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Abstract. We establish estimates characterizing the decay rate as |x| — oo of solutions
to the Dirichlet problems in unbounded domains for a certain class of elliptic equations
with non-power nonlinearities.
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INTRODUCTION

Let © be an arbitrary unbounded domain of the space R,, = {x = (z1,22,..., x,)}, Q@ C R,
n > 2. We consider the Dirichlet problem for quasilinear anisotropic second order elliptic
equations

n

Z(aa(:v,u, Vu)), —ao(z,u,Vu) =0, x € (0.1)
a=1
u| =0. 0.2
- (0.2)
We assume that the functions a,(z, sg,s), @« = 0,...,n, are measurable in x €  for s =
(s0,8) = (S0,81,---,5n) € Ry41 and continuous in s € R, for almost each = € ). Suppose

that there exist positive numbers @, A and measurable nonnegative functions ¢ (z), () such
that the inequalities

> aa(r,50,8)5a 2@ Y _ Balsa) — 1(x); (0.3)

> Ba(aa(,50,5) < A Ba(sa) + ¥(x); (0.4)

> (ta(x, 50, 5) = da(x,to, 1)) (50 — ta) >0 (0.5)
a=0
hold true for almost each x €  and s = (s¢, s), t = (to,t) € R11, s # t. B B
Here By(z), Bi(2), ..., Ba(z) are N-functions satisfying the Ag-condition and By(z), B1(2),
.., By(2) are dual functions, see Section 1.
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As an example we can consider the equation

n

> (Bi(te,) + fal@))en = By(u) = folx) =0 (0.6)
a=1
with continuously differentiable N-functions By(z), Bi(2), ..., Bn(z) (see Lemma 4).

Starting from the 70s of the last century (see [1]-[4]) and till the present, the qualitative prop-
erties are intensively studied for the solutions to ellptic equations with non-power nonlinearities
both of second and higher orders. The solutions to boundary values problems for the equa-
tions of form with the functions ag(z,s), a1(z,s), ..., a,(z,s) having not only polynomial
growth in the variables sy, s1, ..., s, were considered mostly in bounded domains. For example,
in work [5], the Dirichlet problem in a bounded domain € was studied for a nonlinear elliptic
equation with a vector function a(z, s) = (ay(z, s), . .., a,(x, s)) satisfying non-standard growth
conditions described in terms of N- depending on x. The existence the renormalized solution
was proved, while under the strong monotonicity condition the uniqueness was established.

Boundary value problems in unbounded domains for quasilinear elliptic equations with power
nonlinearities were also studied in works [6], [7]. It should be noted that a solution to an elliptic
problem in an unbounded domain with non-summable data belongs to the corresponding space
of locallly summable functions. As a rule, to ensure the uniqueness of the solution of the
corresponding boundary value problem in an unbounded domain, one has to impose a restriction
for the growth of the solution at the infinity, while for the existence of a solution in the selected
class one usually needs the restrictions for the growth of the input data [§].

In 1984,by the semi-linear equation

—Au+ [uf*Pu= f(z), z€R, po>2

H. Brezis showed [9] that there exist elliptic equations for which there exist unique solutions
to the boundary value problems with no conditions for their behavior and the growth of the
input data at the infinity. Namely, H. Brezis established the existence and the uniqueness of
the solution u € Lp,—110c(Ry) as f € Ly joc(Ry). The results by H. Brezis were generalized for
the equations of higher order by F. Bernis [10].

In work [I1], J.I. Diaz and O.A. Oleinik employed the energy integral method and established
apriori estimates for a solution to prove the unique solvability for the boundary value problem
with homogeneous boundary condition of first and second type (in particular, for the Dirichlet
and Neumann problems) for semi-linear equations with variable coefficients

=3 (@), + @@l = fr), T Q po>2, (0.7)
ij=1
a;j(x) € Looioc(2), ao(r) € L110c(2), ao(x) = ap > 0 with no conditions at the infinity.
Moreover, in [I1] the authors studied the asymptotic behavior at infinifty for the solution to
equation (0.7). Under the conditionf(z) = 0, z € Q\ Q(ro), Q(ro) = {z € Q| |z| < 7o}, ro > 0,
for a solution to equation the estimate

lu(z)| < Cylz|~Y®=2 2 e Q\ Qr). (0.8)
was obtained. Under an additional restriction for the geometry of the unbounded domain €2
the inequality

lu(z)| < Che @l 2 € Q\ Qrg), a>0, (0.9)
was established.

In work [12], M.M. Bokalo and E.V. Domanska studied boundary value problems in un-
bounded domains for elliptic anisotropic equations with variable nonlinearity exponents. At
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that, the well-posedness of the boundary value problems was proved with no restrictions for
the growth of the solutions and data at the infinity.

The authors of the present work succeeded to select some class of elliptic equations having
not only power nonlinearities and to obtain the results close to the cited above. For instance,
in work [I3] by L.M. Kozhevnikova, A.A. Khadzhi, the solvability of the Dirichlet problem in
unbounded domains was established with no restrictions for the growth of the data at infinity.
Under additional restrictions for the stucture of the equation, in [14] the uniqueness of the
solution to problem , was proved with no restrictions for the growth of the solution
at the infinity.

Here we obtain the estimates characterizing the behavior as|x| — oo of the solution to
problem , in unbounded domains 2. A power estimate was established for the
solutions to anisotropic equations in arbitrary unbounded domains (Theorem 2). For “non-
wide” unbounded domains we obtained an exponential estimates for the solutions to isotropic
equations (Theorem 3).

1. N-FUNCTIONS AND SOBOLEV-ORLICZ SPACES

Let us provide necessary information from the theory of N-functions and Sobolev-Orlicz
spaces [I5]. A non-negative continuous convex function M(z), z € R, is called N-function if it
is even and lin(l)M(z)/z =0, lim M(z)/z = co. We note that M(ez) < eM(z) as 0 < € < 1.

zZ—> Z—00

For an N-function M (z) the integral representation M (z) = foz‘ m(6)df holds, where m(9) is
positive as § > 0, is non-decreasing and right continuous as # > 0 and m(0) = 0, elim m(f) = oo.
—00

For an N-function M(z) and its dual N-function
M(z) = sup(y|z[ — M(y))
y=0
the Young inequality
2yl < M(2)+ M(y), zy€R (1.1)
is satisfied [15, Ch. I, Sect. 2, Ineq. (2.6)].
Given N-functions P(z), M(z), we write P(z) < M (z) if there exist numbers [ > 0, zy > 0
such that
P(z) < M(lz), |z| = 0.
N-functions P(z), M(z) are called comparable if one of the relations P(z) < M(z) or M(z) <
P(z) is satisfied. N-function P(z) and M(z) are called equivalent if P(z) < M(z) and M (z) <
P(z).
(A)n N-function P(z) grows slowly than an N-function M(z) (P(z) << M(z)) if

ZILI?O P(z)/M(lz) =0

for each number [ > 0.
An N-function M (z) satisfies the Ay-condition for large z if there exist numbers ¢ > 0, zyp > 0
such that M(2z) < ¢M(z) for all |z| > 2zp. The Ay-condition is equivalent to the inequality

M(lz) < c(l)M(z) (1.2)

as |z| = zp, where [ is an arbitrary number larger than one, ¢(l) > 0.

In each class of equivalent N-function obeying the As-condition there exist N-functions
satisfying inequality for all z. Hereafter we assume that the As-condition is satisfied for
the considered N-functions for all values z € R (i.e., zo = 0).

Due to the convexity and estimate , the N-function M (z) satisfies the inequality

M(y+z) <cM(z)+cM(y), zvyeR. (1.3)
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Let @ be an arbitrary domain in the space R,,. The Orlicz class Kj/(Q) associated with an
N-function M (z) is the set of functions v measurable in @) such that

/MMMM<W
Q

The Orlicz space Ly (Q) is the linear span of K;(Q). we shall consider the Orlicz space Ly (Q)
with the Luxembourg norm

HUHLM(Q) = ||U||M,Q =inf ¢ k>0

/M(v(x)/k) dr <1
Q

The Orlicz class Kj(Q) coincides with the Orlicz space Ly (Q) if and only if M (z) satisfies
the Ag-condition [15 Ch. II, Sect. 8, Thm. 8.2].
Given a function v € Ly (@), the estimate

|vllmg < /M(v)dx+ 1 (1.4)
Q

hold true [I5, Ch. II, Sect. 9, Ineq. (9.12)]. Functions u € Ly (Q), v € Ly;(Q) saitsfy the
Holder inequality [I5, Ch. II, Sect. 9, Ineq. (9.24), (9.27)]:

/Qu(x)v(x)dx

Given N-functions By (2), ..., Ba(z), we introduce the Sobolev-Orlicz space H5(Q) as the
completion of C§°(Q) w.r.t. the norm

< 2fjullaellvlizgg- (1.5)

n
ol @) = D lvrall -
a=1

The norms in the spaces L;(Q), Loo(Q) are denoted by || - |10, || - llcc.s respectively.

We let
n 1/n
h(t) =t~/ (H BJ@))
a=1

1
and assume that the integral [ h(t)/tdt converges. Then we can define an N-function B*(z) by
0

the formula
|2

(B*) (2) = /h(t)/tdt.
0
We provide the embedding theorem by A.G. Korolev [16] proven for bounded domains Q.

Lemma 1. Let v € H5(Q).
1) If

o

/ﬁ@ﬁﬁ:m, (1.6)

1
then H}g(Q) C Lp-(Q) and
[0ll5.@ < Aillvll g1 )
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2) If

/h )/tdt < oo, (1.7)
1
then HL(Q) C Loo(Q) and
[l[cc < Allvll g,

o0
Here Ay =21 Ay = bf@dt.
Thanks to the As-condition, the convergence in the norm is equivalent to the mean conver-

gence [15, Ch. II, Sect. 9, Thm. 9.4]. Moreover, in [I7] the following lemma was proved.

Lemma 2. If an N—functian M(z) satisfies the Ag-condition, v(x), v'(z) € Ly(Q), i =
1,2,..., v'(z) = v(x) in Ly (Q), then

/|M M@)|dz — 0, i— oc. (1.8)

FORMULATION OF THEOREMS

Assume that N-functions By(z), Bi(2), ..., B,(2) and their dual N-functions Bo(2), B1(2),
.., Byn(z) satisfy the Ay-condition.
By Lg(2) we denote the space Lg, (2) x Lz, (2) x ... X Lz (£2) with the norm

lgllLg@ = llgollz, 0 + lorllz, 0+ -+ lgnllz, 00 &= (90 91, 9n) € Lp(€d).

We introduce a Sobolev-Orlicz space W4 () as the completion of the space CS°(2) w.r.t. the
norm

Iolhig oy = ol + ol g
If condition (|1.6)) is satisfied, we assume that
By(z) < B*(2), (2.1)

while in the case of (1.7] ., By(z) is an arbitrary N-function.
We define Ly 10(Q), W3 1OC(Q) as the spaces consisting of the functions v(z) defined in

and such that for each bounded @ C € there exists a function in the space L1(Q), W(€),
respectively, coinciding with the function v(z) in Q). For nonnegative functions we assume that
U(x), () € L110c(Q). In the same way we define the space Lg lOC(Q)

We define the operator B : WBJOC(Q) — L110c(9) by the formula
B(v) = Bo(v) + Y _ Bal(vs,), v € W, (Q).

We denote
a(z,s) = (ao(x,8),a1(z,s),...,a,(x,8)).
Employing (1.4)), by condition (0.4)) we get the estimate

la(z, u, Vu)|lLgq Z laa(z, u, Vu)llz, o

< Z/Ea(aa(x,u, Vu))dz +n+1< AIBW)|ig+ %o +n+1

(2.2)
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for u € WéJOC(ﬁ) and each bounded Q C Q.

Given an element a(z, u, Vu) € Lg,,.(Q), for compactly supported v(z) € WL(Q) we intro-
duce a functional A (u) by the identity:

A = [

Q

Employing Holder inequality (1.5]), for functions u(x) € Wé?loc(ﬁ), v(z) € WA(Q) (supp v =

(),) we obtain the inequalities

(i Ao Vs, + aov> dx. (2.3)

a=1

n
(A (), 0)| <2) laallg, g llvnll o, + 2la0lz,q, 10ll500, <

a=1

(2.4)

< 2[la(z, u, VU)HLg(Qv) UHWé(Q)'

Thus, estimates (2.2)), (2.4) imply the boundedness of the functional A(u) in the space of
compactly supported functions in W5 ().

Definition 1. A generalized solution to problem (0.1), (0.2) is a function u(z) € Wéﬂloc(ﬁ)
satisfying the integral identity
(A(u),v) =0 (2.5)
for each compactly supported function v(x) € Wé(Q)
We suppose that there exists 0 < e < 1 such the conditions
B, (2 < Bo(2), a=1,2,...,n, (2.6)

hold true.

In work [I3], the solvability of problem (0.1]), (0.2) was proven in arbitrary unbounded do-
mains 2. Namely, the following theorem was established.

Theorem 1. Assume that conditions (0.3) — (0.5), (2.6) are satisfied. Then there exists a
generalized solution u(z) to problem (0.1)), (0.2).

A power estimate for the decay rate of the solution was obtained under the condition that
B.(z) = colzP*, |2| <1, pa>1, >0, a=01,...,n. (2.7)

We note that given an arbitrary N-function B (z), such N-function can be constructed easily:

_ BORP, < B
B<Z>‘{B<z>, EESTE Tey

At that, the functions B(z), B(z) are equivalent.
We assume that the exponents p,, o« = 1,...,n, are ordered: p; > py > ... > p, and obey

the conditions:
n

1
Po > P1, Z — > 1. (28)
a=1 1%
Then then numbers ¢, = 22> « = 1,...,n, are ordered as well: ¢; > ¢ > ... > ¢,. We

Po—Pa’
assume that

qn > M. (2.9)
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Theorem 2. Assuem that conditions (0.3)—(0.5)), (2.6)—(2.8) are satisfied. Then there ezists
a positive number My such that a generalized solution to problem (0.1)), (0.2)) satisfies the

estimate
IB(u)|l106/2) < My (r" " + |0+ ¥lliom), =1, (2.10)
where Q(r) ={z € Q| |z| <r}.

For example, the assumption of Theorem |2 are satisfied for equation with the functions

2P |2 < 1
Bal(z) = { 2P (I 2] 4 1), |2 > 1

under an appropriate choice of p, > 2, « =0,1,...,n (see Example 1).

For unbounded domains located along a selected axis, in works [I7], [I§] the authors es-
tablished exponential estimates for the decay rate of a solution to problem (0.1), (0.2]) with
compactly supported data in terms of a special geometric characteristics. Here we succeeded
to obtain an exponential estimate for the isotropic case

B.(z) =B(z), a=12,...,n, (2.11)
for unbounded domains satisfying the only condition

dir) =diam~(r) < D, D>0, ~r)={zeQ|l|z|=r}, r=mr. (2.12)

Theorem 3. Assume that conditions —, , (2.11), (2.12)) hold true. Then there
exist positive numbers k, Ma, 1o such that a solution u(zx) to problem (0.1), (0.2)) satisfies the

estimate

IB(u) 11, 00/2) < My (exp (=rr) i~ + || + Ul qen) (2.13)
for all r > ry.

It should be mentioned that estimates , obtained in this work are in an agreement
with the results of paper [11].
3. PRELIMINARIES
Lemma 3. Assume that N-functions By(z), Bi(z), ..., B,(2) satisfy conditions (2.6]), then
B,(z) << By(z), a=12,...,n. (3.1)
For the proof of Lemma see [13, Rem. 6].

Lemma 4. If the functions b,(ss) = B.(Sa), Sa = 0, « = 0,1,...,n, are continuous and

strictly monotonous, £ = (fo, f1,.. ., fn) € Lig1,.(§2), then the functions
(7, 84) = Bl (8a) + fa(®) = ba(]8a])sign sq + fa(x), a=0,...,n,
satisfy conditions (0.3)) — (0.5)).

For the proof of the lemma see [I3 Rem. 5].
Hereinafter in this section by C; we denote positive constants.

Lemma 5. Assume that N-functions By(z), B1(2), ..., Bn(2) satisy conditions (2.6)), then
for the N-functions To(z) = Ba (Ma(2)), (Ma(2) = B'(Bo(z)) there exist numbers ¢ > 0,

T = q, such that the inequalities
To(z) <clz|", 2|21, a=1,2,...,n, (3.2)
hold true.
For the proof of the lemma see [14, Lm. 3.3].
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Lemma 6. Assume that N-functions By(z), Bi(2), ..., Bu(2) satisfy conditions (2.7, (2.8),
then for the N-functions To(z) = Ba (Ma(2)) there exists a number ¢ > 0 such that the
imequalities

To(2) <clz|™, |2|<1, a=1,2,...,n, (3.3)

hold.
For the proof of the lemma see [14, Lm. 3.4].

Lemma 7. Let X4 be a spherical segment of a diameter d on the sphere of a radius R,
d < R/8, in the space R,,, n > 2. If an N-function B(z) satisfies the Ay-condition, then there
exists a constant c¢(n) > 0 such that the function v(z) € C§°(R,), UlERd € C3°(XRa) satisfies

the inequality

/B(v)dSéc/B(cﬂVdeS. (3.4)

XR,d YR,d

For the proof of the lemma see [19].

4. PROOF OF THEOREM 2

Proof. Let £ be an absolutely continuous nonnegative compactly supported function. Letting
v =E&Pu, p > 7, in identity (2.5) (see Lemma 5), we obtain the inequality

/fp ( ao (T, u, Vu)u,, + ag(x,u, Vu)u ) dx

(4.1)
S pZ/ ’aa(xv u, VU)HUH&?@ ($)|§p_1dx =D Jl'
a=1
Applying (L.1), for € € (0,1) we get
Z/gp( (ean(x,u, Vu)) + B, <€€za>)da:
(4.2)

/fpaB (ao(z,u, Vu)) d:l:+Z/£pB ( £$")algz::JHJrJlg.

Let us estimate integral Ji5. Since according to Lemma , relations (3.1) hold true, then
the N-functions By(z) = B,(M,(z)) can be represented as compositions of two N-functions

M,(z), Ba(z), « =1,...,n. Applying (1.1)), (1.3)), we establish that

J12<Z/£pB { W(eu) + M, (81 |v€§|>}d:c

S [e(emvren(mBENe  w

:Cl En/é-pB()(U)dl' + Jz ,
Q
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where
Ty = i / o, (é@) dz, Ta(z) = By (Wa(2). (4.4)

Combining (4.2), (4.3) and employing condition (0.4), we get

Ji < / ¢Pe <21 > Ba(ug,) + (Cin + E)Bom)) dx
& - (4.5)
+ /fp\I/dZ' -+ Cljg < 602 /pr(U)d.f + /é-p‘ydl' + 01J2.
Q Q Q

Employing (0.3]), by (4.1)), (4.5) we obtain the estimate
d/{pB(u)da: < epCy /ng(u)d:c —|—p/§p {U + ¢} dx + Cipls.
Q

Q Q

Choosing ¢ sufficiently small, we have the inequality

IEB )|, < Cs / & (W + 0} dr + Cudy. (4.6)
Q

Let ryp be an arbitrary positive number. We fix » > 1y, and consider the cut-off function
£(x) = 2(r* — |z[?) as |z] < r, £(x) = 0 as |x| > r. Let us justify the finiteness of the integral
Jy. Tt is obvious that |V¢| < 2. Employing (3.2)), (3.3]), we get the inequalities

& C
B<) / &, <?5) da < Cy / & dy 4 Oy / & Tdx. (4.7)
*=lo(r) Q(r){z| Cs/&(x)<1} Q(r){z| Cs/&(x)>1}

As a result we have
Jo < Cor™ ™ *P p > 1, 1 > 1. (4.8)
It is obvious that {(xz) > r —rg as |z| < rg and this is why by (4.6)), (4.8) we get the inequality

r

P
1B(w)]]1,000) < Co ( — 0) (||\I/ + YllL00) + Tn—qn) . (4.9)

Letting 7o = r/2 in (4.9)), we arrive at estimate ([2.10)). O

Corollary 1. Assume that conditions (0.3)—(0.5) hold with ¢ = ¥ =0 in Q and conditions
(2.6)—(2.9). Then a generalized solution u(x) to problem (0.1)), (0.2)) vanishes in €.

Indeed, letting ¢ (z) = ¥(x) = 0, x € Q, in (4.9)) letting r tend to infinity, we obtain that
1B (u)]]1,00) = 0 for each ro > 0. It follows that By(u) = 0 in €2 and hence u = 0 in €.

5. PROOF OF THEOREM 3

We fix r > max(2ry,79,32D) (r is from condition (2.12)), while 75 will be detemined below).
Let O(x), x > 0, be an absolutely continuous function equallting to one as x < r/2, vanishing
as x > 2r, being linear as = € [r, 2r| and satisfying the equation

0'(x) = —00(z), x€(r/2,r), (5.1)
the constant ¢ will be determined later. Solving this equation, we find

O(z) =exp(—o0(x—1/2)), x€(r/2,r),
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then . .
0 (z) = g = —exp (=or/2), x € (r,2r). (5.2)

Letting &(z) = 67(|z]), p = 7, in (4.1) and applying (5.1), (5.2)), we obtain
/9” (Z ao(x, u, Vu)uy, + ag(x,u, Vu) ) dx <pz / \ul|a(x,u, Vu)|06Pdx

Q B fam\ar/2)
—|—pi / 0P Hullag(z, u, Vu)|®dx =pli + pls.
r
“=lo@ri\ae)
Employing (L.1), be means of (0.4), (2.11)) we estimate the first integral (e; € (0,1)):

I, <Z / ( (e1aq(z,u, Vu)) + B (ug)) du

r\Q(r/2)

< / (51AZB Uy, > dx + I,

Q(r)\2(r/2)

[12 = / 0B (U/£> dzx.
€1

Q(r)\Q(r/2)
We choose ¢; < & and J so that § < &y
Thanks to the inclusion v(p) C 3, 24(,), the inequality

112 g i/ep / dep
€1

/2 2 p,2d(p)
holds true for a function u(az) e C5e ().
Employing inequality (3.4) and condition (2.12)) as well as ([1.2)), we get

(5.3)

I < —c/ep / B<2d(p)|vu|)dsczp<clgljep(p) / B(|Vul)dSdp.

/2 Xp,2d(p) r/2 ¥(p)

By (1.3) we obtain the inequality

5 n
Is < 02—2 / 07 (1)) B(us, )dz. (5.5)
€1
*=lonae/2)

Employmg Lemma [2 I and passmg to a limit, we get. inequality (5.5 . ) for a function u(z) €
WB,100<Q) Combining (5.4 , choosing 6C5 < €155, we obtain

a

h<p / OBlu)ds + [V enar o) (5:6)
Qr\Q2(r/2)

Let us estimate the integral I,. Employing (1.1]), for g5 € (0,1) we get

Z / 0" B (2200 (z, u, Vau))dz + n / 0" (ﬂﬂ))) dr = Ip, + L. (5.7)

g9 10(| 2|
*=loen\ar) Qr\Q(r)
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Let us estimate the integral I5;. Thanks to relations (3.1), we can represent the N-function
By(z) = B(M(z)) as a composition of two N-functions M (z), B(z). Employing (1.1)), (1.3), we

obtain
I <n / 0PB § M(gou) + M 1 ) dx
s ’ 3 70(|z])
Q2r)\Q(r)
— (1 0(r)
< oP B Bl{M|—= d
o/ (C o) + Cs < (eareuwo))) ! 53)
Q2r)\Q(r)
=Csn | e / GPBO( )dx—l—Ig, ,
Q2r)\Q(r)
where
1 6(r) _
I3 = T | ———= | d T(z)=B(M . )
o= [ ot () 7= B @) o9
Q2r)\Q(r)

Combining (5.7)), (5.8) and employing condition (0.4)), we get

12 <€2 / <AZB U$ TLCg + A)B()( )) dx

Q(2r\a(r) (5.10)
+ / OPUdr + nCsls < e9Cy / "B (u)dx + / Vdx + Cyls.
Q2r\Q(r) Q2r\Q(r) Q2r\Q(r)
We choose €3 < 47— to obtain
h<l / "B (u)dx + / Wdz + Culs, (5.11)
Q(2r)\Q(r) Q(2r)\Q(r)

Substituting estimates into and employing condition , we get

IB(w)]|1.02) < Cs / (U + ) de + Cs T, (5.12)
Q(2r)

Let us estimate the integral I3. We let ro = 1/£3, then as r > ry, due to the convexity of the

function 7'(2), the inequality
I3<r—2 / QPT(Q(T))dx
r 0(|x)

Q2r)\Q(r)

holds true. As |z| € (r,2r), the inequality 0(|z|) < 6(r) is satisfied and applying Lemma [5], we
obtain the estimate
I3 < — / OP~" (|z))07 (r)dx < Cor™exp (—pr/2). (5.13)

r
Q2r)\Q(r)

Combining (5.12), (5.13), we get (2.13).
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6. EXAMPLES
Ezample 1. Let n =3, p1 = 11/3, po = 11/4, p3 = 11/5,

(e, 2 <1
Balz) = { St (e 1), |2 > 1,

Since |z[Pe™! < By(2) < |2|Pe as |z| > 1, then tV/®Pa=V) > BoY(t) > t/Pe ast > 1, a =1,2,3. Tt
follows that

a=1,23.

1
h(t) =t/%, 0 <t <1, / t~ h(t)dt < oo,
0
(% > () > 1B > 1, / t7 h(t)dt = oo
1

and hence, we can define the functions (B*)~!(t), B*(z) and to satisfy the relations
(B*)74t) =33tV 0 <t <1, 504/131¢13°% > (B*)~1(t) > 33tV t > 1,
B'(2) = (|21/33)", |2 < 33, (131/504]=])™/* < B (|2]) < (|21/33)7, |2] > 33
We take By(z) = |2|*?/!'. Such choise of the functions B,(z), o = 0, 1,2, 3, ensures conditions

7 '

We consider the functions ag(z, 2) = |2/ 2 + fo(x),

PalzlPo2z, 2] <1
o (2, 2) = fa(®) + Bo(2) = fa(z) + { |2[Pe=32 (pe — DI |2| + pa), |2| =17

fa € Lga’loc(ﬁ), a = 0,1,2,3. According to Lemma , conditions ((0.3)—(0.5) are satisfied.
Thus, by Theorem , there exists a generalized solution to problem . .
Since 1/p1 + 1/ps + 1/ps = 12/11 > 1, g3 = 22 = 462/89 > 3, conditions (2.8), ([2.9) are

Po—p3

satisfied as well. According to Theorem [2 I generahzed solution to problem 1) (10.2) obeys
the estimate

IB(w)lloe/2) < M (r7 % + |+ ¥lliaw), =1 (6.1)

Ezxample 2. Let n > 2,2 <p <n,

-1 (_ ptl
B<Z>:{|z2|p (1_nl|z|+,,1), ol <1
-1+ 2P (Infz[ + 1), \2121

Since B(z) > i1| P~1 as |z| < 1, then B™! ( > as 0 <t < %. Moreover,

|2|P~! < B(z) < p—l|z|p as |z| > 1, and this is why < > <B7Ht) <tV D ast > %- It
follows that

n—p 1 1
h(t) < Cytion, 0<t<Pt / t ™ h(t)dt < oo,
0

p—1
n— n—p+1 1 o0
Cot ™" < h(t) < 135, t>ﬁ%a /ﬁf%@ﬁzw
b= 1
and we can define functions (B*)~1(t), B*(z) and to satisfy the inequalities

n— n 1
Csl2| ™ < (BY) ™\ (2) < Gyl 70D, |2] > fiy
p_

n(p—

Cs| 2| < B*(z) < Cs|z|5, |2| > Ch.
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We take py = Z(_’;I;li,

po—1 /7
A+ e (Infe] + 1), |2 > L.
Such choice of the functions By(z), B(z) as p > (14++/1 4 4n)/2 ensures conditions (2.1)), (2.6).
We consider the functions
to(2,2) = fo(x) + B'(2) = fa(x) + |27z (p = DI |2|| +p), a=1,....n,
ao(x,2) = fo(x) + BY(z) = |2[P°32 ((po — 1)|In|z|| + po). According to Lemma [4] conditions
(10.3)—(0.5) are satisfied. Thus, by Theorem , there exist a generalized solution to problem

01). 02).
According to Theorem [3| a generalized solution to problem ((0.1f), (0.2) in the domains satis-
fying condition (2.12) obeys the estimate

IB(u)ll100/2) < Mz (exp (—rr) " + v + ¥llioen) . 7= 70

BQ(Z) =

{ et (~ o]+ 22 <1
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