m - Unfl,m)Q’
dvn,m _ 2(”n+2,m - Uan,m)
dt (Un+2,m - vn,m)(”n,m - Uan,m)(unJrl,m - unfl,m>2
of system ([5.1).
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