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GARDING INEQUALITY
FOR HIGHER ORDER ELLIPTIC OPERATORS
WITH A NON-POWER DEGENERATION
AND ITS APPLICATIONS

S.A. ISKHOKOV, M.G. GADOEV, I.YA. YAKUSHEV

Abstract.  For higher order elliptic operators in an arbitrary (bounded or unbouned)
domain in n-dimensional Euclidean space R,, with a non-power degeneration we prove a
weighted analogue of Carding inequality. By means of this inequality we study the unique
solvability of the Dirichlet variational problem, whose solution is sought in the closure of
the class of infinitely differentiable compactly supported functions. The degeneration of
the coefficients in different variables is characterized via different functions. The lower
coefficients of the operators are assumed to belong to some weighted L,-spaces. For one
class of elliptic operators with a power degeneration in a half-space we study the solvability
of variational Dirichlet problem with inhomogeneous boundary conditions.

Keywords: elliptic operator, non-power degeneration, Garding inequality, variational
Dirichlet problem.
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1. INTRODUCTION

It is known in the theory of partial differential equations (see, for insance, [II,2]) that Garding
inequality [3] plays an important role in studying the solvability of boundary value problems
for uniformly elliptic equations by means of the methods of functional analysis. However, the
studying of boundary value problems for degenerate elliptic equations by means of the methods
of functional analysis was made mostly without using Garding inequality (see, for instance, [4]—
[10]). In the case of degenerate differential operator, Garding inequality was proven in works
[11,12). Elliptic operators considered in [11] has a special form, are defined in a bounded domain
Q7 located in the half-space E , = {(z, y) = (21, ¥2, ..., Ty, y) : y > 0} and adjacent to
the hyperplane y = 0. Instead of usual differentiation operators, their definitions involved the
operators of the form

ﬁm—H" Dmﬁr Dm alml ET T ar‘
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and as a result, the degeneration holds only on a part I'° of the boundary of domain QF lying
in the hyperplane y = 0. Elliptic operators considered in [12] are defined in arbitrary (bounded
or unbounded) domain and have the same degeneration in all independent variables.

In contrast to works [I1], [12], here we consider general higher order elliptic operators in an
arbitrary (bounded or unbounded) domain with different characters of degeneration in different
independent variables.
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A part of the results of the present paper in a brief form without proofs was announced in
[13].

2. FUNCTIONAL SPACES. AUXILIARY INTEGRAL INEQUALITIES

Let R, be an n-dimensional Euclidean space and let TI(0) = {x = (z1,...,2,) € R, : |7;] <
1 / 2,i=1 n} be the unit cube centered at the origin. For each point § € R and each vector
t=(t,...,t,) with positive components we define a parallelepiped TI{¢) by the identity

&) = {z € R : (w1 = &)/t - (w0 = &) /1n) € T1(0) .
Let  be an arbitrary open domain in R, and let g;(x) (i = 1,n) be positive functions defined
in . We let IL. 5(&) = Il..g¢¢) (&), where (&) = (g1(§), - - ,gn@.

Hereafter we assume that set Q2 and functions g;(z) (i = 1,n) are related by the condition:
there exists a number ¢y > 0 such that for each £ € Q the parallelepiped Il (&) is contained in
(). This condition is an analogue of the immersion condition considered in work by P.I. Lizorkin
[T4]. In [I4], there were also considered examples of domains 2 and positive functions g;(z)
(i = 1,n) satisfying the immersion condition.

Let o(x) be a positive function defined in 2. We assume that for each € € (0, ¢¢) there exist
positive numbers A(¢), v(¢) such that

61—I>I(I)1+ /\<€> - el—1>%l+ V(g) =1

and
L < @ < V(5)7 L < gz(:p)
v(e) ~ o(§) Ae
for all = € 11, 5(£) and all £ € Q.
We denote by @, 7(§) the class of positive functions o(x), x € Q, satisfying condition (£2.1)).
Let 1 < p < +o0 and 7 be a natural number. By the symbol L? (€2; 0, ), where an integer
number s is so that 0 < s < r, we denote the class of functions u(x), z € 2 having Sobolev
generalized derivatives u® (), k = (ki, ko ..., k,) is a multi-index, |k| = ki + ko + k, <,
with a finite semi-norm

1/p
lu; L, (250, G) || = { Z/ (@)gy" " (2)g5> " (2 )---gﬁ"‘r(m)lu(k)(ar)l)pdx} ,

[kl=sq

< Ae), i=1n, (2.1)
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while by the symbol W} (€; 0, §) we denote the space of functions u € L} (€2; 0, §) with a finite
norm

T — r — — 1/
s W2 (0,9 = {llus L (.0, DI+ [|us LS (R0, )P} (2.2)
Space W (Q; 0, §) is a Banach one with norm (2.2)) and under the above assumptions for all

p € [1,00) and all natural r set C§°(€2) is dense in this space [10].
By the symbol L,(2; o) we denote a weighted Lebesgue space with the norm

Jus 2y = { | ap<x>|u<x>|Pdas}l/p.

For each natural number m and each € > 0 we denote by HS,;) (€¢) the parallelepiped 11, (&)

as €, =m-e/(m+1). We note that HSZ;) (&) C I, (&), € € (0,ep), for each natural number
m.

The next lemma (see Lemma 2 of work [I0]) is the generalization of the well-known Troizi
lemma [15] for the considered case and it is used while obtaining weighted integral inequalities
by means of non-weighted ones.
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Lemma 2.1 ([I0]). Under the above assumptions for domain Q0 and for positive functions
o(z), gi(x), v € Q, i = 1,n, the equivalence relation

[ @@l L@s@)I) de = [ ()o@ .. gne) (o)) do
Q Q
holds true, where the symbol =< stands for a two-sided estimate with some positive constant.

Lemma 2.2. Let XS}) (x;€) be a characteristic function of parallelepiped HSZ;) (&). Then for
each natural number m and sufficiently small € > 0 the inequality

=) - — - Ae)e\"
< (1 @) 0 ) [ s < (1 3
(2>\(5)) ( +m> g1 (2)gy (%) ... g, (2) [ x5 (7;€)d . (2.3)
holds true, where A(g) is the same as in condition .

Proof. For an arbitrary fixed point z € 2 we introduce the following notations:
€ J—
Tg@) = {€ € Ru:l&— il < S i©), i=Ton},
5 J—
D.g(@) = {€ € Ru: & — il < 5 ai(a), i =Ton}.

Let £ € Doyey-1,5(x). Then it follows from condition (2.1)) that | — x;| < e- gi(7)/2A(e) <
< €gi(§)/2, 1= 1,n. Therefore, { € T 5(x), and this is why D)1 5(z) C T; g(z) for all z € Q.
In the same way by condition (2.1)) we prove that T, 7(x) C D.x)g(x) for each z € Q.

Let xeg(z,&) be a characteristic function of parallelepiped II. 7(§). Since [ x.g(x,§)d¢ =

|T. ()|, where the right hand side denotes the volume of parallelepiped T} z(z), the above
inclusions imply that

Dorer1.4(2)| < / Yo, )6 < | Dororgl)]

Hence,
NV < 2 - Ae)e\"
(3r5) <o'@- ' @a'(o) [xeate e < (M5)
Replacing € by e, = em/(m + 1) in this inequality, we obtain (2.3)). 0O

Lemma 2.3. Suppose that an integer number s satisfies 0 < s <r. Letp>1,1 < q1 < qo
satisfy the conditions

1 r—s 1
<— as n—(r—s)p>0;
p n o

qo 18 an arbitrary finite number as n — (r — s)p < 0.

Then for each 7 > 0 and all v € W} (0, g) the inequality

11
v; Ly, (9;0(9192 e Gn)? qo,Q)H <7

v Wy (0.9 o

1 1

)

Y

+ e H Hv; L, (0(g192---9n)

holds true, where
j— G — g +sn”
@' —p +(r—s)n!

Proof. Under the assumptions of the lemma, it follows from the interpolation inequalities for
classical Sobolev space (see, for instance, [16], Sect. 4.7]) that

s L (O | < 73 (s Ly (O] + 7 15 Ly (THO)| + 2 s Ly, (O, (2.6)

[t|=r

1

(2.5)
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where k is an arbitrary multi-index of length s and number p is determined by identity ([2.5).
Inequality ([2.4)) can be obtained from (2.6) by applying Lemma and employing the tech-
nique used in the proof of Lemma 2.2 in work [12]. O

Similarly to Lemma one can prove that if number s is so that 0 < s < r and the
conditions

non
I<p<@g<+oo,r—s——+—>0
P 9o

hold true, then for each v € W} (Q; 0, §) the inequality

‘U Lo <Q§U(9192~- ga)? 0, g)H <

holds true, where number M > 0 is independent of function v(z).

5 (20,9 (2.7)

Lemma 2.4. Assume that positive functions a(x), B(x) belong to the class . 5(2), p > 1,
q =1 and r, t are natural numbers. For multi-indices k, | such that |k| < r, |l| < t, we define
numbers q;, A, Sk by the following relations:

L t—
== > q(t — |l
e e, 0<e1<1/g, n<q(t—|l),
11 1 r—|k
—>—4+-—=— as n—pr—|k|]) >0, 2.9
o p(r ) (29)
1 1
/\—:—+52, where 0<ey <1/p as n—p(r—I|k|) <0, (2.10)
ko q
1 1 1
>———. 2.11
Mt (2.1)

Suppose that a posztwe function oy (z) belongs to the class ®. 5(Q) and satisfies the inequality

oulr)at(2)57 (@) <eght ™ (0)ght (@) . gt ()
(g1(2)ga () .. . gnlz))” S b vl

for each x € Q; a positive number ¢ is independent of x.
Then for each T > 0 the inequality

Hu(k)v(l);kal(Q;%z)” <

(2.12)

28,9 - {lus W3 (2 e, )]

‘|‘CQ7’7Mc

u; Lsk(Q;a,(gng...gn) »
holds true, where
okl L L0
Mg = —p (= [0t
and a positive constant cq depends only on n, p, r, |k|.

[ = (2.14)
Proof. Let |k| < r, |I| <t. Since number ¢; defined by 1dent1ty satisfies the conditions

q9 @
by applying inequality (2.7)) we have

[00: Lo (9 8)h (2)g8 @) . g3 (2) (1 (@)gaa) - gua)) ™50 )|

(2.15)
gMH/U7W; 7ﬁ7 )||7

where M is a positive constant independent of v(x).



GARDING INEQUALITY FOR ELLIPTIC OPERATORS ... 55

We observe that as gy = pg, s = |k|, ¢1 = Sk, where p; = ()\,;ll — ql_l)fl , and numbers q;, A\,
s are defined by relations (2.8)—(2.11)) and the assumptions of Lemma [2.3] Hence, applying
Lemma [2.3] in this case we obtain

Hu(k);ka (Q O‘g1 92 ---gﬁ"(glgz ---gn)ﬂdﬁiﬁ)H < 7‘||u WT(Q « g)H

s (2.16)
+com M |u; L, (s a(g192 - gn) 7 k)|,
where
-1 -1
sk —p, + |kln
ik = ———1° — (2.17)
pe —p '+ (r—lkn
By the identity
Lt 1 (2.18)
el Pe @ '
condition (2.12)) and Hoélder inequality we prove that
i1
[u®0®; Ly, (2 00)]| <HU(”;LCH (Q;ﬂglfglf- g (192 ga) O ql)H 2.19)
2.19

-Hu(k); (Q 0491 92 . '9712 (9192 p p’“)H

Now it is easy to see that (2.15)), (2.16]), (2.19) imply inequality (2.13] . ). Identity (2.14) is implied

by (2.17)) and identity (2.18)). O

3. GARDING INEQUALITY FOR DEGENERATE ELLIPTIC OPERATORS

We consider a differential operator

(Aw)(z) = 3 (D (pe(@)p(@)an(@)u® (@), = eq, (3.1)

\leKr

where

(@) = o(2)g" ™ (@) gy (@) L gy () (3.2)

and ay(z) are complex-valued functions.

The studying of boundary value problems for the differential equations with differential oper-
ator by the methods of functional analysis is related with the sesquilinear form generated
by this operator

Blu,v] = Z /pk(x)pl(m)akl(x)u(k)(a:)v(l)(x)dx. (3.3)

The Dirichlet variational problem related with form (3.3) was studied earlier in work by
S.A. Iskhokov [I0] under the assumption that coefficients satisfy the following ellipticity con-

dition
Re Y an(2)GG =Y Gl (3.4)

k[l <r |k|=r

for each = € €2 and each set of complex numbers ( = {(i}kj<r- Number ¢ > 0 is independent
of z, ¢. In this section instead of condition (3.4)) we assume a weaker condition

Re ) au(2)E"¢ > clgf” (3.5)

k[, |t|=r

for each z € Q, € € R,,; €8 = ¢hghe .. , € is a positive constant independent of x, &.
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Theorem 3.1. Suppose the coefficients ay(x) are bounded as |k| = |l| = r, satisfy ellipticity

condition and for each sufficiently small number v > 0 there exists a number € > 0 such
that

lag (y) — ap(2)] < v (3.6)
for each y € Q2 and each

1 _
zell. z(y) = {z €ER, |z —uyl < §5g,-(y), 1= 1,n} )

Assume also that coefficients ay(x) belong to the space Ly,, (% (g1 g2 ... ga)7/P) as k|, |I] <7
|k| + |I] < 2r — 1, where

CJaw o aslk|<r—1, |l <r
brt = ar aslkl=r |I|<r—1,

while numbers qi; are determined by the relations:

m <le<r—L|l|’ if n>2(r—1k|), n>2(r—|l);
n 1
¥ <qu, 0 <&y <3 if n>2(r—|kl), n<2(r—|l);
" L <o — |k 2(r — |
G — 7"_W—‘|‘52”’0<62<§’ if n < 2(r — |k|), n>2(r—|l]),
arbitrary number > 1 ifn <2(r—|kl), n<2(r—]).

Then there exist constant ¢y > 0 and ¢y = 0 such that

Re Blu, u] > elu; W (90, )| = 2l LY, (2 0, )] (3.7)
for each u € W3 (Q;0,7).
Proof. First we consider the case when sesquilinear form contains no lower order terms,

ie., as ay(zx) =0 (z € Q) for all multi-indices k, [ such that |k|,|l| < r and |k| + |I| < 2r — 1.
Fixing arbitrary point y € €2, we consider the sesquilinear form

By[u,v] = Z /akl(y)u(k)(ac)v(l)(x)dx, u,v € CP(R,).
ki=lll=rfs

Applying Garding inequality for strongly elliptic operators with constant coefficients, we have

Z/!u’“) !dx<M{Re > /akl u® (z dm+/|u \dx} (3.8)

kl=rg, |k[=[ll=r

for each u € C§°(R,,).
We introduce the notation

I1,,(0) = {x = (21, T2,...,%,) € Ry & |2 < ﬁ, i= l,n},
where m is a natural number.
We take a function p,,(z) € C§°(Il2,,(0)) with the following properties:
1) 0 < pm(x) < 1 for each z € T1(0);
2) om(x) =1 for each z € 11,,(0);
3) there exists a number ¢ > 0 such that |g0£,’f) (x)] < ¢ for each x € TI(0) and each multi-index
k: |kl <.
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Let u(xz) be an arbitrary function in the class C*°(II(0)). Continuing function v,,(x) =
u(z)pm(z) by zero outside set I1(0), we obtain function v, € C§°(R,). Since v,,(x) = u(x) for
all x € I1,,(0), inequality (3.8]) for function v,,(x) implies that

3 / |u(k)(x)|2dx<Mo{ReBy[Um,vm]+/|u(x)|2dx}. (3.9)
k=", (0) 11(0)

We represent form By [vp,, vp,] as

By[Vy, U] = Bél)[vm, U] + B?(f) [V U], (3.10)

where

BM [, o] = > i (y) i (2)u™ (2)u® (z)de,
\k\:m:ﬁ-[(g)
BZSQ) [VUms Um| = By[Um, U] — Bél)[vm, Upn-

Since in all the integrals involved in sesquilinear form Bg(f) [V, U] the order of at least one of
the derivatives u®)(z), uY) () does not exceed r — 1, applying appropriate embedding theorems
for Sobolev spaces without weight as well as Young inequality with a small parameter, we
obtain that for each sufficiently small 7 > 0 there exists a finite number M (7) > 0 such that

| B [, 0] <7 Y / lu® (z)|2dz + M (7 /|u )|2dz. (3.11)
|k|= ="11(0)

Indeed, the integrals involved in form B?S )[

1 () = / |, CraCutuy) ) @ ) (T

Um, U] have the following general form

where |u|+ |v| # 0, and by property 3) of functions ¢,, and the boundedness of coefficients ay,,
|k| = |l| = r, they satisfy the inequality

0] < Mo [ @] a2 )] de < Mo ;L)) s LMD

Applying Young inequality

ab| < dlal? + %
where ¢ is a sufficiently small positive number, and interpolation inequality (2.6)), one can show
that ‘I (m) (u )‘ does not exceed the right hand side of inequality (3.11)).

y,k, v

In view of property 2) of functions ¢,,(x), we represent form B?Sl)[vm, U] as

1 11 12
Bg(/ )[Uvam] = Bg(/,m)[u’u] + Bé,m)[uau]? (312)
where
By uul = ) ap(y)u® (2)u®(z)dz,
\k\:m:ﬁ-[m(o)
By uul = ) an(y)p (@)u™ (@)ul) (z)dz,
‘k‘:m:rn(m)(o)

1™ (0) = I1(0) \ IL,,(0) = {x €R,: % <o < % i :7}.
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Since coefficients ag; (|k| = |l|] = r) are bounded, applying Cauchy-Schwarz inequality and
taking into consideration that [II?™(0)| — 0 as m — oo, we obtain

| Bys T, u]| < g s Ly (TL(0)) |1, (3.13)
where
1/2
r 2
o 5O = 4 32 [ a9 da
Ik1=rr1(0)

and positive numbers pu,, tend to zero as m — oo.

By inequality (3.9) it follows from representations (3.10)), (3.12)) that

s Ly (I (0)1* = Mol BP [0, vin]| — Mo| Bisa) [u, u]] < My Re By [u, ).

1
Choosing natural number m large enough and applying inequality (3.11)) as 7 = — as well as
m

inequality (3.13]), we arrive at the inequality
lu; Ly (T (O))[I* = o [|u; Ly (THO))[|* = Cop [l Lo (T1(0)) || < Mo Re Byl [u,u] - (3.14)

for all uw € C*(I1(0)), where ¢,,, C,, are positive numbers independent of u(x) and ¢,, — 0 as
m — oo.

Let v be an arbitrary function in class C§°(£2) and y be an arbitrary fixed point in domain
Q. Mapping z — z defined by the identities z; = (z; — wi)/(g:i(y)), ¢ = 1,n, maps the
parallelepiped Il ;(y) = {2z € Ry, : |z — vi| <egi(y)/2} into the unit cube II(0), while paral-
lelepiped Hggf) (y) is mapped into II,,(0). For sufficiently small € > 0 the parallelepiped IL. 7(y)
is contained in domain €2 and this is why function 0, (z) = v(z;e9:(y) + v;) is well-defined for
all x € T1(0) and belongs to class C*°(I1(0)).

Inequality ([3.14) for the function u(x) = o,(x) becomes

Z { / x)2dr — ¢, / \U Qd:v}e%gfkl (1) g3 (y) . .. g% (y / |9, (2)|?dz

|k|=r 11(0) 11(0)

< M, Re Z £2r b+l () ghatla () it (y) / akl(y)@l(/’“)(:v)v@(,l)(m)dx.
|k|=[l|=r

We pass to new integration variables z; = x;e9;(y) + y; in the above integrals to obtain

Z{ / [0 (2)]?dz — e / \v(k)(Z)IQdZ}SQ’" "o y)gs T (Y) - gat T ()

|k|=r

™ (y) I 3(y)
—Cy, v(2)Pdze g ()92 ' (¥) - g, ' (y)d=
Hs,ﬁ(y)
< M Re{gr—" > gt gt ) gkt () / akl(y)v(k)(Z)v(”(Z)dZ}
k=il =r
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—2r

We multiply this inequality by o%(y)(91(y)g92(v) - .. g.(y)) ™% and we integrate the result in

y € . As a result we have

Z / 92(y) - gn(1)) 2 TG ) s T () - gl ()

—cml;r /Q W) (1) g2Y) - - ga() 7 g T ) g T ) - g2 () s

. / W (2)2dz | d
Hs,g’(y)

—C,, / W) (91(Y)ga(y) - galy)) > e ( / |v(k)(2)l2dz> dy
Q He,ﬁ(y)
< Mpe® ™™ Re B. [, 0],

where

Belv,v] = > / )92(y) - 9n(¥) 2 g T ()95 (y) - g ()

|k|=|l|=r
- / ara(y)o™® ()00 (2)dz | dy.
") (y)

Applying Lemma and inequalities (2.1]), let us estimate the integrals in the left hand side
of inequality (3.15)). By means of inequalities (2.1)) for the first integral we have

(3.16)

ey / 92y) - ga ) ()95 () - ga (y)

|k|=r

> 2 eN M) Y [ AR 00(2) T AR ) g2

- ( / xi?;><z;y>dy) o) (2) Pz,
Q

where €, = me/(m + 1).
Applying Lemma [2.1] we obtain

ey / 92y) - gn) T ()95 () - ga ()

|k|=r

1 —n
. / |v(k’)(z)|2dz dy > v 2 ()N 2 (en)27" (1 + —) ||U; L, (9Q; 0, gﬁ)H2 .
") (y) m ’

(3.17)
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Let us estimate the second integral in the left hand side of inequality (3.15)). Applying inequal-

ities (2.1]), we have

Z/ )92(y) - gu ()2 g T ()92 (W) - g T ()
jKi=r
' (/ |“"“)(z)|2dz> d
I 5(y)
S e Z/ Jgi™ T ()T (2) gl (2)
jKi=r

P ([ xeateio)in ) a

Employing then Lemma [2.1, we obtain the following final estimate

Z/ 92(y) - ga(y)) TG T W) g ) g ()

|k|=r
/ o () 2dz | dy < 22 ()27 |
Hs,ﬁ(y)

We proceed to estimating the third integral in the left hand side of inequality (3.15)). Applying
inequalities ([2.1]), we have

/902(@/)(91(3/)92@)---gn(y))‘z’"‘la‘" (/H " \v@)\%) dy

<e AT ”(6)/02(2)(91(2)92(2)---gn(z))2”!@(2)!2 </Q><s,g*(2;y)dy> dz.

Q
To estimate the internal integral, we employ Lemma and arrive at the following inequality

|t o) ( I \v(z)\?dz) dy 10

V()N ()27 ||v; LS, (2 0, g) H2 :
By (3.15)) it follows from the obtained inequalities - - ) that
(1=Cn(e)) ||v: L5, (0,7 H —Cp(e)e™ v L3, (0,7 H e "My (e) Re B. v, 0], (3.20)
where sesquilinear form B; v, v] is deﬁned by 1dent1ty - ) and

1\" em
~ 4 2
m — Cm m)\nm 1 —_ y Em —
c CmV” (Em) (5)<+m) €

(3.18)

5 (20,9

Ci(e) = Cr* () A2 ()N (e, <1 + %)” , (3.21)

M, (g) = Mor?(e) A" (em)2" (1 + i>n.

m

We introduce a new sesquilinear form

= > / ( / (25 9)an(y )dy) (91(2)92(2) - - gu(2)) " Pr(2)pr(2)u® ()0 O (2)dz,
|k|=[l|=r

where functions py(z) are defined by identity ((3.2]).
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In view of the boundedness of coefficients ay(x) as |k| = |l| = r, we have

| B, [v,v] = Belv, o] S MY /(/ )'1_Pk(y)pz(y),91(2)gz(z)...gn(z)

|l =r pe(2)pi(2)  91(1)g2(y) - - - gn(y)

Pr(2)pi(2)(91(2)g2(2) - - -gn(Z))_l|U(""“)(Z)|Ivl(2)|dZ) dy.

(3.22)
By condition ({2.1)), for sufficiently small ¢ > 0 there exists a positive number p4(¢) such that

’1 W) 9@e() - mE)| (3.23)

pe(2)pi(2)  91(¥)g2(y) - - gnly)

for all y, z € Q satisfying the condition Xi )(z y) # 0; pui(e) — 0 as € — 0. In view of this fact

and by Lemma |2 u and Cauchy-Schwarz mequahty, it follows from - that
| BEL W, 0] = Belv,v]| < i (e) |5 L3, (50, 9)||° (3.24)

for all v € C§°(Q2).

We consider a new sesquilinear form

BOfu,o] = Y / (/ ng z; y)dy) a(2)pe(2)pu(2)

Jki=Hl=r
(91(2)92(2) - gul2)) T uP () D (2)dz, (u,v € C5E()).

By condition (3.6), Lemma [2.1] arguing in a standard way by Cauchy-Schwarz inequality, we
prove for each sufficiently small positive v there exists number ¢, > 0 such that

|BOL v, v] = B v, 0| < & [Jos Ly, (2 0.9) (3.25)

for all v € C§°(£2) and each € € (0,¢,).

Lemma 3.1. For each real-valued function ®(z) € Li(2) and for sufficiently small € > 0
the inequality

o | ( / xif?(z;y)dy) G(2)92(2) - u(2)) D ()2

(3.26)
< )\”(am)an/QCI)(z)dz + " [N (em) — A" (em)] /Qq)(z)dz,

holds true, where
1 n
O™ (2) = (|P(2)] — (2))/2, com =2" (1 + E) :
Proof. We introduce a function ®*(z) = (|®(2)| + ®(z))/2. We observe that ®(z) = &+ (z) —

®~(2) and functions ®*(z), ®(z) are non-negative.

By Lemma [2.1] we have
—ny—n 1 - — m
2 ) (145) < @) 0 [y
Q
- m n ]' - —n\n
@oa(e) o) [y <= (14 1) ),

We multiply both sides of the former inequality by ®~(z), while the latter is multiplied by ®*(z).
Then we integrate in z € 2. The obtained inequalities and the identity ®(z) = ®*(z) — &7 (z2)
O

yield (3:20).
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Applying inequality (3.26) as
®(z) = Re Z akz(z)]?k(z)pl(z)“(k)(Z)U(l)(Z)a

k= ll=r
we have
Cnm Re Bgzl[v, v] K XN'(em)e™ Re Blv,v] + €™ [A"(em) — A" (em)] / O (2)dz. (3.27)
Q
Since coefficients ay(z), |k| = |I| = r, are bounded, we have

[o @iz [ e ¥ [ nemn e 0 @

ki=ltl=r
<M |jv; Ly, (2 0, G)II".

Together with (3.27)) this implies that

Re B2, [v.0] < "M {Re Blv.v] + jua(®)l|os L, (2 0.9) 2} (3.28)

where M is a positive number independent of € > 0 and v(x), and
1(8) = N'(em) — A (em),  Em = mg_’fl (3.29)
Employing inequality , we have
(1 —¢nle) ||UL QagH— 2’ﬂHvL Qag”
<e” ”Mm( ) Re BETL[ ) + "My () | Beymlv, 0] — Bé}m[v,vH
+e "My () |BY), v, 0] — BE) v, ]|
By inequalities ((3.24 m it follows that
(1 —¢n(e) ||UL2TQO'gH — Cn e)e™" ||v; LY, Qag”
< £7" M, () Re BE) [v, v] + pi1(€) My (€) ||v3 L, Qag)”

+ M, ( I/H’ULQTQO'QH

Applying inequality (3.28)), we get

(1= (@) [Jo5 L, (% 0, 9) | ~Cn)™ o5 18, (0, 9|
<Mm(s)M{ReB[v o)+ pa(e) |5 L, (5 0,9)* |
+ i (e)M, HUL Qag” + M, ( 2rQUg>H'
This yields that
1= n(e) —uz(e)Mm(é‘)M—ul( >M () = Mun(e)¥] [[v; L, (% 0, || (3.30)
— C(e)e ™ |05 LY, QagH My (€)M Re Blv, v,

where numbers ¢, (¢), @m(s), M, () are the same as in (3.21)), p1() is the same as in (3.23),
while number pus(¢) is determined by identity (3.29)).
Choosing number m large enough and numbers ¢, v small enough, by (3.30) we obtain the
inequality
Re B[v, v]

for all v € C§°(Q); c3, ¢4 are posmve constants 1ndependent of v(x )

2r

)H (3.31)



GARDING INEQUALITY FOR ELLIPTIC OPERATORS ... 63

Thus, we have completed the proof of the Garding inequality for the degenerate elliptic
operator associated with sesquilinear form Blu,v| defined by identity in the case ay =0
as k| + || <2r— 1.

We proceed to the proof of Garding inequality in the general case. We let

Bolu,v] = Z (@) (@) ag (2)u® (2)vO (x)dz,  Bilu,v] = Blu,v] — Bo[u, v).
[k|=[l]=" o

In accordance with the above proven result for sesquilinear form By[u,v] we have inequality
(3.31)), i.e., there exist numbers ¢5 > 0, ¢g > 0 such that

Re Bofu, u] > 5o (0.9 (3:32)
for all u € C3°(12).
We represent sesquilinear form Bj[u, v] as
Bilu,v] = Builu,v] + Bia[u, v], (3.33)

where

Byfu,v] = ) /Pk(x)l?l(ff)akl(x)u(k)(w)v(”(ﬂf)dw,

[kl <r,[ll<r g

(3.34)
Bialu,v] = Z /pk(x)pl(x)akl(x)u(k) (x)vW(x)dz.
|k|=mll<r
Employing Hélder inequality with exponents g, Ax;, by the condition
Hakl;L(Zkl(Q; (9192 .- _gn)—l/%l)” < —|—OO, |k| + ‘l| < 2r — 17
we have
Buli < Y [ @) 0ae) P oo O @) O @)
|k|<m,|l|<r Q
<M0 Z ||u L)\kl(Q Jkl)H
|k|<m,|l|<r
Applying then Lemma [2.4 as p = ¢ = 2, we obtain
| Bur[u, v] < M [lo; W5 (0, )| {7 [lws W5 (0, 9)| + cor™ 0 (o, D[}, (3.35)

where p = Tillax i and numbers py are determined by identity (2.14)); 7 is a sufficiently small
<r

positive number.

Since sesquilinear form Bja[u, v] involves u® (z)vW(x) |I| < r, |k| = 7, (see (3.34)), by
switching the roles of u(x) and v(x) and proceeding as in the proof of inequality (3.35)), we
have

| Bia[u, v] < M ||u; I/V2 (Q a, 9l {TH’U VV2 (Q a, )| + cot™* Hv L Q50,7 ||} (3.36)
Employing inequalities (3.35] - as u(x () and identity -, we obtain
| By [u, u] < M ||u; W”(Q o, Nl {7l WT(Q a, g+ cor™" Hu Ly, (0,9} (3.37)

Since Blu, v] = Bolu, v] + Bi[u,v], by employing inequalities (3.32), - we find
Re Blu, u] > Re By[u, u] — | B1[u, u|

>(c5 — )

b (0, PP = (4 cor ¥ 4 o) || L3, (20, 9)||

Fixing a sufficiently small number 7 > 0, we obtain

Re Blu,u] > cr ||u; Ly (2 0, §)||" — e [|us L3 (0. || (3.38)
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Since 12
s W3 (20, )1 = { |Jus L5, (20, )|+ [[us 28,20, )}

obtained inequality (3.38)) implies inequality (3.7). The proof of Theorem is complete. [

4. ON SOLVABILITY OF THE VARIATIONAL DIRICHLET PROBLEM FOR ELLIPTIC
OPERATORS WITH NON-POWER DEGENERATION

In this section we formulate a result on solvability of the, which can be proved by means
of the above obtained Garding inequality and a generalized Lax-Milgram theorem (see, for
instance, [§]).

Let (WJ(2;0,7) be a space of bounded antilinear continuous functionals defined on
W3 (Q;0,7) and equipped with the norm of the dual space.

We consider the following Dirichlet variational problem associated with sesquilinear form
B3).

Problem D). Given a functional F € (W3 (Q;0,3)), find a solution U(x) to the equation

BlU, v] +/Q<72(93) (91(2)g2(2) -+~ gu(2)) " Uw)v(a)dz = (F, v),v € C5*(Q) (4.1

in the space W3 (2 0, q).
We observe that if coefficients ay(z) and right hand side F' of equation (4.1)) are smooth
enough, solution U(z) of Problem D, satisfies the differential equation

(AU)(x) + Aa*(2) (g1()g2(x) - - - gu(2)) " U(2) = F(x), w€,
where A is the same differential operator as in (3.1]).

Theorem 4.1. Assume the hypothesis of Theorem[3.1. Then there exists a number Ao = 0
such that as X\ > Xo, for each given functional F € (W3 (% 0,3)) Problem Dy has the unique
solution U(x) and the estimate

|U; W3 (Q0,9)|| < M||F; (W3 (20,9)||

1s satisfied, where positive number M is independent of F'.

5. ON SOLVABILITY OF DIRICHLET VARIATIONAL PROBLEM WITH INHOMOGENEOUS
BOUNDARY CONDITIONS IN A HALP-SPACE

Since class C§°(€2) is dense in W3 (€;0,g), Theorem 2 allows us to establish the solvabil-
ity of the variational Dirichlet problem with homogeneous boundary conditions for particular
types of domains 2 C R,, (for instance, bounded domains, complements to bounded domains,
half-space), while for studying the solvability of such problems with inhomogeneous bound-
ary conditions we need first to prove embedding theorem of various metrics for appropriate
weighted spaces, whose elements, in the general situation, are not approximated by the func-
tions in C°(Q2). In this section we formulate the result (without proof) on the solvability of the
Dirichlet variational problem for one class of elliptic problems in the half-space with a power
degeneration.

Let RS = {z|z = (2/,z,) € Rn,x, > 0} and let function p(t) € C*(R) be so that
0< ¢(t)<1lforeacht e [1;1] and p(t) =0, ast > 1; p(t) = 1 for each ¢ € [0;1]. For all real
numbers «, # we introduce the function

Tas(t) = (O + (L= p()t”  (t>0).
We denote by W’ . (R}) the space of functions u(x) (z € R;") with a finite norm

Dpyo,Byy
' ' 1
s W o (RO = {llus Lo s(ROP + [Jus L0 (ROIPI”

p7a757’y ,O{,’Y(
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where

s sl ={ X [ x<oa,ﬁ<xn>|u<k><x>|>wm}”p.

|k|=r
Let C3°(R}) be a set of infinitely differentiable in R} functions compactly supported above,
g~ (L) stand for the closures of

(R}), respectively.

i.e., vanishing for large x,,. The symbols W;aﬂﬁ(Rg), wr
classes C2°(RY) and CS°(R:) in space W} s
We consider the sesquilinear form
Blu,v] = ) / 02 5(zn)ap(2)u® (2)v0 (z)dz (5.1)
Il i< 7 o
and the associated Dirichlet variational problem.
R / —
Problem D. Given a functional F € <W2T;aﬁﬁ(R:§)> and an element W(zx) € Wy, 5 (R}),
find a solution U(x) € vaﬁa,B,y(RZ) to the equation
B[U,v] =< F,v >, Yv € C°(R}),

satisfying the condition
Ulx) — V(x) € Wy, 5. (RY). (5.2)

Assume that coefficients ag(x) of sesquilinear form (j5.1)) obey the conditions:
I) as |k| = |I| = r, coefficients ay,(z) are bounded and satisfy the ellipticity condition:

Re > an(z)s"e = cl¢
|k|=[|=r
for all x € R, £ € R,,, where ¢ is a positive number independent of z, £, and for all sufficiently
small v > 0 there exists a number € > 0 such that
lap(7) —an(y)| < v
for all z,y € R, such that

1 .
|z, — yi] < 5 EYns i=1,n;

IT) as |k| + |I| < 2r — 1, coefficients ay; belong to space Ly, (R}; 04y, 5., (%2)), where numbers
g, Bri, pr are determined by the relations:
a) if|k| < r, |l| < r, then
n.n
A = ———l———i—nék—r—i-\l],
2 Pu
n

n
B =20 = Ik = il = (0 = Do+ 5 = =

1 1 — |1
_:1_5k_5l_<__r—’|> ’
Pk 2 n .

where numbers J, &; in the interval (0, 1/2) satisfy the conditions
1 1 r—|k
0< 5—5k—€l<min{§,r n| |}
and (0); =0 if 6 > 0 and (0) = 0 otherwise;
b)if |k| =, |I| <r —1, then

n
] = ——T—i‘m,
Dkl
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n
Bu=——+r—lll,
Pkl

and ¢ is a sufficiently small positive number;
c) if |k| <r —11]l] =r, then

1
Q=5 — Ok,
1
P =1 — Vf|—§+5k,
1 1
— = = — .
w2
In these conditions number d; is such that
1 1 1
— -2 < -
2 n S FT 2

Theorem 5.1. Assume that conditions 1), II) are satisfied and that there ezists a positive
number ¢y such that

co/+ (Ja7ﬁ(xn)x;’"|v(x)|)2dx < ReB|v, v]

n

for all v € CP(R;). Suppose also that

1

1 1
a<—§, —a—|—§¢{1,2,...,7’}, B+§¢{1,2,...,7’}, B—r=n.

R / —
Then for each given functional F' € <W2’;aﬁﬁ(R$)> and each given element W € W3, 5 (R})

Problem D has the unique solution U(x) and the estimate

R /
0 S BN < 81 {7 (WGB3 W o 1
holds true, where number M is independent of F' and V.

Remark 5.1. Condition (5.2) means that on the hyperplane z, = 0 the solution U(z) to
Problem D has the same traces as given function W(z). Under additional restrictions for
parameters «, 3, v, as in work [9], one can write explicitly the boundary conditions on the
hyperplane z,, = 0.
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