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PROPERTIES OF THE RESOLVENT OF THE LAPLACE
OPERATOR ON A TWO-DIMENSIONAL SPHERE
AND A TRACE FORMULA

A.I. ATNAGULOV, V.A. SADOVNICHY, Z.YU. FAZULLIN

Abstract. In the work we study the properties of the resolvent of the Laplace-Beltrami
operator on a two-dimensional sphere S?. We obtain the regularized trace formula for the
Laplace-Beltrami operator perturbed by the operator of multiplication by a function in
W3(S?).
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1. INTRODUCTION

Let
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— —sinf— — ———
sin 6 00 90 sin% 6 02
be the Laplace-Beltrami operator on a two-dimensional sphere S?. The work is devoted to the
studying the spectral properties of a perturbation of this operator Hu = Hyu + Vu. Namely,
it is devoted to proving the Gel’fand-Levitan formula for the regularized trace of the Laplace-
Beltrami operator perturbed by the operator V of the multiplication by a function v(w), w € S2.
The trace of the Laplace-Beltrami operator perturbed by an odd function v(w) € C*°(S?)
was obtained first in 1993-1996 in the works [I], [2] (although the problem was proposed by
[.M. Gel'fand in 1962). We note that the conditions of the oddness and belonging to the class
C*(S?) for the function v(w) were essential for the method employed in these works. The next
step in this problem was made in works [3]-[5] based on a way of summing the second correctors
of the perturbation theory. In these works, the classic Gel’fand-Levitan formula was obtained
for arbitrary function (not necessarily odd) v(w) of a finite smoothness, and in the work [5] the
only condition assumed was v(w) € C?(S?).

As it is turned out, for further weakening of the conditions for the perturbation v(w) one
needed a more detailed study of the properties of the kernel Ry(w,wg, ) of the resolvent for
the Laplace-Beltrami operator (Theorem , of the kernel Ry, (w,wp, A) of the reduced resol-
vent(Theorem [2). On the base of these studies and the approach of the work [5], the trace
formula for the Laplace-Beltrami operator was obtained for the perturbations v(w) in the class
W1(S2).

We note that Sections 2 and 3 are devoted to the detailed exposition of the results of the
work [6].
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2. REPRESENTATION OF THE KERNEL Ry(w,wp, A\) OF THE RESOLVENT FOR THE
LAPLACE-BELTRAMI OPERATOR

It is well-known [7] that the kernel Ry(w,wp, A) of the resolvent Ry(\) = (Hy — A)~! for the
operator Hy (Laplace-Beltrami operator) in L?(S?) is equal to

Ro(w, wo, A) = ﬁ ; (27;2;22];?;(3()?\&), (2.1)

where « is the angle between vectors w, wy € S?, P,(cosa) is a Legendre polynomial, and

2 1
Pa(w,wo) = 2F

P,(cos «)

is the kernel of the orthogonal projector P, projecting on the eigenspace associated with the
eigenvalue A, = n(n + 1) of the operator Hy and the multiplicity of A, is equal to (2n + 1).
On the other hand, it is known (see, for instance, [8, Sect. 4.3, 4.5]) that the sequence

fa(@) = v/n+1/2VsinaP,(cosa),n =0,1,..., (2.2)

is an orthonormal basis formed by the eigenfunctions for the Dirichlet problem for the ordinary
differential operator

Mf(a) = —f"(a) — (4sin®a) " f(a)
in the space Ls[0, 7], at that,
Mfu(a) = (n+1/2)fu(a), = (n+1/2).
Thus, in accordance with , the kernel G(«, o, z) of the integral operator
G(z) = (M —2)™"

is represented as

Glo a0, 2) = i fnla fn o) i n+ i)v/sinasinogP, (cos a)P,(cos ao). (2.3)
S 2% e (n+3)%—
Hence, letting
o, ap, 2) = (sinasinao)_%G(a,ao,z), (2.4)
and taking into consideration that P, (1) = 1, we obtain
(n+1/2)P, (Cos @) 1= (2n+1)P,(cosa)
P(e,0,2) = Z (n+1/2)2— :E;n(n+1)—(z—1/4)’ (2:5)

Comparing (2.1) and (2.5)), we arrive at the following statement.

Lemma 1. For all w,wy € S? and A ¢ {n(n + 1)}>2, the kernel Ry(w,wo, \) is represented
as

1
Ro(w,wop, \) = 2—F(a, 0,\+1/4). (2.6)
i
Thus, in view of Lemma || and identities (2.3)—(2.6) we see that the kernel Ry(w,wg, \) can
be represented in terms of the solutions to the ordinary differential equations
u” + (4sin? o) tu + zu = 0 (2.7)

in the interval (0, 7).
We first observe that the identity

(4sin®a)™! = (4a*) " 4+ q(a)
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holds true on the segment (0,7/2), where q(a) € C®[0,7/2]. Therefore, we can construct
linearly independent solutions to equation ({2.7)) by means of the solutions to the equation

V4 (40 v =0, (2.8)

As the linear independent solutions to “unperturbed” equation (2.8)) we take the functions (see,
for instance, [9, Sect. 1.8])

uf(a,2) = Vak(Vza), uia,2) = VaYo(vza)3, (2.9)

where Jy(v/za) and Yy(y/za) are the first and second kind Bessel functions, respectively, while
the branch of 1/z is fixed by the restriction 0 < arg+/z < 7.

For the sake of convenience we provide various representations for the cylindric functions,
which we will use in what follows.

For the functions Jy(s) and Yy(s) we shall employ the expansions ([8, Sect. 5.2]):

Jo(s) =" ((;!1))2 (%)% , (2.10)

2 52—
YO(S) = —Jo 5 —Z
k=0

(—) Wk +1). (2.11)

Here

¢(k+1)=—’y+1+%+--.+%, Y1) = -,

v is the Euler constant. We shall also make use of the asymptotic representations ([8, Sect.
5.11]) for |s| > 1, |args| < m —d (§ > 0 is an arbitrarily small number):

Jo(s) = \/g {%(s> cos(s — %) 4 o (s) sin(s — )} (2.12)

Yo(s) = \/g {’71<S) sin(s — %) — Yo(s) cos(s — %)} : (2.13)

e

where . .
Z (2s) O%Qk ’ Z Qsozzfl—i_ )’
at that, (v,0) = 1, o k—O
(v.m) = (4 —12)(4r? — 322-”;7.71.!- (402 — (2m — 1)2)’ men
n(s)=1- 12232 TO(™), mls) = 8_15 - 102233 +0(7).

It is known (see [9, Sect. 1.8]) that the Wronskian satisfies the identity

W (w3, uy) = uf(a, 2)uy’ (@, 2) — u)’(a, 2)up(e, 2) = 1. (2.14)

™

Now we construct linearly independent solutions to equation ([2.7)) in the segment (0, 5] as
the solutions to the inhomogeneous Volterra equations
ug(, 2) = ul(a, 2) + /g(a,t,z)q(t)uk(t, z)dt, (2.15)
0
where
glast,z) = uf(a, 2)uy(t, 2) — ui(t, 2)uy(e, 2). (2.16)

The solutions ug(a, z) to equation (2.7)) constructed on the segment [0,7/2] by means of
integral equations ({2.15)) can be continued to the segment (7, 7], namely, we have the lemma.
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™

Lemma 2. The solutions to equations constructed on the segment [0, 5] as the solutions

to Volterra equations can be continued to the segment (3, | by the formulae
up(o, 2) = ag1 (2)ur (m — @, 2) + ape(2)ux(m —a, 2), k=1,2,
where
{an(z) = u1(3, 2)ua(3, 2) + i (g, 2)ua(3, 2),  axe(z) = —an(z), (2.17)
a12(z) = —2u1 (5, 2)u1(5,2),  aa(2) = 2ua(5, 2)us(3, 2).

Proof. 1t is easy to see that the functions

vp(o, 2) = up(m —a,2), «€ (g,w], k=1,2,

are linearly independent solutions to equation (2.7)) on this segment. Then the continuations
ui(a, z) are expressed as linear combinations of v (o, z) as a € (5, 7):

uk(a, 2) = a1 (2)ur (1 — a, 2) + agus (™ — @, 2), (2.18)

where a;(z) are constants depending on z only.
As a = /2, the relations

up(5, 2) = ap(2)ur (5, 2) + are(2)ua(3, 2) (2.19)
u(5,2) = —ap (2)u) (5, 2) — ara(2)uy(3, 2)
should hold true.
It is obvious that it follows straightforwardly from relations (2.12))—(2.14]) that
W (uy,ug) = W(ud,uy) = 1. (2.20)
Solving then systems ([2.19) and taking into consideration ([2.20)), we arrive at relations (2.17)).
The proof is complete. O

Now we are in position to formulate the main result of the present section. The following
theorem holds true.

Theorem 1. For all A € R\ {n(n+ 1)}, the kernel Ry(w,wy, \) is represented as

Ro(w, wp, N) [ug(a, N\ +1/4) — AN+ 1/4)uq (o, A + 1/4)], (2.21)

1
~ 2mV/sina
1 (u5(5, 2
Az) = = (uf(i 2 u2(§ Z>> . (2.22)
2 u1(§7 Z) u1(§
Proof. Let the kernel D(a,t, z) be as follows:

t
Dlayt, 2) = {UQ(tu Zu(a,z),

Employing (2.7)) and (2.20)), we find that
v, z) = /D(a,t, 2)h(t)dt,
0

where

us (v, 2)uq (t, 2), y (2.23)

where h(t) € L?[0, 7] is a solution of the differential equation
—"(a, 2) — (4sin? a) (o, 2) — 2v(a, 2) = ha).

Then the function

w(a, 2) = / Glat, 2)h(t)dt, (2.24)
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where G(t, «, z) is the kernel of the operator G(z) (see (2.3)), is represented as
u(a, z) = /D(a,t, 2)h(t)dt + cup (v, 2), (2.25)
0
where we have taken into consideration that u(a, z) should satisfying the finite limit condition:

lim u(a, 2)(m — o)~ V2, (2.26)
a—0+

As a < 7, a ~ 7, the right hand of formula (2.25) can be represented as

T

u(a, 2) = us(a, 2) /ul(t, 2)h(t)dt + cuy (o, z) + W(a, 2), (2.27)
where
W(a, 2) = (e, 2) / ws(t, 2)h(E)dt — us(ar, 2) / ws (1, 2)h(b)dt,

and it is easy to show that W (a, z) satisfies the estimate
(W, 2)] < ar(m = a)(1 + [In(7 — o)),

where a; > 0 is a constant.

Thus, W (a, 2) satisfies the condition lim %:O. It implies that the sum of the first two
a—r—0 VI~

term in the right hand side of (2.27) should satisfy condition (2.26). According to (2.18]), this
sum can be easily represented as

clay (2)ur (m — a, 2) + ar2(2)us(m — @, 2)]
+ /ul(t, 2)h(t)dtlag: (2)ur (T — a, 2) + agn(z)u(m — o, 2)]

s

=lca11(z) + a2 (2) /u1 (t, 2)h(t)dt]us (7 — v, 2)

0
m

+ [caia(z) + ag(2) /u1 (t, 2)h(t)dt]us(m — «, 2).

Since by the definition u; (7 — «, z) satisfies condition (2.26)) and, due to the presence of the
logarithmic singularity,
us(m — a2
lim 2 )

a—1—0 AT —

the coefficient at uqs(m — «, 2z) should vanish:

= 00,

™

cara(2) + aga(z) /ul(t, 2)h(t)dt = 0.
0
Thus, it follows from (2.23), (2.24)), (2.25) that

CLQQ(Z)

G(a,t, z) = D(ayt, z) — ra(2)

u(a, 2)uq (t, 2),
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where, in accordance with ([2.17]),

1 [uh(Z,2) w3,z
A(z) _ CLQQ(Z) _ =t /2(72T ) 4 2(72r )
a2(z) 2 [uy(5,2)  w(3,2)
Then, employing ([2.4)), (2.5) and the relations
li Ul(Oé,Z) — lim U[I)(O[,Z) _ 1’
a——+0 \/a a——+0 \/a
we arrive at the statement of the theorem. O

3. THE REPRESENTATION OF THE KERNEL Ry, (w,wp, A\) OF THE REDUCED RESOLVENT

Representation (2.21]) for the kernel Ry(w,wp, A) allows us to calculate the kernel of the
reduced resolvent of the operator H

1 Z (2m + 1)P,,(cos @)

Rn ) 7)\n = o
on (@, @0, An) 47 m(m+1) —n(n+1)

m#n

in terms of the functions uy(a, 2) and their derivatives w.rt. variable z

0 0
@k(oﬁ Z) = %uk<&a 2)7 ?ﬁk(%z) = &@k(&,Z), k= 17 27

at the point o = 7. Since according to Theorem |[I| the spectrum of the operator Hy coincides

with the poles of the function A(X + 1) (for A(z) see formula (2.22)), that is, with the zeroes
of the functions ui (%, A+ 1) and w{(Z, A + 1) and it is easy to confirm (see [§, Sect. 4.6]) that

s 1
U1 (5, An + Z)

, T 1
A\, + =
Uy <2a +4)

0 0
@2(0[,2) = &ug((%z% 1/}2(0[72:) - &@2(04;2)7 k= 1727

then it follows from ([2.15)), (2.16)) that the functions ¢ (a, z) and ¢ (c, 2) on the segment [0, 7]
are solutions to Volterra equations, namely, the following statement holds.

0, n=2k+1, k=01,..., (3.1)

0, n=2k k=01,... (3.2)

Assume also that

Lemma 3. For all k = 1,2 and z # 0, there exist the derivatives

ug(a, z + h) — ug(a, 2)

fim h = o 2)
h _

i 22D —onlenz)

h—0 h

™

in the Banach space C[0, 5], and ¢y (c, 2) is a solution to the Volterra equation

e e

or(a, 2) = p(a, 2) —I—/gl(a,t,z)q(t)uk(t, z)dt—l—/g(a,t, 2)q(t)pr(t, z)dt, (3.3)

where

9 (av ¢, Z) - 90(1)(047 Z)ug(t7 Z) - @3(&, Z)u(l](tv Z) + u(l)(a’ Z)(p;)(t, Z) - ug(a7 Z)QO(I)(t7 Z) (34)
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and
(e, 2) zwg(a,z)+/gg(a,t,z)q(t)uk(t,z)dt+2/g1(a,t, 2)q(t)pr(t, z)dt
. ° (35)
+ [ gttt )t
where

92(a/a t: Z) :%gl (Oé, t? Z) = QZJ?(OK, Z)Ug(t, Z) - wg(av Z)U(l)(t, Z) + U?(O{, Z)wg(tv Z)

- ug(O‘ﬂ 2)¢?<t7 Z) +2 (90(1](CV> Z)@g(t> Z) - 90(2)(057 2)90[1)(757 Z)) .

In what follows, for a representation of the kernel of the reduced resolvent Ry, (w,wo, \,) we
shall need the following lemma.

Lemma 4. Suppose that functions f(\) and g(\) are twice differentiable in a neighbourhood
of A\ =X, and g(\,) =0, ¢'(A\,) # 0. Then

f) ) ['On) SO
gO‘) B g’()\n)()\ — )\n) + g’()\n) 9/2<)\n) + (1>

Proof. In accordance with the assumption of the lemma, the Taylor formula

g”()‘n)

9N =g (An)(A = An) + (A= Aa)* +o((A = An)?)

holds true. It yields

L IO) o]
5 IO A [”Mxn)“ M) +ol(A A"”]
o O
TN ) {1 29 (g 7 M) Tl A””}

1 g”()‘n)

T A 2200

Since the assumptions of the lemma implies that

f"(An)
2

FO) = )+ F (M)A = An) + (A= An)* +o((A = An)?),

we multiply two latter formulae to obtain the formula for the fraction in the statement of the
lemma. The proof is complete. O

Since by Theorem (1| the poles of the kernel Ry(w,wp, A) coincide with the zeroes of the
functions u;(%, 2), u}(%, 2), where z = A + 1, in view of relations and we consider
separately the cases n =2k and n =2k + 1, k=0,1,...

Let n = 2k + 1, then denoting

1 1 1
f(aa)‘) = U2 (gvA+Z) Uy (a7)‘+1)a g()\):47ru1 (ga/\+1)v
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in accordance ([2.21)), (2.22)) and by Lemma |4 we have
f(a’)\) — _ u2(g’)\n+}1)ul(a7)\n+i)
g(A) 41 (5, An + le)()\ —\)

@2(2,)\ + )ul(a A + )+uz(§,)\n+}l)g01(a,/\n—l— i) (3 6)
47T301(g,>\n+ éll> '
T, + 1 T An 4+ 1 ’)\n_*_l
_¢1(2 ) (zﬂ 4)1 1(CY 4) +O(1)
871'@ (5 +Z)
Hence, according to relations (2.1J), -, -,
Loup (5, A + 5 Antg) 2+
P,(w,wp) = o (2 ' 4) il (a - 4) _nt P,(cos ). (3.7)
AT sinag (Z,0, + 1) 4m
Since )
An + 7
pn(w’w)ZZn—i_l’ im M:L
A a—+0 Va
then as n =2k +1
T\, + 1
U5t d) g i) (3.8)

801(%a >‘n + %1)
Remark 1. The case n = 2k can be studied in the same way.
Thus, by Theorem , relations ([3.6)—(3.8) and Remark |I| we arrive at the following theorem.

Theorem 2. Let z, = A\, + }1. The kernels

(2n + 1)P,(cos «)

py and  Ron(w, wo, Apn)

Pn(wa WO) -

can be represented as
(2n + 1)ul(a7 Zn)

4m/sin a

1 2n+1

—— |ua(a, 2,) —
2m/sin o 2 ) 2

Pn(wu wO) =

and

R0n<W, Wo, )\n) -

o1(a, zn) — anur (@, z,) |

where asn =2k + 1,

o= W(Gm) @Gt Dea5z)  (2n 1)*91(3, zn))

" 2(5m)  2u(32) dua(3,za))
and as n = 2k,

MG N (2n+ Dgh(5,20))  (2n+1)*(F, 20))

Y 2w, z) 2u (5, 2n)) duy(5,2))

While finding the trace formula for a perturbation of the the Laplace-Beltrami operator via
the approach of the work [5], the key ingredient is the asymptotics for the second corrector of
the perturbation theory

1
a, = 4—/ )(2n + 1) P, (cos a) Ry, (w, wo, An) sin adey;
0

for the definition of function g(«) see [5, Formula (7)], at that,
g'(0) =¢'(m) = 0. (3.9)
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Therefore, in view of the representations of the functions P,(w,wp) and Ro,(w,wo, A,) in
Theorem , we need to study the asymptotic behavior of the functions wuy(«, z), r(a, 2),
Ui (v, z), their derivatives w.r.t. variable «, and the numbers a,, as n — oo. In order to do it,
we shall prove a series of statements.

Lemma 5. There exist constants ¢y > 0 and c¢; > 0 independent of z and « such that

u(a, 2) = uj(a, 2) + wi(a, 2) (3.10)

foralla €0,%], 2> 0, k=1,2. Moreover,
up(a, 2)| < coz™ /! (3.11)
|wi(a, 2)] < 273 (3.12)

Proof. Since sup ]\/_Yo( )| < oo and sup IVtJo(t)| < oo (see [0, Sects. 1.71, 7.11]), they imply

inequalities (3.11)). Identity (3.10) is 1mphed by ([2.15] - where

wi(a, 2) = /g(a,t, 2)q(t)ug(t, z)dt. (3.13)

0

Since in accordance with (3.11]) and (2.16))
lg(a,t, 2)| < 22712 (3.14)
as z > 0, then the norm of the integral operator in equation (2.15) is bounded from above by

the number

2 -1/2

2c5z q(t)dt.

o
INIE

Therefore, equation ([2.15]) yields the estimate

|luk(2)|| = Omax lug(a, 2)| < 03271/4 + 20(2)2’1/2
<agkZ

q(t)dt||ug(z)]- (3.15)

o
INIE]

It follows that sup 21 ||ug(2)| < oo. Now estimate (3.12) is implied by (3.13)—(3.15). O
z>0

We proceed to the studying of the functions

0 0
@2(0[,2) = &U%(O&,Z), 1/}2(0472:) - &ng((%z% k= 1727

and their derivatives w.r.t. the variable . Here we employ the usual notations for the deriva-
tives w.r.t. the variables a:

: 0 : 9
ul (o, 2) = a—auz(a,z), uy (e, 2) = a—auk(a,z)
pr'(a,z) = A or(e,2),  pile,2) = A wr(a, 2).
k ) 8(1/ k ) 9 k 9 004 9
The following lemma holds.

Lemma 6. For all a € [0, %],

o 1
@2(0&,2) = %ugl(awZ) o EU%(Q,Z), k= L,2. (316)
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Proof. We have

a3/? a3/?
Pila.z) = \/— To(Vza), oy, z) = \/—Y'(\/_Oé) (3.17)
The derivatives w.r.t. « satisfy
u) (o, 2) = 2\/_(]0(\/_@) +vzadi(Vza), (3.18)
uy (o, 2) = \/_Yb(\/_oz) + VzaYy(vza), (3.19)
that yields
1
Jy( Za):ﬁu?’(a,z) 2\/_ 3/2u1(04 z2),
Ly
YE),(\/zOé): \/% 2/(04,2) 2\/—a3/2u2(a Z)
Now by (3.17)), (3.18)) and (3.19) we obtain (3.16]). The proof is complete. ]
Lemma 7. For all real z > 0
Jmax on(a, 2)| < colz 4, k=1,2, (3.20)

where ¢y > 0 is a constant independent of z.

Proof. According to , the second term in (3.16) can be estimated as O(|z|~%*) uniformly
in o € [0, 7], and in accordance with (3.18), (3.19),

« 1 @
Suta,s) = galans) + <o [VEadivEa)
& oy 1 0

S (a ) = b 2) + % [ \/EozYO’(\/Ea)} .

By identities (2.10)—(2.13)), for the derivatives of the functions Jy(s) and Y;(s) we obtain

To(s) = ; (zkl!))f G)%_l, (3.21)
YO’(S):%JO( )+ = 2 (s )In > - i ( >2k_1¢(k+1), (3.22)

while as s > 1,

n

Jo(s) = — 2—18Jo(s) - \/gsin (s — %) [Z(_l)k(()’ 2%)(25) "% + 0(5—2“—2)]
— \/gcos <s — %) 4i 0,2k k(25) 723 + 0(32”3)]

[ n

— 3 COos (s — %) Z(_l)k(o’ 2%k + 1)(25)—%—1 + O(S_Qn_g)]

L&=0

(3.23)

Y. < 4) lzi K0, 2k+1)(2k+1)(23)2“+0(s2"4)] ,
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ey 1 . 2 _m - 1\k —2k—1 —2n—3
Yi(s) == 5-Yols) =/ = sin <s 4) I;( 1)5(0, 2k + 1)(25) 21 + O(s7273)
[42 O 2]{: ) 2k—1+0(8—2n—3)] }

+ \/g cos (s — %) f:(—m(o, 2k)(25) 7 + 0(5—%—2)]

lc()

R =) 22 (0,26 1)(2k + 1)(25) 72 0(52"4)] |

Let N be a sufficiently large ﬁxed number Then by - - we find that as |s| < N, the

estimates

(3.24)

|5(s)] < ars,  |Y5(9)] < —+c3s|lns\ (3.25)

hold true, where ¢, k = 1,2, 3, are some positive constants.
Then identities (3.16)) and estimates (3.25)) lead us to the following inequalities:

cl\/_a5/2 ¢, N5/
|o1(e, 2)| < < i
N
3/2 3/2
e c3|In/zaly/zaa
|o2(e, 2)| < +
T2yzyza 2%
_ava_e/E) il _ o | oV
2z

225/4 2z5/4 2z

as ay/z < N, where ¢4 = max t°/?|Int|.
0<t<N

If ay/z > N, in order to estimate J}(y/za) and Yj(y/za), we employ identities (3.23) and
(3.24), which imply straightforwardly that as ay/z > N, (3.20) holds true. The proof is
complete. O

Lemma 8. Ask=1,2,

0 J 4 L o a? 4
Uia,2) = eble,2) = ——¢lla, 2) — Tuba, 2

1 a?\ o . (3.26)
!/
= (4—22 - 4—2,) ug (v, 2) = 42 M (a,2)
for all « >0 and z > 0.
Proof. According to (3.17)), we have
0 a3/2 ! 5/2 "
Vi (a, 2) = 5 3/2J (Vza) + 4—J0(\/_a)
Since Jy(s) satisfies the equation
1
Jy (s) + gJ{)(s) + Jo(s) =0, (3.27)

employing (3.16)), we obtain
3/2

¥l2) = = 5 l(VEa) -

ab/?

1
42 Vza
03/2 o

= — Snd(Vza) - —Jo(\/_a) - _i%(a 2) - Lul(a 2)

Jy(v/70) + Jo(/7a)
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o 1 o?
— 37 ul (o, 2) + <@ — E) ul(a, 2).

Similar calculations are true also for ¥9(c, z). The proof is complete. O

Lemma 9. Ask =1,2,

1 1 «
(02) = greblans) =~ o) - (g + 5 ) okl
for all o >0 and z > 0.

Proof. We differentiate w.r.t. a in Employlng ) and (| -, we obtain

9 gty =2 g0 + S ()
82 Y1 ) \/—
30/1/2 p o3/2 p p
2 (E) = O | (B + (el
1 a ud'(a, 2) 1 a\ o
_Qagpl(a7z) 2u1(& Z) 42 - 80(2+ 2 ul(a7z)'
Similar relations are also true for a%gpg(oz, z). The proof is complete. O

In the same way, employing (3.26), let us prove the following statement.
Lemma 10. As k =1,2,

ans) = geutlens) = (s - 1) whlas) - Taa)

for all o >0 and z > 0.

Now it is easy to study the asymptotic behavior of the functions (v, z) and ¥y (a, z) and
of their derivatives by using the above lemmata and equations (3.3)), (3.5]), respectively.

4. ESTIMATES NEEDED FOR CALCULATING THE ASYMPTOTICS OF THE REDUCED
RESOLVENT

Thanks to formulae (2.12)), (2.13) and the definition of the functions ul(«, 2), k = 1,2, see
(2.9), as ay/z > N > 1 we have

o, 2) =y 2 (apeon (vaa - T) 4 tvEysin (vaa - 1)} )
uy(a, 2) = \/Z 1/4{ 1(v/za) sin <\/_a——> — 72 (V/za) cos <\/_a——>}, (4.2)

(u?)” (@, 2) Zﬂ—ﬁ{[vf(ﬁaHﬁ(ﬁQ)H[ — 73] sin 2(v/zax) 43
—2n(Vza)p(Vza) cos2(Vza)},
(u3)” (o, 2) :m{[Wf(\/EOé)JrV%(\/EOé)] (i — 3] sin2(v/za) (8.4)

+271(\/_04)72(\/_&)0052(\/5&},
w(a,z) s (a,2) = f{m\m) 12 (v/za)] cos 2(v/za)
+ 271 (Vza) 2 (Vza) sin 2(vza) },
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Here

1 5 1
2 2 —4 2 2 —4 —3
—1— — 1+ 0O(t 2= Ot — — 4+ Ot™3).
10 812 ) m— 32¢2 ), M 8t ()

Since we need the values of the functions uy(c, z) and their derivatives at the point o = 7,

in view of formulae (2.15]), (2.16)) we shall need the estimates of the functions

«

filee) = [t gt ) o) = [ ot a0t

0 0
a o

f3(a, 2) = /ug(t, 2)q(t)us(t, 2)dt,  fila,z) = /ug(t,z)q(t)ug(t,z)dt.

0

0
Employing (4.6)), (4.7, (3.10)), we represent the functions fi(«, 2) as
«

fila,z) = /ug(t,z)q(t)u(l)(t, 2)dt + Fi(a, 2),

Fi(a,2) = [ bt (ot i,
h@@z/@W@@WW+Bmd
5@@=/ﬁwwwmﬁw@
Mmdz/@@@WM%¢W+RmJ%
a@az/ﬁmmmwmmw
h@az/wW@@ww+ﬂmw

Fyla, z) = /ug(t,z)q(t)wg(t, z)dt.

Lemma 11. For all o € [0;7/2] and z > 0 the estimate
|ﬂ@¢ﬂ<§ﬁ,c>& k=1,2,3,4,
holds true.
Proof. Indeed, by the definition of the functions F}, and estimates , we have

(0%
|Fr(a, 2)| < E/tdt
z
0
that proves the lemma.

(4.6)

(4.7)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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Lemma 12. Let z, > 1, then

w(t 2)q(tuy(t, z)dt = O(z,1), i#j, i,j =12,

1 1
0 — —
u]. (t7 ZTL)Q(t)ul (t7 Zn)dt - 27T2\/Z_n + O (Zn) )

U(t, 2n)q(t)us(t, 2, )dt = 8\}2 O ( : >

o \ (=] \ o \
VB VB VB

Proof. Let N be a sufficiently large fixed number. Since Jy(s) =~ 1, s = 0, as t,/z, < N, by

expansions (2.10)), (2.11)) we have

1
t§—5 tl—é
uf(t, za)| S eV, [ub(t, za)] < : [uf(t, 2 )us(t, )| < €3~ (4.16)
Zn Zn

where 0 < ¢;, 1 = 1,2, 3, are constants, ¢ is a sufficiently small positive number. Therefore,

t=2dt = z _625)25 (\/]\;)226 =0 (i) . (4.17)

N

(uh)” (¢, z)a(B)dt| < =

O\E
it

In the same way we confirm that

/ (u)? (¢, zn)q(t)dt = ( ) / WO (t, 2)ud(t, 2,)q(t)dt = O (i) . (4.18)

As t\/z, > N > 1, in order to analyse the integrals

ui (t, 20 )u5 (¢, 20)q(t)dt,

Z\MH

Van

we employ asymptotics formulae (4.1)—(4.5). Thus,

ui (8, 2 )ug(t, 20 )q(t)dt = —

1 i 1
NE cos 2¢/znt [1 +0 (zntQ)] q(t)dt

1 1
Lo (
Ny 4z, Znt3

Z\M\:

Zn

ﬁ
vl ﬁ

WP

q(t) (4.19)

. 1
= o sin 24/z,, [1 +0 <znt2>]

ro(5)=0(2)

> sin 24/z,tq(t)dt

3

gz
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since we can choose N so that sin2/N = 0 and

™

2 3
sin 2,/ nt in 2
/ in2./z / sin TdT
N

R
N

is bounded. In the same way, e oy o the asymptotic representations for the functions
(u9)? (¢, z,) and (ul)” (¢, z,) from ~(4.5)), we obtain:

/ (ul) (t,zn)q(t)dt = W\/% t)dt + O (zln) (4.20)

N
()" it = = [ atar+0 (L), (4.21)

Z\MH E

3
3

We note that

(4.22)

O\w\:\
)
—~
~
N~—
I
~
I
[\
¥=

Now the statement of the lemma is implied by representations . . -

Lemma and relations - -

5. ASYMPTOTICS FOR THE SECOND CORRECTOR OF THE PERTURBATION THEORY AND
THE TRACE FORMULA

Basing on Theorem [2] and Lemmata [5HI2] we proceed to the studying of the asymptotics for
the second corrector «,, of the perturbation theory, which, as it was mentioned above, is the
key point in finding the regularized trace formula for the operator H. Namely, the following
statement holds.

Theorem 3. Let g € W}0; 7| and z, > 1. Then the estimate

_3
ozn:O<zn4> :O<n_ )
holds true, 1.e., the sequence o, s absolutely summable.

Proof. According to Theorem [2{ and (3.9), we have

™

(2n 4 1)g(a) P, (cos o) Rop (w, wo, Ap) sin ado
0 (5.1)

T

/g(oz)\/Zul(a, Zn)[ua(e, zn) — Vanp1(a, 2,) — anus (o, 2,)]de.

0

Njw

Qp =

A

1
1672

Since as «a € (g;w)
uk(a, 2) = ag1 (2)ur (7 — @, 2) + aga(2)uz(m — o, 2), k = 1,2, (5.2)

for a € (%;7‘(‘) we have
o1, z) =a11(2)p1(m — @, 2) + ar2(2)pa (T — @, 2)

+ay (2)ur(m — a, 2) + ajy(2)ua(m — @, 2).

(5.3)
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Therefore, to study the asymptotic behavior of «,, as n > 1, in view of and , we need
to study the asymptotics of the numbers ay;(2,), a};(z,), ai5(z,) and a,.

Let n = 2k + 1, ie., ui(5, 2,) = 0 (the case n = 2k, k = 1,2,... can be studied in the same
way). Since W (uy,us) = 1, we observe that

ar1(z) = 2uy (g,z> u (g,z> —1.
This is why, for n = 2k 4 1 it follows from formulae (2.17)), (5.3) that

T T

a1 (zn) = =1, axn(z,) =1, ap(z)= —2u1(§, zn)ull(§,zn) =0, (5.4)
T T T T

a1 (zn) = 2ug <§,zn) ul <§,zn> . Apo(zn) = =20 (5, zn> uy (5, zn> , (5.5)
T T

ayy (zn) = 2¢1 (57%) Uy <§>Zn) ) (5.6)

o1(a, 2,) = —p1 (T — @, 2,) + ayy (z0)ur (T — @, 2,) + alo(20)ua(m — @, 2,,). (5.7)

Employing formulae (3.§)), (£.1)—-(4.5]) and Lemmata [6] and [§| for n > 1, n = 2k + 1, we obtain

t21(2) = O (f) () =0 (f) Cd () = _\/17” {1 + (;Z_) } . (58)

%,Zn) + ZnSOQ(g7Zn) Zfﬂbl %,Z):| _
b

Q

(5.9)

1 1 1 1
=[0(z ") — O(z! Oz H = 1+0 .
We split the integral in formula (5.1]) into that over the segments [0; 7] and [7;7]. We consider
the integral over the second segment and use relations ([5.2)) and (5.3)), make the change of the
variable m — o = ¢ and take into consideration identities (5.4)—(5.9) for the numbers «,, as
n > 1. As a result, thanks to (5.1)), we obtain the following representation:

s

o= { / [9(t) — g(m — OEmus (1, za)ualt, z,)dt

0

l9(t) + g(m = 1) znpr(t, 20 )un (¢, 2 ) dlt

1Z ) } u3(t, 2, )dt 10

o(x — )yt 2t z)dt + O (22 }

|
o\“\”>q O\NH O\w\ﬂ

=
~
N~—
+
Q
~—~
N

|
~
—

—1,(n) + Is(n) + Is(n) + Li(n) + O (zﬁ) .

Let us study the asymptotic behavior of I;(n), j = 1,2,3,4, as n — co. We begin with the
term I;(n). First we integrate by parts and then, employing estimates (3.11)), (3.12]) and (4.18])
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and asymptotic representation (4.5), we conclude that

t

Li(n) =~ 16@ 2[9’(t)+g’(7r—t)]/u1(7, 2 )ta (T, 2 )drdt
[Ty (5.11)
- 167r2 //+/ /+// [9'(t) + g'(m — )]ur (7, 2, )ua(T, 2,)drdl

VI  Yen Jen

=0 (z;%) )

where N is a sufficiently large fixed number.

In order to study I(n), we employ representations ([2.15) D and (3.16]), estimates ,
and Lemma |12 as well as asymptotic representatlons 1 . to estabhsh that

WP

1
1672

L(n) =— /[g(t) +g(m — t)]%u(l”(t, Zn)uq (t, 2, )dt

0
s

) (5.12)

0
_3
=1"(n) + 1" (n) + O <Zn 4) :
We split the integral Iél)(n) into two integrals over the segments [0; ﬁ] and [-X ; 5). Then,
using estimates (3.25)), (4.16]), we get
7=
t _3
[0+ 9t = 0158zt )it = 0 (7).

0

1
1672

For the second segment, employing the asymptotic representation of the function u!(¢, z,) in
(4.1)—(4.5) and integrating once by parts, by the Cauchy-Schwarz inequality and the condition
g € W3 (0; ) we conclude that

s

- / 006+ 90 = D)5 (¢ 22 = gz (5) 40 (7). )
X

Then we observe that
Ii(n) + I (n) = O(z;h). (5.14)
Finally, let us study the asymptotic behavior of the term I4(n) in formula (5.10). In order
to do it, we integrate by parts:

jus

Ii(n) =— 16\/jr_n2g (g) /ul(t Zp Uz (t, z,)dt

(5.15)

/ T —t) /u1 (7, 2n0)ua (7, 2p)drdt + Oz 1).

0
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Since

us

2

/ () (¢, 20) ] (u9)? (7, 20 )q(r)drdt — / (ud)? (¢, 20) j ()? (. z)a(r)drdt = O (=)

0 0 0
due to Lemmata [Al and [12 we obtain

us

2

/ul(t, Zp)us(t, z,)dt =

0

ul(t, z,)uS(t, z,)dt + O (z;%> : (5.16)

S —
rol3

Employing relations (4.1))—(4.5)), formula (2) in [10, Sect. 5.12] and the asymptotic represen-
tations for the functions Ji(s), Yi(s) in [1I, Ch. XII, Sect. A.4] we conclude that

us

/ul(t Zn)us(t, 2, )dt = /tJO(\/Zt)YO(\/Zt) -

T o T, o m T 1 ( ,é)
Ve 2>u2<\rz )+ (VRS ES) = 1 +0 (-
Thus, according to estimates ) and - it follows from identities and -

that B
Li(n) = — 64#2\/Z ( )0 (=), (5.18)

Now the statement of Theorem |3 is implied by formula (5.10)) on the base of identities ([5.11]),
G.12), (5.13), (5.14) and (5.15). O

(VB

The proven Theorem (3| allows us to employ the approach of the work [5] for calculating the
regularized trace formula and the definition of the function g(«) (|5, Formula (7)]) yields that
the smoothness of the functions g(«) and v(w) coincide, we arrive at the main result of the
work.

Theorem 4. Let v(w) € Wy (S?). Then

w)dp(wo)

n(n+1)—c / d
nZOan o 16%3 52 J 82 \/1_ w, wo)? ulw

2
- — d
87r/v w
S2
(k)

where 1y, are the eigenvalues of the operator H,

1

co = [ v(w)dp(w),

82

and the series in the left hand side of the above formula converges absolutely.
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