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ASYMPTOTICS FOR THE EIGENVALUES OF
A FOURTH ORDER DIFFERENTIAL OPERATOR
IN A “DEGENERATE” CASE

KH.K. ISHKIN, KH. KH. MURTAZIN

Abstract. In the paper we consider the operator L in L?[0,400) generated by the
differential expression L(y) = y — 2(p(z)y’)’ + ¢(2)y and boundary conditions y(0) =
y”(0) = 0 in the “degenerate” case, when the roots of associated characteristic equation has
different growth rate at the infinity. Assuming a power growth for functions p and ¢, under
some additional conditions of smoothness and regularity kind, we obtain an asymptotic
equation for the spectrum allowing us to write out several first terms in the asymptotic
expansion for the eigenvalues of the operator L.
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1. INTRODUCTION

The features of the spectral problems for ordinary differential operators allows one to employ
one of the most effective methods based on asymptotic estimates for a fundamental system of
solutions (FSS) of the equation

Ly = Ay, (1)
(see, for instance, [1],2]). For example, if L is some self-adjoint extension of the minimal operator
generated by the differential expression Ly in L?(a,b) [1] and it has a discrete spectrum with
the counting function N(r), in order to study the asymptotics of N(r) (as r — 400), one can
employ the Tauberian technique, but first WKB-estimates [3, Ch. I, Sect. 2] for kernel of the
resolvent (L — \)~! should be obtained for large A far from the spectrum of L. This kernel
is expressed in terms of FSS for equation . But if we need to find several first terms in
the asymptotics for the eigenvalues A, taken in the ascending order counting multiplicities as
n — +oo, then the Tauberian technique can not be applied and one has to “descend” to the
spectrum and to study the asymptotics of the solutions to equation as A\ goes to infinity
along a set containing the spectrum of L or a part of it. In the case, when the operator L is
singular [I], this circumstance, as a rule, gives rise to the turning points [3, Ch. I, Sect. 1];
in their vicinities the WKB-estimates do not work anymore. The method of pattern equations
(Langer method) [4] allows one to obtain an approximate solution to equation (1| suitable both
in the vicinity of the turning point and far from this point becoming the WKB-solution. This
method is both effective for self-adjoint and non-self-adjoint spectral problems [5]. At present,
the spectral problems with a turning point are quite well studied for two-terms operators [6]—
[11].
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In the paper we consider the operator L in L?[0, +00) generated by the differential expression

L(y) =y = 2(p(x)y') + q(x)y (2)
and the boundary conditions
y(0) =y"(0) =0 (3)
in the “degenerate” case, when the roots of the associated characteristic equation have different
growth rate at infinity [2, Ch. IX, Sect. 4]. Assuming a power growth for the functions p and
¢, under some additional smoothness and regularity assumptions we obtain the asymptotic
equation for the spectrum, which allows us to write several terms in the asymptotic series for
the eigenvalues L.

2. PRELIMINARY REMARKS

2.1. Main condition for the coefficients. We impose the following conditions for the
real-valued functions p and ¢:

1. Asx > xy (zog > 0 is a constant), the functions p and ¢ have absolutely continuous
derivatives satisfying the inequalities

' < ¢'(x) < A, b < pl(e) < By (4)
where a1, Ay, by, B1, a, § are positive constants and
a < 20, (5)

the second derivatives of the functions p and ¢ are sign-definite almost everywhere.
2. The functions p and ¢ are summable on [0, x].

Remark 1. It follows from equation that as x > 1 (r1 > x0),
az® < q(z) < Az®, br” < p(x) < B2, (6)

where a, A, b, B are positive constants. Therefore [1l, Sect. 24, Thm. 2|, the spectrum of each
self-adjoint extension of the minimal operator generated by expression 18 discrete.

In what follows, under additional restrictions for the functions p and ¢, we obtain the double
asymptotics [3, Ch. 2, Sect. 7] of solutions to the equation I(y) = Ay, which, in particular,
implies that the deficiency indices of the operator Ly are equal to (2, 2). The latter fact yields
the self-adjointness of the operator L.

Remark 2. The conditions under which the deficiency indices of the minimal operator gen-
erated by expression are equal to (2, 2) were studied by many authors [12]-[18].

2.2. Reduction of the main equation to the canonical form. We introduce the nota-
tions. Let x(z) be an infinitely differentiable function equalling to one on [0, x| and vanishing
on [zo+ 1,00). We let

pi(@) = p(@)(1 = x(2)), @(r)=q@)(1—x(@), fl@,Xp)=p"=2pp*+q -
0 1 0 0 00 00
0O 0 1 0 00 00

A= 0 2 0 —1 | 2=X[ 02 00
¢@—X 0 0 0 g 0 00

Let Y = (y,y™M, ¢, yB)T where y¥ stands for the kth quasi-derivative [I, Ch. V, Sect. 15].
Then the equation Ly = Ay is equivalent to the system of the equations

Y' = (A + A)Y. (7)

The characteristic polynomial of the matrix A; coincides with the function f(z, A, ). The
roots of the equation f(z, A\, u) = 0 form two pairs

pi2 = E11,  psa = E£/1h,
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where 119 = p1 £ VD, D = p? + X — q1, the branch of the root /2 is chosen so that y/z > 0 as
z > 0. Since vy = (¢1 — A) /11, it follows from inequalities (4] and (5)) that for each fixed A > 0

and for each 1 < 4,7 <2
tj+2 = o(pi), T — 00,
that is, the “degenerate” case holds true.

Hereafter we assume that 8 < a + 2.
We introduce the matrices

Ay = djag(A(n, AO?)v
. O 1
Ao = (/ndiag(l, —1), Agp = ( vy 0 ) 7

_ I, I .
T =D ( A21 AQQ )dlag(MVV, L),

I5 is the unit matrix of second order,

Ay = diag(vy, —1n), Ay = diag(ve, —14),

1 1 L,
W= ( 1 -1 ) LMy =diag(vy ),
B, =-T7'T, By =T 'A,T.

The entries of the matrix B; can be easily written:
B B
B —
! < By By ) ’
Bu=( Y b Buy = W diag(bs, bs)
11 bl 0 9 12 2,Y3)
By, = diag(bs, bs)W, By = diag(ba, —b),

by _i_ p b2:_V1 @)
vy 2D’ WD’
by = Z by — i
Nork 2v/D
Let
X1 X
X —
(X21 X22>
1
X1 = —5148113117
1
X9 = ————= (Ap1(Bia + B2 Ap2) ,
12 2\/5( 01(Bi2 12402)
1

Xoy = ——— (By1 Ag1 + AgoBar)
21 2\/5( 214101 02 21)

0 O
Xog = .
22 ( _b4 0 )
One can check easily the relations

TilAT == AO, XAO - A()X - Bl.

Then the substitution
Y =TI+ X))V

(10)

(11)

(12)

(13)

(14)
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transforms equation to the form
V= (A + 21V, (15)
where
71 = (14 + X) M (B1X — X'+ By(I, + X)). (16)
3. EQUATION FOR THE SPECTRUM

3.1. Formulation of the main result. We introduce the notations:

3 [* 2/
g(xa )‘> - 5 |V2‘ dt SgIl(I - CL)\),
ax
§= (€)M K@) = 2
_ " "
K@Aw=ﬁDmeAn+(@%%¥L)mmAﬂ;

ay is the root of the equation ¢(ay) = A.
The main result of this section is the following theorem.

Theorem 1. Assume that for 5 < o+ 2, Conditions 1), 2) hold and moreover,

3. The function K(t,\) is bounded in some vicinity of the point t = 1 of the form (1—4,1+9)
(6 > 0 is independent of \) uniformly in X\ = Ay, Ay > 0 is a constant.

Then the eigenvalues of the operator L are determined by the equation

sin ®(\) + K (\) cos ®(A) + O(b(A\) + A7) =0, (17)
where

ax
o) = [ e+

0

_ 5 ™[ s vy(vavy — 114

K(\) = —r (@()\) — 4> + 2/0 2 (64 +b;, — K(t,\) + 3D dt, (18)

a t /\2 /! Z

AL : + g | Ipi]
b(A :/ 1% 1/26Xp (z 12 1/2dt) {(pl) + + x| Ip|| dt, 19
M=/ I 1 5+ T (19)
5:m1n{1,a+2_ﬁ,a+2_5+ 1}

2 o 3o @

If the function p has an absolutely continuous derivative on the entire half-line [0, 00), then the
number 1/2 in the definition of 0 can be replaced by 3/2, while in the integral b(\) the term |xp|
can be replaced by 0.

3.2. Pattern equation. Let
@) = [ Qe = [ Il
0 ax

We choose pattern equations as
Vo = diag(Vor, Voz),
%l = €Xp (dlag(Qb _Ql)) )

. U1 U2
%2 - ( ,Ui ’Ué ) )
v = BU(S('Ia )‘))7 Uy = BU(f(l‘, )‘))7
where v(§), u(§) are real Airy functions [19, Sect. 7.4.3].
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It is easy to check that Vj satisfies the equation
‘/0, - AO% + ZQ%?

Z2 = dlag <O, S—Jo) > (20)

S
00
Joz(l 0)’

where

0 is the zero matrix of second order.
We introduce the notations

J = diag(1, 1),

_ 17 X 2 Ay,
st ={ 1z 1)
D(x,\) = exp[diag(Q1J — dQ2J)], (22)
TO(xv )‘) = dlag (17 17 |V2|70(I7)\)/4 ) |V2|U(x7)\)/4> ) (23)

where o(z, \) is the characteristic function of a set, [0,00), (ax(1 — d1),ax(1 + d2)), 01, 09 are
determined by the relations

— Qa(ax(1 —61),A) = Q2(ax(1+ d2),\) = 1. (24)
We let
Vo(x,A) = Ty VoD (25)
It follows from the asymptotic formulae for the Airy functions [3, Ch. 4, Sect. 1] that

‘70 = diag([27 ‘/%;)7

= 1/2 1 _ ;-

Va=( 13 1) [B+0@D+00 "] Qurboe, (26)
~ ([ sin® cos® 5 1 0 1
V()Q_(—cosq) sin@)[[z_ﬁc22 (—1 0)

(27)
1 0(Qy) + O, |u2|3/2>} Qs oo,

3.3. Integral equation. Applying the method of variation of constants, for FSS of system
(15) we obtain the equation

V =Vy(z,\) + / Vola, Vg Ht, N Z(t, NV (¢, N)dt, (28)
()

where

Z =7y — Zy, (29)
I'(z) is the matrix of the integration intervals 7;;(x) = (7i5,2), 0 < 7;; < 00; the meaning is
that each entry wu;; of matrix U := Vo ' ZV is integrated over its own interval vij(x) in the
direction from ~;; to x. Let us show that under an appropriate choice of constants 7;;, we can
apply the successive approximations method to equation that will allows us to construct
the F'SS of equation with a known asymptotics for small A > 0 uniformly in x > 0.

We let B
V =T,'VD.
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Then V satisfies the equation
V=T + AN, (30)
where

(ANV)(z,A) = Vo(z, \) /A 2,6, \)(VD)(t, \) D™ (z, \)dt = Vo(z, \) A1 (\)V, (31)
I'(z)
Az, t,\) = D(z, \)(D™'V, To—lzTo)(t, A).

Now we can define I'(z).

We let v;; = +00 as (i,7) = (3,2),(4,2),(4,3) and 7;; = 0 for other (7,j). The definition
(22) of the matrix D implies easily that under such choice all the exponential factors in (31))
are bounded.

We introduce the Banach space Z of matrix functions F(z) = (fi;(x)){,-, such that f;; are
measurable on (0, +00) and

7@l = sup [F(a)| < oc,

where

IEl= [ > Iful®

1<i,j<4

It is clear that Vy € Z for all A > 0. Let us show that A()) is a contraction operator Z for
sufficiently large A > 0. In order to do it, we shall need an estimate for the norm of the matrix

G =T, ZT,. We have (see (16), (20), (29))
G=(I4+ X)) 'Ty (BiX — Xy + Ty ' BoTo(Iy + Xy) — Ty ' Z, T, (32)

where
X, =T, XT,.

Lemma 1. For large A > 0
1X1]lz = O(a" + A% 4 A7Craza/fie),
Proof. By simple calculations and f we have

122G ) = O [ (Jra 7 41 D7) (@, 1) A 1,

uniformly in x > 0. Inequalities , sohw that for all t € (=4, d), where 6 > 0 is independent
of A,

va(ax(l+ ), )] = e\ @A/ ¢
Qalax(1 + 1), )] < e\ T/ g2 (33)

where ¢y, ¢y are constants independent of A\. Then the functions 6;()), d2(A) defined by
satisfy the estimates
|5z| > C;l)\_(a+2_ﬁ)/3a.

By it implies that
(157D ) (. 2) = O (a5 4 ATCF2)

for all @ € (ax(1—48),ax(1+6)). As z & (ar(1— ), ar(1+6)), we employ again inequality (4],
to obtain

(v 2y D7) (w, N) = O (AT(eH270)/20 (=34 4 \=(1/A51/20))
The proof is complete. O
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It follows from Lemma [I] that
1G]l = O([[Goll), (34)
where
Go =T, (B1X — X'+ By — Z,)Ty.
Let /\2 / /!
g(t,\) = (p1)” + ol + |p1]

D VD

Lemma 2. For large A > 0, the estimate

|Go(z, )|l = O([va(z, N)| 2 ([K (2, A)| + g(x, A))) (36)
holds true uniformly in x > 0.

Proof. Let

+ x| (Ip] + A7 |q]). (35)

[ Gin G
GO_(Gzl ng)’

where (;; are square matrices of second order. By relations (10)—(14)), (16) and (29)) we have
0 &

G = 37

a=( 0 %) "

1
9= 3 vo|7"? D™V2(, D' D3/ + 8xp),
— —0/2 b2 b/ K Vé(VQV{ — Vlyé) X4 (38)
92 = 1| AT Oy — A+ 3D3/2 VD)
where
5 5 /\2 1 " 1 ! 1 " 3 /1\2
K(t,)\) = __@ L2 (¢}) L4 I L 1 _(’/12) ‘ (39)
36Q5 16(g1—A)? 4(@p—XN 8(@a—MNwm 4vt 16 v;
Now we see that G99 satisfies estimate . Similar calculations show that
1G]l = Oy gt N),  [|Gall + | Gaall = O(Jar — A" g(t, )
The proof is complete. n

Lemma 3. Under the assumptions of Theorem 1, the operator A(\) is bounded and its norm
|A(N) ||« can be estimated as

AN, =0(A™), X— oo,
[l 24a-p
m = min T om (-

If in addition we assume the existence of the derivative p absolutely continuous on the half-line

x =0, then
) 31+1 24+ a—f
m=mins -, - +—, ———— 5.
474 2B’ 2a

Proof. By the choice of I'(z), all the exponentials factors in the kernel of the operator A(\)

(see (31))) are bounded, therefore, (see (34)), (3€]))
A, =0 ([ bl (BN + gt D) A o
0

Then, arguing as in the proof of Lemma 1 in [10] and employing expression , inequalities
@), (6) and Condition 3), we obtain the desired estimate for ||A())]].

If the function p has an absolutely continuous derivative, then at each place, where the
function p; appears, it can be replaced by the function p since the term |Xp| disappears in
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expression . This implies easily the second statement of the theorem. The proof is complete.
O

3.4. Proof of Theorem . It follows from Lemma [3| that the F'SS of system satisfies
the asymptotic representation

Y (2, \) = TTo(Is + X1) (Vo + AV + O (| Ax|12)) D(z, M),
where T, Ty, D are defined by (9), (22), (24), and V, satisfies relation (26)), (27). Hence, we

concluce that the deficiency indices of the operator Ly are equal to (2.2) and the equation for
the eigenvalues of the operator L is of the form:

det(CoY (0, \)CT) =0,

1000
CO:(O 01 0)’ Cl:(

0
0 )
Since X1(0,\) = 0, v15(0,\) = =v/), then
CoY (0, \)CT = X\=3diag(1, VA)CoV (0, \) (I + A (MV)(0,A) + O (|| Ax%) CT, (40)

1100
C2= ( 0010 ) '
(4100%) .07 = (AT ) (0,1,
by the definition of A;()) (see (31)) we get

where
010
001

where
0
1

Since

0 0
~ 0 0
(et on=1| o o | (41)
G411 Q2

and

a;; =0 (/ |1/2|_1/2 (IK(t, N)|+ g(t, \)) exp(—5Q1)dt> . A — +oo,

0

for all (4,5) = (3,1) and (4,1). Here 6 > 0 is a constant independent of A\. Taking into
consideration that as t < xg,

5 _ _
(KM +9(t,2) = ¢ ] Qx%(t,2) + x| (Ipl + A~ |q]) ,

we obtain
xo+1
%IO(AM/‘ mmme%@wﬁ+09”ﬂ+0@fﬁmy (i.0) # (4,2), (42)
0

where dg is a positive constant. In order to calculate ays, we note that (see (27))

det(Voa(a, \)) = det(Vea(00, ) = 1,

o -1 Wog  —Wi2
02 - )
—W21 W11

therefore,
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where w;; are the entries of the matrix \702. Then (see , )
Qyp = / (grwiawar — gawiy) exp(—2d(t, A)Q1 (L, A))dt + O(a(N)),
0

a()) = /0 G = Goll exp(—2d(t, \Os(t, ) dt.

The straightforward calculations give
a(A) =0 (/ = A2 () + 1afl) D72 + 1) p’lD‘l/th) -
0

Employing inequalities , @, Condition 3) and the sign-definiteness of the second derivatives
of p and ¢, by simple calculations we obtain

() = l/oaA (91 — g2)dt + O(b(N)) + O (A™™),
24+ a—pf

2
where b(\) is defined by formula ([19)),
(il
B1e" a' 22 «
Then, taking into consideration , by , we get
ATV det(CoY (0, \)CT) = wir(0,A) + aun(Nwia (0, A) + O (BN) + [| A2 + Q22(0, ) .

my = min{

Replacing in the latter expression wq1(0,A) and wi2(0,\) by their asymptotics in accordance
with , we obtain ((17)). The proof is complete.

4. ASYMPTOTICS OF THE SPECTRUM

In this section we obtain the asymptotics for the eigenvalues of the operator L, when p and
¢ have the form

p(z) =27, qz) =2, 0<%<B<a—l—2. (43)

We shall show that the leading term in the asymptotic series for A\; depends on the value of
sgn(f — 2).

4.1. First approximation for the solution to equation . It follows from equation
that

O(N\p) = +0(1), k— o0
for each fixed pair (a, 8) satisfying (43). We shall show below (Lemma [6]) that v}, = k.

Lemma 4. The asymptotics of the spectrum of the operator L in the case p(x) = x, q(v) = 22

1s of the form
3 1\ 1 1\1%3

Proof. Tt is easy to see that under the assumptions of the lemma, L = L? where L; is the
Sturm-Liouville operator generated by the expression —y” 4+ xy and the boundary condition
y(0) = 0 in L(0,+4o00). The asymptotics of the eigenvalues of L; is known [I1, Lm. 5]. It
implies the statement of the lemma. O
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Under the assumptions of Lemma [4]

lim —,ui(x, A)

=1
200 fli 4o (T, A)

Y i:]‘727

that is, we deal with the case of the asymptotically multiple roots [3, Ch. V, Sect. 4]. In this
case D(z, A) = X and the integral

/0 el Y2 (K (8] + gt )t

diverges. Nevertheless, up to some minor changes, Theorem [I| can be extended to the case
q(x) = p*(x).

Lemma 5. Let q(z) = 2%, p(x) = 2, where (o, 8) € Q,
Q={(a,p):0<a2<f<a+20or0<a/2=0<2}.
Then
sin®(\) = o(1), A — oo, (44)
uniformly over each compact set K C €.

Proof. Let by = (14 d)ay, § > 0 be independent of A. Under the mentioned «, 3, Theorem
remains true if in the definition of the space Z and operator A(A) the half-line [0, c0) is replaced
by the segment [0, by]. Therefore, the FSS of system (7)) has the asymptotics

Y = TTyVo(Iy + 0(1))D(x,)), A — oo, (45)
uniformly in = € [0, by].
By the WKB-method one can show easily that as 0 < a < 4, relation is true on the
half-line [by, 00). It implies (44). The proof is complete. O
Lemma 6. Let p and q are of form (43|). Then
O(N\g) = km+o(1), k— oc. (46)
Proof. By Lemma [5] we have
O(N\y) = +o(l), k— oc.

But Ay = Ai(a, ) is continuous on 2 [20, Example 1]. Therefore, vy(a, 3) is also continuous
on Q. Since v4(2,1) = k (Lemma [9), then vy(a, 8) = k on Q. The proof is complete. ]

Remark 3. In the proof of Lemmalj we have employed a special form of boundary conditions
(2.2). In the case of arbitrary self-adjoint boundary conditions one can proceed as in the proof
of Lemma 5 in [11] observing that as p(z) = z, q(x) = 22, the substitution

Y =TU,

11
T:<1—1» Y =) n=v p=—y +ay,

transforms the equation L£(y) = \y to the system —V"+zV = v/Adiag(1, —1)V, whose solutions
are expressed directly in terms of the Airy functions.
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4.2. Asymptotics of the spectrum.

Theorem 2. Assume that the functions p and q are of form (2.40). Then as 1 < 8 < 2, the
eigenvalues of the operator L have the asymptotics

2a 200 2a _ (28—a)(2—-8) _ (a+2B)(2—8) 4(B-a)
A = mEFeP . 500 {Clmlzm—ﬁ WD) | Oy, PP } L0 <k‘2+a—6) 7
where
my, = Com (k—l) Co = ﬂaf(%%—%)
1)’ rEr2)

1 [ —3/2 1/2\ 7!
C, = G / ¢=5/2 (tﬁ 1+ 1) (x/étﬁ/Q n (tﬁ /12 + 1) ) dt,
0

1
Cy = g / YA — ) A8 (1 4 ) TIATLR8 (B 1) /8 + 3t /4 — 2% 4 1) dt.
0

As 0 < B < 1, similar formulae hold true.

In order to obtain the asymptotics for Ay by and , we need to study the behavior of
the functions Q2(0, ), K(X), B(A) for large A > 0, where p and ¢ are of form (43)).

Lemma 7. If0 < 8 < 2, then
n—1

_Q2(0, )\) _ )\(2+a7ﬁ)/2a (Col + ZakA(Zﬁa)k/a> +0 (Af(Qﬁfa)n/ap()O) ’

k=1
as X\ = 400, where n = n(f) € N are defined by inequalities (48)), ax = frly, fr and I). are
determined by the formulae and ,

REgYY A =2/4n +-1),
p(\) = NWAL/28Y - for other 3,

{z} denotes the fractional part of a number x.

Proof. The substitution x = a,t transforms 2(0, \) to the form

1 ~1/2
—Qa(0, ) = A2Ha=A)/2a / (1 — )2 [tﬂ + (2 +e(1— )Y 2} dt = \@re=B)/2ay (o),
0

where ¢ = \~(26-a)/a
Since the function

f(z) _ (1 + (1 +z)1/2)—1/2
in analytic in the unit circle, then
f(z) = ka‘zkv |Z| <1, (47)
k=1
and fo =1/ V2. Let n be a natural number satisfying the inequalities
1 1 1 3
— —— < — 4 - 48
23 15"t (48)
We let ,
Ru(e) = I(e) = Y fulie, (49)
k=0
where

1
[k _ / (1 . xoz)k+l/2$7(4k+l),3/2d$.
0
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We have [22] Ch. XTI, No. 855.42]

T (2k2+3) T (—(4k—2&-;)5+2>

I = . (50)

2k+3 2—(4k+1)B
aF( 5 T 7 )

Since

[tﬁ + /128 4 ¢(1 — ta)} R tP2f (e(1 — 1) /1),

by the uniform convergence of series in the circle ]z| < r < 1, the function

ra(t,€) = [tﬁ /P e (1—1%) ] ka (1 goryh—(2k+1/25,

satisfies the estimate
[rn(t,€)| < Cre™t=CrtUD8 e [(1+6)eY/?8 1],
where M, § are positive constants independent of e. Then, since as t € (0, (1 + 6)e'/?5),
Ira(t,€)] < Mgt~ (2n=3/28
where M’ > 0 is independent of ¢ and ¢, then

1 (14-6)e'/28
Rn(g) < M&Tn/ 267(2n+1/2),8dt + M/éTnl/ t7(2n73/2)5dt.
(1+6)el/28 0

According to ,
268 < —(2n+1/2)B+1<0, 0< —(2n—3/2)5 <28,

so that
_ [ O(e"e), B=2/(in+1),
Rn(g) - { O (gn—{1/4—1/2,8}) ’ 1/25 _ 1/4 ¢ N, e = +0.
By relations , it implies the statement of the lemma. O
Lemma 8. As1 < <2 and A — +00, the estimate
K(X) = CoA™ 02/ 1 O (A~ Cramflfze g \=8/1) (51)

holds true.

Proof. Since B > 1, then p’ is absolutely continuous on [0, +00) and this is why in expressions
and ([12)) we can take p and ¢ instead of p; and ¢, respectively, and x = 0. Hence, by (1§ .
and . we obtain
K(A) = Ki(\) + Ka(\) + 0 (A%,
1

K\ = =5 /0 vy PRt A,

1 R 2p" P ! vh(vevy — 11 V))
KQ(A)—1—6/O vy (D+4 NG + Folb dt.

By straightforward calculations we confirm that (see (39)))

]_ ax _ ay _ /
Kl(A)——g/ vy 1/2V1dt+332/ vy /2 <ﬂ) dt + O(\~(@ta=8)/22)
0

151

:Kll()\) + KIQ( ) —+ O( (2+a— ,8)/204)
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The integrals Ki1(A), Ki2(A), K2(A) are of the same nature and one can find easily their
asymptotics. We have

ay
Ki(A) = —§A1/2/ k(t, \)dt + O (\~He=f)/2e)
0

—1/2
k(t,\) = 9/ (tﬁ + V128 A) [B—1+ 28— Dt + X))V — g (12 + 271
Making the change of the variables ¢ — s = (1 +t2%)~1/2 we obtain
a
Ku(3) = —gx 41 / sTVB(L— ) OB (8 — 1) /8 + (1 — s)) ds+O (A~ 2Fo-0)/2).

0

Making similar calculations for Ki»()), Ka(A) as 1 < 8 < 2, we obtain (51). The proof is
complete. [

Completion of the proof of Theorem . According to (19)),

b(A) = by(A) 4 exp (z /0 |vo| /2 dt) ba(N),

ax/2 t
/ exp (2/ ||/ dt) B(t, \)dt,
0 0
a) ay 1/9
by(N) :/ exp (—z/ o] dt) B(t, \)dt,
ax/2 t

/ 2 11 "
_ +
B(t,A) = ] [( e

where

bi(A)

Integrating by parts, we have
bi(A) =0 (A™"), A= +oo,

where

C(a+2-84-8 4+28—a
01 = min , , .
2a 45 2a
Let us estimate by. We let Q(z, A) = [ |vo| /2 dt. Since

ax
Qe ) =32 [ (@) (- 0,
t
and the functions ¢’ and v; are monotonous, then

o A)
Agt—® 8/2 < Q(x, <
(A — q(z))32

where A;, Ay are positive constants independent of A. For each k = 0,1, ...
ok \2 "\ 2 1
z [((p)\/gql) N \1/95
uniformly in A > Ay > 1. Then

(A =a®) BN = QLN AL ), v €lm/2.a], A>1,
where v = 2(a + 2 — [3)/3«, the function ¢ and its derivatives in x satisfy the estimates

YE (2, \) =0, =>ay/2 (53)

AQ(L}\*O‘*MQ, x € [ar/2,ay], A>1, (52)

(z,a)) =0 (z7°7%), 2 > ay/2,
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uniformly in A > Ay > 1. Making the change z +— @ = Q(z, \) in the integral go, we obtain

A(N) A
by(N) = A7 / CQR(Q, N,
0

where A(N\) = Q(ax/2,\), and by the function ¥(Q, \) = ¥(t(Q), \) satisfies the estimates
0

By,
aor L

(Q(t, A),)\)‘ < W, te [a,\/2,a,\], A > 17 (54)

By > 0, k € N, are independent of ¢, A. It follows that
1
ba1(N) == / e IRQ /3 (ATT(Q,N)dQ =0 (A7), X— +oo.
0

By inequalities we see that as Q(t,\) = 1, [u(t, \)t| = ON+2=A)/3a where C > 0 is
independent of ¢, \. By it follows that for some n € IN
o _ .
T(Q(t,A),N)]dQ =0 (A7), A= 400, i=1,2

AN )

—2/3

q A
/1 oQ"

This is why, integrating by parts n times in byy := by — by; and taking into consideration
inequalities , we obtain

b(A) =0 (A7), A — 400,
b(A) = O (A~EFemf/2e p \=1H8/4) -\ — f 0. (55)

Substituting the obtained expression for K(A), @2(0,A), b(\) into equation (17)), solving it
w.r.t Ay and taking into consideration (46)), we arrive at the statement of the theorem.

Remark 4. In the case 0 < [ < 1, we can not neglect the terms in formulae and
(12) involving the cut-off function x. It produces additional terms in formulae and .
Moreover, additional difficulties arise related to the non-integrability of the functions p? and
p" at zero and this is why the expansions like for the integrals in the expression for K(\)
depend on a particular value of B. This is exactly the reason why we have restricted ourselves
by the case 1 < < 2 in Theorem [1]

As 8 > 2, the asymptotics of the integrals Q2(0, A), K () can be studied in the same way as
for < 2. As f > 2, the formulae for the mentioned integrals are similar to the case g < 2, a
formal difference is due to the fact that

B+2 2+a-3 (B-2)(28-q)

= >0
45 2a 4a3

as 3 > 2. In the case § = 2, the formulae for )5(0, \) and K (\) has its own features. Omitting
intermediate steps similar to the case § < 2, we provide the final form of the asymptotic
formulae as A — +o0:

CIABHD/48 _ O, \2Fa=B)/2a | () (\(20+2-38)/48) > 2
—@2(0, ) = ~ 1/2 = 1/2 (a—Q)/ég (3a—8))/2a ’ _ (56)
CsA2In A + C A2 4+ 0 (A ) +0 (A ), B=2,
B O ()\(a+2—,8)/2a) ’ B > 2’
= { OAmy), " p=2, 57)

b(A) = o(K (X)),
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where

~ o0 dt ~ 2 1 Yo Bl2gt ~ 4
Y QS R R
0 N T | B—=2 V2Jy 14+/1—to 420

~ > 1 1 L[t telat
Gy = - at— — [ (59)
o |VEHVETT V2(t+1) V2Jo 1+yVI—t

Theorem 3. Assume that the functions p and q are of form . Then the spectrum of the
operator L has the asymptotics

a)as B> 2,
a8 48 C 480 —(p=2)(2—0)
A\ = mk-s-ﬂ + 5 fﬁgmk (2+8) + O(ké),
1
B (B=2)2+a) 22«
6—n1ax{ (B +2) Yl
b) as =2,

3

C
Ak = exp <—54> U2 (1,

- . b\ et
1+0 (k;—z“(mk)—”z‘* + (m) )] ;

7 (4k — 1) m (4k = 1) exp (/205 )
i, T 8Cy

the constants C;, i = 1,4, are defined by B8), BI), V(w) is the inversion function for p(u) =
pln p satisfying asymptotic expansion (60) for large p.

Proof. Let § = 2. In view of , , by equations , we find
~ ~ — a— o 1
Can e + G +0 (M A P) = (k; = Z) ,

54 , )\560174)/4 )\Eﬁa74)/a
- eXp( 03> (“‘“( - ( Iy, o

For large p > 0, the function W(u) has asymptotic expansion [21, Ch. I, Sect. 5]:

where

mp =

)

which implies

i) =g (1 + Y cn(inin mkanm“) , (60)
m=0, k=1
where the coefficients ¢, can be found explicitly. It implies Statement b).
Statement a) can be proved in the same way. ]
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