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GÅRDING INEQUALITY

FOR HIGHER ORDER ELLIPTIC OPERATORS

WITH A NON-POWER DEGENERATION

AND ITS APPLICATIONS

S.A. ISKHOKOV, M.G. GADOEV, I.YA. YAKUSHEV

Abstract. For higher order elliptic operators in an arbitrary (bounded or unbouned)
domain in 𝑛-dimensional Euclidean space R𝑛 with a non-power degeneration we prove a
weighted analogue of Carding inequality. By means of this inequality we study the unique
solvability of the Dirichlet variational problem, whose solution is sought in the closure of
the class of infinitely differentiable compactly supported functions. The degeneration of
the coefficients in different variables is characterized via different functions. The lower
coefficients of the operators are assumed to belong to some weighted 𝐿𝑝-spaces. For one
class of elliptic operators with a power degeneration in a half-space we study the solvability
of variational Dirichlet problem with inhomogeneous boundary conditions.

Keywords: elliptic operator, non-power degeneration, G̊arding inequality, variational
Dirichlet problem.
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1. Introduction

It is known in the theory of partial differential equations (see, for insance, [1, 2]) that G̊arding
inequality [3] plays an important role in studying the solvability of boundary value problems
for uniformly elliptic equations by means of the methods of functional analysis. However, the
studying of boundary value problems for degenerate elliptic equations by means of the methods
of functional analysis was made mostly without using G̊arding inequality (see, for instance, [4]–
[10]). In the case of degenerate differential operator, G̊arding inequality was proven in works
[11, 12]. Elliptic operators considered in [11] has a special form, are defined in a bounded domain
Ω+ located in the half-space 𝐸+

𝑛+1 = {(𝑥, 𝑦) = (𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑦) : 𝑦 > 0} and adjacent to
the hyperplane 𝑦 = 0. Instead of usual differentiation operators, their definitions involved the
operators of the form

̃︀𝐷𝑚+𝑟 = 𝐷𝑚
𝑥
̃︀𝐷𝑟
𝑦, 𝐷𝑚

𝑥 =
𝜕|𝑚|

𝜕𝑥𝑚1
1 · · · 𝜕𝑥𝑚𝑛

𝑛

, ̃︀𝐷𝑟
𝑦 = 𝑦𝑟

𝜕𝑟

(𝑦𝜕𝑦)𝑟
,

and as a result, the degeneration holds only on a part Γ0 of the boundary of domain Ω+ lying
in the hyperplane 𝑦 = 0. Elliptic operators considered in [12] are defined in arbitrary (bounded
or unbounded) domain and have the same degeneration in all independent variables.

In contrast to works [11, 12], here we consider general higher order elliptic operators in an
arbitrary (bounded or unbounded) domain with different characters of degeneration in different
independent variables.
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A part of the results of the present paper in a brief form without proofs was announced in
[13].

2. Functional spaces. Auxiliary integral inequalities

Let 𝑅𝑛 be an 𝑛-dimensional Euclidean space and let Π(0) = {𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ 𝑅𝑛 : |𝑥𝑖| <
1/2, 𝑖 = 1, 𝑛} be the unit cube centered at the origin. For each point 𝜉 ∈ 𝑅𝑛 and each vector
𝑡⃗ = (𝑡1, . . . , 𝑡𝑛) with positive components we define a parallelepiped Π𝑡⃗(𝜉) by the identity

Π𝑡⃗(𝜉) = {𝑥 ∈ 𝑅𝑛 : ((𝑥1 − 𝜉1)/𝑡1, . . . , (𝑥𝑛 − 𝜉𝑛)/𝑡𝑛) ∈ Π(0)}.

Let Ω be an arbitrary open domain in 𝑅𝑛 and let 𝑔𝑖(𝑥) (𝑖 = 1, 𝑛) be positive functions defined
in Ω. We let Π𝜀,𝑔⃗(𝜉) = Π𝜀·𝑔⃗(𝜉)(𝜉), where 𝑔⃗(𝜉) = (𝑔1(𝜉), . . . , 𝑔𝑛(𝜉)).

Hereafter we assume that set Ω and functions 𝑔𝑖(𝑥) (𝑖 = 1, 𝑛) are related by the condition:
there exists a number 𝜀0 > 0 such that for each 𝜉 ∈ Ω the parallelepiped Π𝜀0,𝑔⃗(𝜉) is contained in
Ω. This condition is an analogue of the immersion condition considered in work by P.I. Lizorkin
[14]. In [14], there were also considered examples of domains Ω and positive functions 𝑔𝑖(𝑥)
(𝑖 = 1, 𝑛) satisfying the immersion condition.

Let 𝜎(𝑥) be a positive function defined in Ω. We assume that for each 𝜀 ∈ (0, 𝜀0) there exist
positive numbers 𝜆(𝜀), 𝜈(𝜀) such that

lim
𝜀→0+

𝜆(𝜀) = lim
𝜀→0+

𝜈(𝜀) = 1

and
1

𝜈(𝜀)
6

𝜎(𝑥)

𝜎(𝜉)
6 𝜈(𝜀),

1

𝜆(𝜀)
6

𝑔𝑖(𝑥)

𝑔𝑖(𝜉)
6 𝜆(𝜀), 𝑖 = 1, 𝑛, (2.1)

for all 𝑥 ∈ Π𝜀,𝑔⃗(𝜉) and all 𝜉 ∈ Ω.
We denote by Φ𝜀,𝑔⃗(𝜉) the class of positive functions 𝜎(𝑥), 𝑥 ∈ Ω, satisfying condition (2.1).
Let 1 6 𝑝 < +∞ and 𝑟 be a natural number. By the symbol 𝐿𝑠

𝑝,𝑟(Ω;𝜎, 𝑔⃗), where an integer
number 𝑠 is so that 0 6 𝑠 6 𝑟, we denote the class of functions 𝑢(𝑥), 𝑥 ∈ Ω having Sobolev
generalized derivatives 𝑢(𝑘)(𝑥), 𝑘 = (𝑘1, 𝑘2 . . . , 𝑘𝑛) is a multi-index, |𝑘| = 𝑘1 + 𝑘2 · · · + 𝑘𝑛 6 𝑟,
with a finite semi-norm

‖𝑢;𝐿𝑠
𝑝,𝑟(Ω;𝜎, 𝑔⃗)‖ =

{︂∑︁
|𝑘|=𝑠

∫︁
Ω

(𝜎(𝑥)𝑔𝑘1−𝑟
1 (𝑥)𝑔𝑘2−𝑟

2 (𝑥) . . . 𝑔𝑘𝑛−𝑟
𝑛 (𝑥)|𝑢(𝑘)(𝑥)|)𝑝𝑑𝑥

}︂1/𝑝

,

while by the symbol 𝑊 𝑟
𝑝 (Ω;𝜎, 𝑔⃗) we denote the space of functions 𝑢 ∈ 𝐿𝑟

𝑝,𝑟(Ω;𝜎, 𝑔⃗) with a finite
norm

‖𝑢;𝑊 𝑟
𝑝 (Ω;𝜎, 𝑔⃗)‖ =

{︀
‖𝑢;𝐿𝑟

𝑝,𝑟(Ω;𝜎, 𝑔⃗)‖𝑝 + ‖𝑢;𝐿0
𝑝,𝑟(Ω;𝜎, 𝑔⃗)‖𝑝

}︀1/𝑝
. (2.2)

Space 𝑊 𝑟
𝑝 (Ω;𝜎, 𝑔⃗) is a Banach one with norm (2.2) and under the above assumptions for all

𝑝 ∈ [1,∞) and all natural 𝑟 set 𝐶∞
0 (Ω) is dense in this space [10].

By the symbol 𝐿𝑝(Ω; 𝜎) we denote a weighted Lebesgue space with the norm

‖𝑢; 𝐿𝑝(Ω;𝜎)‖ =

{︂∫︁
Ω

𝜎𝑝(𝑥)|𝑢(𝑥)|𝑝𝑑𝑥
}︂1/𝑝

.

For each natural number 𝑚 and each 𝜀 > 0 we denote by Π
(𝑚)
𝜀,𝑔⃗ (𝜉) the parallelepiped Π𝜀𝑚,𝑔⃗(𝜉)

as 𝜀𝑚 = 𝑚 · 𝜀/(𝑚 + 1). We note that Π
(𝑚)
𝜀,𝑔⃗ (𝜉) ⊂ Π𝜀0,𝑔⃗(𝜉), 𝜀 ∈ (0, 𝜀0), for each natural number

𝑚.
The next lemma (see Lemma 2 of work [10]) is the generalization of the well-known Troizi

lemma [15] for the considered case and it is used while obtaining weighted integral inequalities
by means of non-weighted ones.
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Lemma 2.1 ([10]). Under the above assumptions for domain Ω and for positive functions
𝜎(𝑥), 𝑔𝑖(𝑥), 𝑥 ∈ Ω, 𝑖 = 1, 𝑛, the equivalence relation∫︁

Ω

(𝜎(𝜉)‖𝑢;𝐿𝑝(Π𝜀,𝑔⃗(𝜉))‖)𝑝 𝑑𝜉 ≍
∫︁
Ω

(︀
𝜎(𝑥)(𝑔1(𝑥)𝑔2(𝑥) . . . 𝑔𝑛(𝑥))1/𝑝|𝑢(𝑥)|

)︀𝑝
𝑑𝑥

holds true, where the symbol ≍ stands for a two-sided estimate with some positive constant.

Lemma 2.2. Let 𝜒
(𝑚)
𝜀,𝑔⃗ (𝑥; 𝜉) be a characteristic function of parallelepiped Π

(𝑚)
𝜀,𝑔⃗ (𝜉). Then for

each natural number 𝑚 and sufficiently small 𝜀 > 0 the inequality(︂
𝜀

2𝜆(𝜀)

)︂𝑛

6

(︂
1 +

1

𝑚

)︂𝑛

𝑔−1
1 (𝑥)𝑔−1

2 (𝑥) . . . 𝑔−1
𝑛 (𝑥)

∫︁
𝜒
(𝑚)
𝜀,𝑔⃗ (𝑥; 𝜉)𝑑𝜉 6

(︂
𝜆(𝜀)𝜀

2

)︂𝑛

(2.3)

holds true, where 𝜆(𝜀) is the same as in condition (2.1).

Proof. For an arbitrary fixed point 𝑥 ∈ Ω we introduce the following notations:

𝑇𝜀,𝑔⃗(𝑥) =
{︁
𝜉 ∈ 𝑅𝑛 : |𝜉𝑖 − 𝑥𝑖| <

𝜀

2
𝑔𝑖(𝜉), 𝑖 = 1, 𝑛

}︁
,

𝐷𝜀,𝑔⃗(𝑥) =
{︁
𝜉 ∈ 𝑅𝑛 : |𝜉𝑖 − 𝑥𝑖| <

𝜀

2
𝑔𝑖(𝑥), 𝑖 = 1, 𝑛

}︁
.

Let 𝜉 ∈ 𝐷𝜀𝜆(𝜀)−1,𝑔⃗(𝑥). Then it follows from condition (2.1) that |𝜉𝑖 − 𝑥𝑖| < 𝜀 · 𝑔𝑖(𝑥)/2𝜆(𝜀) <

< 𝜀𝑔𝑖(𝜉)/2, 𝑖 = 1, 𝑛. Therefore, 𝜉 ∈ 𝑇𝜀,𝑔⃗(𝑥), and this is why 𝐷𝜀𝜆(𝜀)−1,𝑔⃗(𝑥) ⊂ 𝑇𝜀,𝑔⃗(𝑥) for all 𝑥 ∈ Ω.
In the same way by condition (2.1) we prove that 𝑇𝜀,𝑔⃗(𝑥) ⊂ 𝐷𝜀𝜆(𝜀),𝑔⃗(𝑥) for each 𝑥 ∈ Ω.

Let 𝜒𝜀,𝑔⃗(𝑥, 𝜉) be a characteristic function of parallelepiped Π𝜀,𝑔⃗(𝜉). Since
∫︀
𝜒𝜀,𝑔⃗(𝑥, 𝜉)𝑑𝜉 =

|𝑇𝜀,𝑔⃗(𝑥)| , where the right hand side denotes the volume of parallelepiped 𝑇𝜀,𝑔⃗(𝑥), the above
inclusions imply that ⃒⃒

𝐷𝜀𝜆(𝜀)−1,𝑔⃗(𝑥)
⃒⃒
6
∫︁

𝜒𝜀,𝑔⃗(𝑥, 𝜉)𝑑𝜉 6
⃒⃒
𝐷𝜀𝜆(𝜀),𝑔⃗(𝑥)

⃒⃒
.

Hence, (︂
𝜀

2𝜆(𝜀)

)︂𝑛

6 𝑔−1
1 (𝑥) · 𝑔−1

2 (𝑥) . . . 𝑔−1
𝑛 (𝑥)

∫︁
𝜒𝜀,𝑔⃗(𝑥, 𝜉)𝑑𝜉 6

(︂
𝜆(𝜀)𝜀

2

)︂𝑛

.

Replacing 𝜀 by 𝜀𝑚 = 𝜀𝑚/(𝑚 + 1) in this inequality, we obtain (2.3).

Lemma 2.3. Suppose that an integer number 𝑠 satisfies 0 6 𝑠 < 𝑟. Let 𝑝 > 1, 1 6 𝑞1 6 𝑞0
satisfy the conditions

1

𝑝
− 𝑟 − 𝑠

𝑛
<

1

𝑞0
as 𝑛− (𝑟 − 𝑠)𝑝 > 0;

𝑞0 is an arbitrary finite number as 𝑛− (𝑟 − 𝑠)𝑝 6 0.

Then for each 𝜏 > 0 and all 𝑣 ∈ 𝑊 𝑟
𝑝 (Ω;𝜎, 𝑔⃗) the inequality⃦⃦⃦

𝑣;𝐿𝑠
𝑞0,𝑟

(︁
Ω;𝜎(𝑔1𝑔2 . . . 𝑔𝑛)

1
𝑝
− 1

𝑞0 , 𝑔⃗
)︁⃦⃦⃦

6𝜏
⃦⃦
𝑣;𝑊 𝑟

𝑝 (Ω;𝜎, 𝑔⃗)
⃦⃦

+ 𝑐1𝜏
−𝜇
⃦⃦⃦
𝑣;𝐿𝑞1(Ω;𝜎(𝑔1𝑔2 . . . 𝑔𝑛)

−𝑟+ 1
𝑝
− 1

𝑞1 , 𝑔⃗)
⃦⃦⃦
,

(2.4)

holds true, where

𝜇 =
𝑞−1
1 − 𝑞−1

0 + 𝑠𝑛−1

𝑞−1
0 − 𝑝−1 + (𝑟 − 𝑠)𝑛−1

. (2.5)

Proof. Under the assumptions of the lemma, it follows from the interpolation inequalities for
classical Sobolev space (see, for instance, [16, Sect. 4.7]) that⃦⃦

𝑢(𝑘);𝐿𝑞0(Π(0))
⃦⃦
6 𝜏

∑︁
|𝑙|=𝑟

⃦⃦
𝑢(𝑙);𝐿𝑝(Π(0))

⃦⃦
+ 𝜏 ‖𝑢;𝐿𝑝(Π(0))‖ + 𝑐1𝜏

−𝜇 ‖𝑢;𝐿𝑞1(Π(0))‖ , (2.6)
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where 𝑘 is an arbitrary multi-index of length 𝑠 and number 𝜇 is determined by identity (2.5).
Inequality (2.4) can be obtained from (2.6) by applying Lemma 2.1 and employing the tech-

nique used in the proof of Lemma 2.2 in work [12].

Similarly to Lemma 2.3, one can prove that if number 𝑠 is so that 0 6 𝑠 6 𝑟 and the
conditions

1 6 𝑝 6 𝑞0 < +∞, 𝑟 − 𝑠− 𝑛

𝑝
+

𝑛

𝑞0
> 0

hold true, then for each 𝑣 ∈ 𝑊 𝑟
𝑝 (Ω;𝜎, 𝑔⃗) the inequality⃦⃦⃦

𝑣;𝐿𝑠
𝑞0,𝑟

(︁
Ω;𝜎(𝑔1𝑔2 . . . 𝑔𝑛)

1
𝑝
− 1

𝑞0 , 𝑔⃗
)︁⃦⃦⃦

6 𝑀
⃦⃦
𝑣;𝑊 𝑟

𝑝 (Ω;𝜎, 𝑔⃗)
⃦⃦

(2.7)

holds true, where number 𝑀 > 0 is independent of function 𝑣(𝑥).

Lemma 2.4. Assume that positive functions 𝛼(𝑥), 𝛽(𝑥) belong to the class Φ𝜀,𝑔⃗(Ω), 𝑝 > 1,
𝑞 > 1 and 𝑟, 𝑡 are natural numbers. For multi-indices 𝑘, 𝑙 such that |𝑘| < 𝑟, |𝑙| 6 𝑡, we define
numbers 𝑞𝑙, 𝜆𝑘𝑙, 𝑠𝑘 by the following relations:

1

𝑞𝑙
=

⎧⎨⎩
1

𝑞
− 𝑡− |𝑙|

𝑛
, 𝑛 > 𝑞(𝑡− |𝑙|),

𝜀1, 0 < 𝜀1 6 1/𝑞, 𝑛 6 𝑞(𝑡− |𝑙|),
(2.8)

1

𝜆𝑘𝑙

>
1

𝑞𝑙
+

1

𝑝
− 𝑟 − |𝑘|

𝑛
, as 𝑛− 𝑝(𝑟 − |𝑘|) > 0, (2.9)

1

𝜆𝑘𝑙

=
1

𝑞𝑙
+ 𝜀2, where 0 < 𝜀2 < 1/𝑝 as 𝑛− 𝑝(𝑟 − |𝑘|) 6 0, (2.10)

1

𝑠𝑘
>

1

𝜆𝑘𝑙

− 1

𝑞𝑙
. (2.11)

Suppose that a positive function 𝜎𝑘𝑙(𝑥) belongs to the class Φ𝜀,𝑔⃗(Ω) and satisfies the inequality

𝜎𝑘𝑙(𝑥)𝛼−1(𝑥)𝛽−1(𝑥) 6𝑐𝑔𝑘1+𝑙1
1 (𝑥)𝑔𝑘2+𝑙2

2 (𝑥) . . . 𝑔𝑘𝑛+𝑙𝑛
𝑛 (𝑥)

· (𝑔1(𝑥)𝑔2(𝑥) . . . 𝑔𝑛(𝑥))
−𝑡+ 1

𝑞
−𝑟+ 1

𝑝
− 1

𝜆𝑘𝑙

(2.12)

for each 𝑥 ∈ Ω; a positive number 𝑐 is independent of 𝑥.
Then for each 𝜏 > 0 the inequality⃦⃦

𝑢(𝑘)𝑣(𝑙);𝐿𝜆𝑘𝑙
(Ω;𝜎𝑘𝑙)

⃦⃦
6
⃦⃦
𝑣;𝑊 𝑡

𝑞 (Ω; 𝛽, 𝑔⃗)
⃦⃦
·
{︀⃦⃦

𝑢;𝑊 𝑟
𝑝 (Ω;𝛼, 𝑔⃗)

⃦⃦
+𝑐0𝜏

−𝜇𝑘

⃦⃦⃦
𝑢;𝐿𝑠𝑘(Ω;𝛼, (𝑔1𝑔2 . . . 𝑔𝑛)

−𝑟+ 1
𝑝
− 1

𝑠𝑘 )
⃦⃦⃦}︁

,
(2.13)

holds true, where

𝜇𝑘 =
𝑠−1
𝑘 − 𝜆−1

𝑘𝑙 + 𝑞−1
𝑙 + |𝑘|𝑛−1

𝜆−1
𝑘𝑙 − 𝑞−1

𝑙 − 𝑝−1 + (𝑟 − |𝑘|)𝑛−1
(2.14)

and a positive constant 𝑐0 depends only on 𝑛, 𝑝, 𝑟, |𝑘|.

Proof. Let |𝑘| < 𝑟, |𝑙| 6 𝑡. Since number 𝑞𝑙 defined by identity (2.8) satisfies the conditions

1 6 𝑞 6 𝑞𝑙 < ∞, 𝑡− |𝑙| − 𝑛

𝑞
+

𝑛

𝑞𝑙
> 0,

by applying inequality (2.7) we have⃦⃦⃦
𝑣(𝑙);𝐿𝑞𝑙

(︁
Ω; 𝛽(𝑥)𝑔𝑙11 (𝑥)𝑔𝑙22 (𝑥) . . . 𝑔𝑙𝑛𝑛 (𝑥)(𝑔1(𝑥)𝑔2(𝑥) . . . 𝑔𝑛(𝑥))

−𝑡+ 1
𝑞
− 1

𝑞𝑙

)︁⃦⃦⃦
6 𝑀

⃦⃦
𝑣;𝑊 𝑡

𝑞 (Ω; 𝛽, 𝑔⃗)
⃦⃦
,

(2.15)

where 𝑀 is a positive constant independent of 𝑣(𝑥).
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We observe that as 𝑞0 = 𝑝𝑘, 𝑠 = |𝑘|, 𝑞1 = 𝑠𝑘, where 𝑝𝑘 =
(︀
𝜆−1
𝑘𝑙 − 𝑞−1

𝑙

)︀−1
, and numbers 𝑞𝑙, 𝜆𝑘𝑙,

𝑠𝑘 are defined by relations (2.8)–(2.11) and the assumptions of Lemma 2.3. Hence, applying
Lemma 2.3, in this case we obtain⃦⃦⃦

𝑢(𝑘);𝐿𝑝𝑘

(︁
Ω;𝛼𝑔𝑘11 𝑔𝑘22 . . . 𝑔𝑘𝑛𝑛 (𝑔1𝑔2 . . . 𝑔𝑛)

−𝑟+ 1
𝑝
− 1

𝑝𝑘

)︁⃦⃦⃦
6 𝜏‖𝑢;𝑊 𝑟

𝑝 (Ω;𝛼, 𝑔⃗)‖

+ 𝑐0𝜏
−𝜇𝑘

⃦⃦⃦
𝑢;𝐿𝑠𝑘(Ω;𝛼(𝑔1𝑔2 . . . 𝑔𝑛)

−𝑟+ 1
𝑝
− 1

𝑠𝑘 )
⃦⃦⃦
,

(2.16)

where

𝜇𝑘 =
𝑠𝑘 − 𝑝−1

𝑘 + |𝑘|𝑛−1

𝑝−1
𝑘 − 𝑝−1 + (𝑟 − |𝑘|)𝑛−1

. (2.17)

By the identity
1

𝜆𝑘𝑙

=
1

𝑝𝑘
+

1

𝑞𝑙
, (2.18)

condition (2.12) and Hölder inequality we prove that⃦⃦
𝑢(𝑘)𝑣(𝑙);𝐿𝜆𝑘𝑙

(Ω;𝜎𝑘𝑙)
⃦⃦
6
⃦⃦⃦
𝑣(𝑙);𝐿𝑞𝑙

(︁
Ω; 𝛽𝑔𝑙11 𝑔

𝑙2
2 . . . 𝑔𝑙𝑛𝑛 (𝑔1𝑔2 . . . 𝑔𝑛)

−𝑡+ 1
𝑞
− 1

𝑞𝑙

)︁⃦⃦⃦
·
⃦⃦⃦
𝑢(𝑘);𝐿𝑞𝑘

(︁
Ω;𝛼𝑔𝑘11 𝑔𝑘22 . . . 𝑔𝑘𝑛𝑛 (𝑔1𝑔2 . . . 𝑔𝑛)

−𝑟+ 1
𝑝
− 1

𝑝𝑘

)︁⃦⃦⃦
.

(2.19)

Now it is easy to see that (2.15), (2.16), (2.19) imply inequality (2.13). Identity (2.14) is implied
by (2.17) and identity (2.18).

3. Gårding inequality for degenerate elliptic operators

We consider a differential operator

(𝐴𝑢)(𝑥) =
∑︁

|𝑘|,|𝑙|6𝑟

(−1)|𝑙|
(︀
𝑝𝑘(𝑥)𝑝𝑙(𝑥)𝑎𝑘𝑙(𝑥)𝑢(𝑘)(𝑥)

)︀(𝑙)
, 𝑥 ∈ Ω, (3.1)

where

𝑝𝑘(𝑥) = 𝜎(𝑥)𝑔−𝑟+𝑘1
1 (𝑥)𝑔−𝑟+𝑘2

2 (𝑥) . . . 𝑔−𝑟+𝑘𝑛
𝑛 (𝑥) (3.2)

and 𝑎𝑘𝑙(𝑥) are complex-valued functions.
The studying of boundary value problems for the differential equations with differential oper-

ator (3.1) by the methods of functional analysis is related with the sesquilinear form generated
by this operator

𝐵[𝑢, 𝑣] =
∑︁

|𝑘|,|𝑙|6𝑟

∫︁
Ω

𝑝𝑘(𝑥)𝑝𝑙(𝑥)𝑎𝑘𝑙(𝑥)𝑢(𝑘)(𝑥)𝑣(𝑙)(𝑥)𝑑𝑥. (3.3)

The Dirichlet variational problem related with form (3.3) was studied earlier in work by
S.A. Iskhokov [10] under the assumption that coefficients satisfy the following ellipticity con-
dition

Re
∑︁

|𝑘|,|𝑙|6𝑟

𝑎𝑘𝑙(𝑥)𝜁𝑘𝜁𝑙 > 𝑐
∑︁
|𝑘|=𝑟

|𝜁𝑘|2 (3.4)

for each 𝑥 ∈ Ω and each set of complex numbers 𝜁 = {𝜁𝑘}|𝑘|6𝑟. Number 𝑐 > 0 is independent
of 𝑥, 𝜁. In this section instead of condition (3.4) we assume a weaker condition

Re
∑︁

|𝑘|,|𝑙|=𝑟

𝑎𝑘𝑙(𝑥)𝜉𝑘𝜉𝑙 > 𝑐|𝜉|2𝑟 (3.5)

for each 𝑥 ∈ Ω, 𝜉 ∈ 𝑅𝑛; 𝜉𝑘 = 𝜉𝑘11 𝜉𝑘22 · · · 𝜉𝑘𝑛𝑛 , 𝑐 is a positive constant independent of 𝑥, 𝜉.
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Theorem 3.1. Suppose the coefficients 𝑎𝑘𝑙(𝑥) are bounded as |𝑘| = |𝑙| = 𝑟, satisfy ellipticity
condition (3.5) and for each sufficiently small number 𝜈 > 0 there exists a number 𝜀 > 0 such
that

|𝑎𝑘𝑙(𝑦) − 𝑎𝑘𝑙(𝑧)| < 𝜈 (3.6)

for each 𝑦 ∈ Ω and each

𝑧 ∈ Π𝜀,𝑔⃗(𝑦) =

{︂
𝑧 ∈ 𝑅𝑛 : |𝑧𝑖 − 𝑦𝑖| <

1

2
𝜀𝑔𝑖(𝑦), 𝑖 = 1, 𝑛

}︂
.

Assume also that coefficients 𝑎𝑘𝑙(𝑥) belong to the space 𝐿𝑝𝑘𝑙

(︀
Ω; (𝑔1 · 𝑔2 . . . 𝑔𝑛)−1/𝑝𝑘𝑙

)︀
as |𝑘|, |𝑙| 6 𝑟

|𝑘| + |𝑙| 6 2𝑟 − 1, where

𝑝𝑘𝑙 =

{︃
𝑞𝑘𝑙 as |𝑘| 6 𝑟 − 1, |𝑙| 6 𝑟

𝑞𝑙𝑘 as |𝑘| = 𝑟, |𝑙| 6 𝑟 − 1,

while numbers 𝑞𝑘𝑙 are determined by the relations:

𝑛

2𝑟 − |𝑘| − |𝑙|
< 𝑞𝑘𝑙 6

𝑛

𝑟 − |𝑙|
, if 𝑛 > 2(𝑟 − |𝑘|), 𝑛 > 2(𝑟 − |𝑙|);

𝑛

𝑟 − |𝑘| − 𝜀1𝑛
< 𝑞𝑘𝑙, 0 < 𝜀1 <

1

2
, if 𝑛 > 2(𝑟 − |𝑘|), 𝑛 6 2(𝑟 − |𝑙|);

𝑞𝑘𝑙 =

⎧⎨⎩
𝑛

𝑟 − |𝑙| + 𝜀2𝑛
, 0 < 𝜀2 <

1

2
, if 𝑛 6 2(𝑟 − |𝑘|), 𝑛 > 2(𝑟 − |𝑙|),

arbitrary number > 1 if 𝑛 6 2(𝑟 − |𝑘|), 𝑛 6 2(𝑟 − |𝑙|).

Then there exist constant 𝑐1 > 0 and 𝑐2 > 0 such that

Re𝐵[𝑢, 𝑢] > 𝑐1‖𝑢;𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗)‖2 − 𝑐2‖𝑢;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)‖2 (3.7)

for each 𝑢 ∈ 𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗).

Proof. First we consider the case when sesquilinear form (3.3) contains no lower order terms,
i.e., as 𝑎𝑘𝑙(𝑥) ≡ 0 (𝑥 ∈ Ω) for all multi-indices 𝑘, 𝑙 such that |𝑘|, |𝑙| 6 𝑟 and |𝑘| + |𝑙| 6 2𝑟 − 1.

Fixing arbitrary point 𝑦 ∈ Ω, we consider the sesquilinear form

𝐵𝑦[𝑢, 𝑣] =
∑︁

|𝑘|=|𝑙|=𝑟

∫︁
𝑅𝑛

𝑎𝑘𝑙(𝑦)𝑢(𝑘)(𝑥)𝑣(𝑙)(𝑥)𝑑𝑥, 𝑢, 𝑣 ∈ 𝐶∞
0 (𝑅𝑛).

Applying G̊arding inequality for strongly elliptic operators with constant coefficients, we have∑︁
|𝑘|=𝑟

∫︁
𝑅𝑛

|𝑢(𝑘)(𝑥)|2𝑑𝑥 6 𝑀

{︂
Re

∑︁
|𝑘|=|𝑙|=𝑟

∫︁
𝑅𝑛

𝑎𝑘𝑙(𝑦)𝑢(𝑘)(𝑥)𝑢(𝑙)(𝑥)𝑑𝑥 +

∫︁
𝑅𝑛

|𝑢(𝑥)|2𝑑𝑥
}︂

(3.8)

for each 𝑢 ∈ 𝐶∞
0 (𝑅𝑛).

We introduce the notation

Π𝑚(0) =

{︂
𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) ∈ 𝑅𝑛 : |𝑥𝑖| <

𝑚

2(𝑚 + 1)
, 𝑖 = 1, 𝑛

}︂
,

where 𝑚 is a natural number.
We take a function 𝜙𝑚(𝑥) ∈ 𝐶∞

0 (Π2𝑚(0)) with the following properties:
1) 0 6 𝜙𝑚(𝑥) 6 1 for each 𝑥 ∈ Π(0);
2) 𝜙𝑚(𝑥) = 1 for each 𝑥 ∈ Π𝑚(0);

3) there exists a number 𝑐 > 0 such that |𝜙(𝑘)
𝑚 (𝑥)| 6 𝑐 for each 𝑥 ∈ Π(0) and each multi-index

𝑘 : |𝑘| 6 𝑟.
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Let 𝑢(𝑥) be an arbitrary function in the class 𝐶∞(Π(0)). Continuing function 𝑣𝑚(𝑥) =
𝑢(𝑥)𝜙𝑚(𝑥) by zero outside set Π(0), we obtain function 𝑣𝑚 ∈ 𝐶∞

0 (𝑅𝑛). Since 𝑣𝑚(𝑥) = 𝑢(𝑥) for
all 𝑥 ∈ Π𝑚(0), inequality (3.8) for function 𝑣𝑚(𝑥) implies that∑︁

|𝑘|=𝑟

∫︁
Π𝑚(0)

|𝑢(𝑘)(𝑥)|2𝑑𝑥 6 𝑀0

{︂
Re𝐵𝑦[𝑣𝑚, 𝑣𝑚] +

∫︁
Π(0)

|𝑢(𝑥)|2𝑑𝑥
}︂
. (3.9)

We represent form 𝐵𝑦[𝑣𝑚, 𝑣𝑚] as

𝐵𝑦[𝑣𝑚, 𝑣𝑚] = 𝐵(1)
𝑦 [𝑣𝑚, 𝑣𝑚] + 𝐵(2)

𝑦 [𝑣𝑚, 𝑣𝑚], (3.10)

where

𝐵(1)
𝑦 [𝑣𝑚, 𝑣𝑚] =

∑︁
|𝑘|=|𝑙|=𝑟

∫︁
Π(0)

𝑎𝑘𝑙(𝑦)𝜙2
𝑚(𝑥)𝑢(𝑘)(𝑥)𝑢(𝑙)(𝑥)𝑑𝑥,

𝐵(2)
𝑦 [𝑣𝑚, 𝑣𝑚] = 𝐵𝑦[𝑣𝑚, 𝑣𝑚] −𝐵(1)

𝑦 [𝑣𝑚, 𝑣𝑚].

Since in all the integrals involved in sesquilinear form 𝐵
(2)
𝑦 [𝑣𝑚, 𝑣𝑚] the order of at least one of

the derivatives 𝑢(𝑘)(𝑥), 𝑢(𝑙)(𝑥) does not exceed 𝑟−1, applying appropriate embedding theorems
for Sobolev spaces without weight as well as Young inequality with a small parameter, we
obtain that for each sufficiently small 𝜏 > 0 there exists a finite number 𝑀(𝜏) > 0 such that

|𝐵(2)
𝑦 [𝑣𝑚, 𝑣𝑚]| 6 𝜏

∑︁
|𝑘|=𝑟

∫︁
Π(0)

|𝑢(𝑘)(𝑥)|2𝑑𝑥 + 𝑀(𝜏)

∫︁
Π(0)

|𝑢(𝑥)|2𝑑𝑥. (3.11)

Indeed, the integrals involved in form 𝐵
(2)
𝑦 [𝑣𝑚, 𝑣𝑚] have the following general form

𝐼
(𝑚)
𝑦,𝑘,𝑙,𝜇,𝜈(𝑢) =

∫︁
Π(0)

𝐶𝑘,𝜇𝐶𝑙,𝜈𝑎𝑘𝑙(𝑦)𝜙(𝜇)
𝑚 (𝑥)𝑢(𝑘−𝜇)(𝑥)𝜙(𝜈)

𝑚 (𝑥)𝑢(𝑙−𝜈)(𝑥)𝑑𝑥,

where |𝜇|+ |𝜈| ≠ 0, and by property 3) of functions 𝜙𝑚 and the boundedness of coefficients 𝑎𝑘𝑙,
|𝑘| = |𝑙| = 𝑟, they satisfy the inequality⃒⃒⃒
𝐼
(𝑚)
𝑦,𝑘,𝑙,𝜇,𝜈(𝑢)

⃒⃒⃒
6 𝑀0

∫︁
Π(0)

⃒⃒
𝑢(𝑘−𝜇)(𝑥)

⃒⃒
·
⃒⃒
𝑢(𝑙−𝜈)(𝑥)

⃒⃒
𝑑𝑥 6 𝑀0

⃦⃦
𝑢(𝑘−𝜇); 𝐿2(Π(0))

⃦⃦
·
⃦⃦
𝑢(𝑙−𝜈); 𝐿2(Π(0))

⃦⃦
.

Applying Young inequality

|𝑎𝑏| 6 𝛿|𝑎|2 +
1

4𝛿
|𝑏|2,

where 𝛿 is a sufficiently small positive number, and interpolation inequality (2.6), one can show

that
⃒⃒⃒
𝐼
(𝑚)
𝑦,𝑘,𝑙,𝜇,𝜈(𝑢)

⃒⃒⃒
does not exceed the right hand side of inequality (3.11).

In view of property 2) of functions 𝜙𝑚(𝑥), we represent form 𝐵
(1)
𝑦 [𝑣𝑚, 𝑣𝑚] as

𝐵(1)
𝑦 [𝑣𝑚, 𝑣𝑚] = 𝐵(11)

𝑦,𝑚 [𝑢, 𝑢] + 𝐵(12)
𝑦,𝑚 [𝑢, 𝑢], (3.12)

where

𝐵(11)
𝑦,𝑚 [𝑢, 𝑢] =

∑︁
|𝑘|=|𝑙|=𝑟

∫︁
Π𝑚(0)

𝑎𝑘𝑙(𝑦)𝑢(𝑘)(𝑥)𝑢(𝑙)(𝑥)𝑑𝑥,

𝐵(12)
𝑦,𝑚 [𝑢, 𝑢] =

∑︁
|𝑘|=|𝑙|=𝑟

∫︁
Π(𝑚)(0)

𝑎𝑘𝑙(𝑦)𝜙2
𝑚(𝑥)𝑢(𝑘)(𝑥)𝑢(𝑙)(𝑥)𝑑𝑥,

Π(𝑚)(0) = Π(0) ∖ Π𝑚(0) =

{︂
𝑥 ∈ 𝑅𝑛 :

𝑚

2(𝑚 + 1)
< |𝑥𝑖| <

1

2
, 𝑖 = 1, 𝑛

}︂
.
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Since coefficients 𝑎𝑘𝑙 (|𝑘| = |𝑙| = 𝑟) are bounded, applying Cauchy-Schwarz inequality and
taking into consideration that |Π(𝑚)(0)| → 0 as 𝑚 → ∞, we obtain

|𝐵(12)
𝑦,𝑚 [𝑢, 𝑢]| 6 𝜇𝑚‖𝑢;𝐿𝑟

2(Π(0))‖2, (3.13)

where

‖𝑢;𝐿𝑟
2(Π(0))‖ =

⎧⎪⎨⎪⎩
∑︁
|𝑘|=𝑟

∫︁
Π(0)

⃒⃒
𝑢(𝑘)(𝑥)

⃒⃒2
𝑑𝑥

⎫⎪⎬⎪⎭
1/2

and positive numbers 𝜇𝑚 tend to zero as 𝑚 → ∞.
By inequality (3.9) it follows from representations (3.10), (3.12) that

‖𝑢;𝐿𝑟
2 (Π𝑚(0))‖2 −𝑀0|𝐵(2)

𝑦 [𝑣𝑚, 𝑣𝑚]| −𝑀0|𝐵(12)
𝑦,𝑚 [𝑢, 𝑢]| 6 𝑀0 Re𝐵(11)

𝑦,𝑚 [𝑢, 𝑢].

Choosing natural number 𝑚 large enough and applying inequality (3.11) as 𝜏 =
1

𝑚
as well as

inequality (3.13), we arrive at the inequality

‖𝑢;𝐿𝑟
2 (Π𝑚(0))‖2 − 𝑐𝑚 ‖𝑢;𝐿𝑟

2 (Π(0))‖2 − C𝑚 ‖𝑢;𝐿2 (Π(0))‖2 6 𝑀0 Re𝐵(11)
𝑦,𝑚 [𝑢, 𝑢] (3.14)

for all 𝑢 ∈ 𝐶∞(Π(0)), where 𝑐𝑚, C𝑚 are positive numbers independent of 𝑢(𝑥) and 𝑐𝑚 → 0 as
𝑚 → ∞.

Let 𝑣 be an arbitrary function in class 𝐶∞
0 (Ω) and 𝑦 be an arbitrary fixed point in domain

Ω. Mapping 𝑧 → 𝑥 defined by the identities 𝑥𝑖 = (𝑧𝑖 − 𝑦𝑖)/(𝜀𝑔𝑖(𝑦)), 𝑖 = 1, 𝑛, maps the
parallelepiped Π𝜀,𝑔⃗(𝑦) = {𝑧 ∈ 𝑅𝑛 : |𝑧𝑖 − 𝑦𝑖| < 𝜀𝑔𝑖(𝑦)/2} into the unit cube Π(0), while paral-

lelepiped Π
(𝑚)
𝜀,𝑔⃗ (𝑦) is mapped into Π𝑚(0). For sufficiently small 𝜀 > 0 the parallelepiped Π𝜀,𝑔⃗(𝑦)

is contained in domain Ω and this is why function 𝑣𝑦(𝑥) = 𝑣(𝑥𝑖𝜀𝑔𝑖(𝑦) + 𝑦𝑖) is well-defined for
all 𝑥 ∈ Π(0) and belongs to class 𝐶∞(Π(0)).

Inequality (3.14) for the function 𝑢(𝑥) = 𝑣𝑦(𝑥) becomes

∑︁
|𝑘|=𝑟

{︂ ∫︁
Π𝑚(0)

|𝑣(𝑘)𝑦 (𝑥)|2𝑑𝑥− 𝑐𝑚

∫︁
Π(0)

|𝑣(𝑘)𝑦 (𝑥)|2𝑑𝑥
}︂
𝜀2𝑟𝑔2𝑘11 (𝑦)𝑔2𝑘22 (𝑦) . . . 𝑔2𝑘𝑛𝑛 (𝑦) − C𝑚

∫︁
Π(0)

|𝑣𝑦(𝑥)|2𝑑𝑥

6 𝑀0 Re
∑︁

|𝑘|=|𝑙|=𝑟

𝜀2𝑟𝑔𝑘1+𝑙1
1 (𝑦)𝑔𝑘2+𝑙2

2 (𝑦) . . . 𝑔𝑘𝑛+𝑙𝑛
𝑛 (𝑦)

∫︁
Π𝑚(0)

𝑎𝑘𝑙(𝑦)𝑣(𝑘)𝑦 (𝑥)𝑣
(𝑙)
𝑦 (𝑥)𝑑𝑥.

We pass to new integration variables 𝑧𝑖 = 𝑥𝑖𝜀𝑔𝑖(𝑦) + 𝑦𝑖 in the above integrals to obtain

∑︁
|𝑘|=𝑟

{︂ ∫︁
Π

(𝑚)
𝜀,𝑔⃗

(𝑦)

|𝑣(𝑘)(𝑧)|2𝑑𝑧 − 𝑐𝑚

∫︁
Π𝜀,𝑔⃗(𝑦)

|𝑣(𝑘)(𝑧)|2𝑑𝑧
}︂
𝜀2𝑟−𝑛𝑔2𝑘1−1

1 (𝑦)𝑔2𝑘2−1
2 (𝑦) . . . 𝑔2𝑘𝑛−1

𝑛 (𝑦)

− C𝑚

∫︁
Π𝜀,𝑔⃗(𝑦)

|𝑣(𝑧)|2𝑑𝑧𝜀−𝑛𝑔−1
1 (𝑦)𝑔−1

2 (𝑦) . . . 𝑔−1
𝑛 (𝑦)𝑑𝑧

6 𝑀0 Re

{︃
𝜀2𝑟−𝑛

∑︁
|𝑘|=|𝑙|=𝑟

𝑔𝑘1+𝑙1−1
1 (𝑦)𝑔𝑘2+𝑙2−1

2 (𝑦) . . . 𝑔𝑘𝑛+𝑙𝑛−1
𝑛 (𝑦)

∫︁
Π

(𝑚)
𝜀,𝑔⃗

(𝑦)

𝑎𝑘𝑙(𝑦)𝑣(𝑘)(𝑧)𝑣(𝑙)(𝑧)𝑑𝑧

}︃
.
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We multiply this inequality by 𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟 and we integrate the result in
𝑦 ∈ Ω. As a result we have

∑︁
|𝑘|=𝑟

∫︁
Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟𝜀2𝑟−𝑛𝑔2𝑘1−1
1 (𝑦)𝑔2𝑘2−1

2 (𝑦) . . . 𝑔2𝑘𝑛−1
𝑛 (𝑦)

·

(︃∫︁
Π

(𝑚)
𝜀,𝑔⃗

(𝑦)

|𝑣(𝑘)(𝑧)|2𝑑𝑧

)︃
𝑑𝑦

− 𝑐𝑚
∑︁
|𝑘|=𝑟

∫︁
Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟𝜀2𝑟−𝑛𝑔2𝑘1−1
1 (𝑦)𝑔2𝑘2−1

2 (𝑦) . . . 𝑔2𝑘𝑛−1
𝑛 (𝑦)

·

(︃∫︁
Π𝜀,𝑔⃗(𝑦)

|𝑣(𝑘)(𝑧)|2𝑑𝑧

)︃
𝑑𝑦

− C𝑚

∫︁
Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟−1𝜀−𝑛

(︃∫︁
Π𝜀,𝑔⃗(𝑦)

|𝑣(𝑘)(𝑧)|2𝑑𝑧

)︃
𝑑𝑦

6 𝑀0𝜀
2𝑟−𝑛 Re𝐵𝜀,𝑚[𝑣, 𝑣],

(3.15)

where

𝐵𝜀,𝑚[𝑣, 𝑣] =
∑︁

|𝑘|=|𝑙|=𝑟

∫︁
Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟−1𝑔𝑘1+𝑙1
1 (𝑦)𝑔𝑘2+𝑙2

2 (𝑦) . . . 𝑔𝑘𝑛+𝑙𝑛
𝑛 (𝑦)

·

(︃∫︁
Π

(𝑚)
𝜀,𝑔⃗

(𝑦)

𝑎𝑘𝑙(𝑦)𝑣(𝑘)(𝑧)𝑣(𝑙)(𝑧)𝑑𝑧

)︃
𝑑𝑦.

(3.16)

Applying Lemma 2.1 and inequalities (2.1), let us estimate the integrals in the left hand side
of inequality (3.15). By means of inequalities (2.1) for the first integral we have

𝜀2𝑟−𝑛
∑︁
|𝑘|=𝑟

∫︁
Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟−1𝑔2𝑘11 (𝑦)𝑔2𝑘22 (𝑦) . . . 𝑔2𝑘𝑛𝑛 (𝑦)

·

(︃∫︁
Π

(𝑚)
𝜀,𝑔⃗

(𝑦)

|𝑣(𝑘)(𝑧)|2𝑑𝑧

)︃
𝑑𝑦

> 𝜀2𝑟−𝑛𝜈−2(𝜀𝑚)𝜆−𝑛(𝜀𝑚)
∑︁
|𝑘|=𝑟

∫︁
Ω

𝜎2(𝑧)(𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧))−2𝑟−1𝑔2𝑘11 (𝑧)𝑔2𝑘22 (𝑧) . . . 𝑔2𝑘𝑛𝑛 (𝑧)

·
(︂∫︁

Ω

𝜒
(𝑚)
𝜀,𝑔⃗ (𝑧; 𝑦)𝑑𝑦

)︂
|𝑣(𝑘)(𝑧)|2𝑑𝑧,

where 𝜀𝑚 = 𝑚𝜀/(𝑚 + 1).
Applying Lemma 2.1, we obtain

𝜀2𝑟−𝑛
∑︁
|𝑘|=𝑟

∫︁
Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟−1𝑔2𝑘11 (𝑦)𝑔2𝑘22 (𝑦) . . . 𝑔2𝑘𝑛𝑛 (𝑦)

·

(︃∫︁
Π

(𝑚)
𝜀,𝑔⃗

(𝑦)

|𝑣(𝑘)(𝑧)|2𝑑𝑧

)︃
𝑑𝑦 > 𝜀2𝑟𝜈−2(𝜀𝑚)𝜆−2𝑛(𝜀𝑚)2−𝑛

(︂
1 +

1

𝑚

)︂−𝑛 ⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

.

(3.17)
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Let us estimate the second integral in the left hand side of inequality (3.15). Applying inequal-
ities (2.1), we have∑︁

|𝑘|=𝑟

∫︁
Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟𝜀2𝑟−𝑛𝑔2𝑘1−1
1 (𝑦)𝑔2𝑘2−1

2 (𝑦) . . . 𝑔2𝑘𝑛−1
𝑛 (𝑦)

·

(︃∫︁
Π𝜀,𝑔⃗(𝑦)

|𝑣(𝑘)(𝑧)|2𝑑𝑧

)︃
𝑑𝑦

6 𝜀2𝑟−𝑛𝜈2(𝜀)𝜆−𝑛(𝜀)
∑︁
|𝑘|=𝑟

∫︁
Ω

𝜎2(𝑧)𝑔2𝑘1−2𝑟−1
1 (𝑧)𝑔2𝑘2−2𝑟−1

2 (𝑧) . . . 𝑔2𝑘𝑛−2𝑟−1
𝑛 (𝑧)

· |𝑣(𝑘)(𝑧)|2
(︂∫︁

Ω

𝜒𝜀,𝑔⃗(𝑧; 𝑦)𝑑𝑦

)︂
𝑑𝑧.

Employing then Lemma 2.1, we obtain the following final estimate∑︁
|𝑘|=𝑟

∫︁
Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟𝜀2𝑟−𝑛𝑔2𝑘1−1
1 (𝑦)𝑔2𝑘2−1

2 (𝑦) . . . 𝑔2𝑘𝑛−1
𝑛 (𝑦)

(︃∫︁
Π𝜀,𝑔⃗(𝑦)

|𝑣(𝑘)(𝑧)|2𝑑𝑧

)︃
𝑑𝑦 6 𝜀2𝑟𝜈2(𝜀)2−𝑛

⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

.

(3.18)

We proceed to estimating the third integral in the left hand side of inequality (3.15). Applying
inequalities (2.1), we have∫︁

Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟−1𝜀−𝑛

(︃∫︁
Π𝜀,𝑔⃗(𝑦)

|𝑣(𝑧)|2𝑑𝑧

)︃
𝑑𝑦

6 𝜀−𝑛𝜈2(𝜀)𝜆−2𝑟𝑛−𝑛(𝜀)

∫︁
Ω

𝜎2(𝑧)(𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧))−2𝑟−1|𝑣(𝑧)|2
(︂∫︁

Ω

𝜒𝜀,𝑔⃗(𝑧; 𝑦)𝑑𝑦

)︂
𝑑𝑧.

To estimate the internal integral, we employ Lemma 2.1 and arrive at the following inequality∫︁
Ω

𝜎2(𝑦)(𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦))−2𝑟−1𝜀−𝑛

(︃∫︁
Π𝜀,𝑔⃗(𝑦)

|𝑣(𝑧)|2𝑑𝑧

)︃
𝑑𝑦

6 𝜈2(𝜀)𝜆−2𝑟𝑛(𝜀)2−𝑛
⃦⃦
𝑣;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

.

(3.19)

By (3.15) it follows from the obtained inequalities (3.17) – (3.19) that

(1− ̃︀𝑐𝑚(𝜀))
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2 − ̃︀C𝑚(𝜀)𝜀−2𝑟

⃦⃦
𝑣;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

6 𝜀−𝑛𝑀𝑚(𝜀) Re𝐵𝜀,𝑚[𝑣, 𝑣], (3.20)

where sesquilinear form 𝐵𝜀,𝑚[𝑣, 𝑣] is defined by identity (3.16) and

̃︀𝑐𝑚 = 𝑐𝑚𝜈
4(𝜀𝑚)𝜆2𝑛(𝜀𝑚)

(︂
1 +

1

𝑚

)︂𝑛

, 𝜀𝑚 =
𝜀𝑚

𝑚 + 1
,

̃︀C𝑚(𝜀) = C𝑚𝜈
4(𝜀)𝜆−2𝑟𝑛(𝜀)𝜆2𝑛(𝜀𝑚)

(︂
1 +

1

𝑚

)︂𝑛

,

𝑀𝑚(𝜀) = 𝑀0𝜈
2(𝜀𝑚)𝜆2𝑛(𝜀𝑚)2𝑛

(︂
1 +

1

𝑚

)︂𝑛

.

(3.21)

We introduce a new sesquilinear form

𝐵(1)
𝜀,𝑚[𝑢, 𝑣] =

∑︁
|𝑘|=|𝑙|=𝑟

∫︁
Ω

(︂∫︁
Ω

𝜒(𝑚)
𝜀 (𝑧; 𝑦)𝑎𝑘𝑙(𝑦)𝑑𝑦

)︂
(𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧))−1𝑝𝑘(𝑧)𝑝𝑙(𝑧)𝑢(𝑘)(𝑧)𝑣(𝑙)(𝑧)𝑑𝑧,

where functions 𝑝𝑘(𝑧) are defined by identity (3.2).
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In view of the boundedness of coefficients 𝑎𝑘𝑙(𝑥) as |𝑘| = |𝑙| = 𝑟, we have⃒⃒
𝐵(1)

𝜀,𝑚[𝑣, 𝑣] −𝐵𝜀,𝑚[𝑣, 𝑣]
⃒⃒
6 𝑀

∑︁
|𝑘|=|𝑙|=𝑟

∫︁
Ω

(︂∫︁
Ω

𝜒(𝑚)
𝜀 (𝑧; 𝑦)

⃒⃒⃒⃒
1 − 𝑝𝑘(𝑦)𝑝𝑙(𝑦)

𝑝𝑘(𝑧)𝑝𝑙(𝑧)
· 𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧)

𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦)

⃒⃒⃒⃒

𝑝𝑘(𝑧)𝑝𝑙(𝑧)(𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧))−1|𝑣(𝑘)(𝑧)||𝑣𝑙(𝑧)|𝑑𝑧
)︂
𝑑𝑦.

(3.22)
By condition (2.1), for sufficiently small 𝜀 > 0 there exists a positive number 𝜇1(𝜀) such that⃒⃒⃒⃒

1 − 𝑝𝑘(𝑦)𝑝𝑙(𝑦)

𝑝𝑘(𝑧)𝑝𝑙(𝑧)
· 𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧)

𝑔1(𝑦)𝑔2(𝑦) . . . 𝑔𝑛(𝑦)

⃒⃒⃒⃒
6 𝜇1(𝜀) (3.23)

for all 𝑦, 𝑧 ∈ Ω satisfying the condition 𝜒
(𝑚)
𝜀, 𝑔⃗ (𝑧; 𝑦) ̸= 0; 𝜇1(𝜀) → 0 as 𝜀 → 0. In view of this fact

and by Lemma 2.1 and Cauchy-Schwarz inequality, it follows from (3.22) that⃒⃒
𝐵(1)

𝜀,𝑚[𝑣, 𝑣] −𝐵𝜀,𝑚[𝑣, 𝑣]
⃒⃒
6 𝜀𝑛𝜇1(𝜀)

⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

(3.24)

for all 𝑣 ∈ 𝐶∞
0 (Ω).

We consider a new sesquilinear form

𝐵(2)
𝜀,𝑚[𝑢, 𝑣] =

∑︁
|𝑘|=|𝑙|=𝑟

∫︁
Ω

(︂∫︁
Ω

𝜒
(𝑚)
𝜀,𝑔⃗ (𝑧; 𝑦)𝑑𝑦

)︂
𝑎𝑘𝑙(𝑧)𝑝𝑘(𝑧)𝑝𝑙(𝑧)

· (𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧))−1𝑢(𝑘)(𝑧)𝑣(𝑙)(𝑧)𝑑𝑧, (𝑢, 𝑣 ∈ 𝐶∞
0 (Ω)).

By condition (3.6), Lemma 2.1, arguing in a standard way by Cauchy-Schwarz inequality, we
prove for each sufficiently small positive 𝜈 there exists number 𝜀𝜈 > 0 such that⃒⃒

𝐵(1)
𝜀,𝑚[𝑣, 𝑣] −𝐵(2)

𝜀,𝑚[𝑣, 𝑣]
⃒⃒
6 𝜀𝑛𝜈

⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

(3.25)

for all 𝑣 ∈ 𝐶∞
0 (Ω) and each 𝜀 ∈ (0, 𝜀𝜈).

Lemma 3.1. For each real-valued function Φ(𝑧) ∈ 𝐿1(Ω) and for sufficiently small 𝜀 > 0
the inequality

𝑐𝑛,𝑚

∫︁
Ω

(︂∫︁
Ω

𝜒
(𝑚)
𝜀,𝑔⃗ (𝑧; 𝑦)𝑑𝑦

)︂
(𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧))−1Φ(𝑧)𝑑𝑧

6 𝜆𝑛(𝜀𝑚)𝜀𝑛
∫︁
Ω

Φ(𝑧)𝑑𝑧 + 𝜀𝑛
[︀
𝜆𝑛(𝜀𝑚) − 𝜆−𝑛(𝜀𝑚)

]︀ ∫︁
Ω

Φ−(𝑧)𝑑𝑧,

(3.26)

holds true, where

Φ−(𝑧) = (|Φ(𝑧)| − Φ(𝑧))/2, 𝑐𝑛,𝑚 = 2𝑛

(︂
1 +

1

𝑚

)︂𝑛

.

Proof. We introduce a function Φ+(𝑧) = (|Φ(𝑧)| + Φ(𝑧))/2. We observe that Φ(𝑧) = Φ+(𝑧) −
Φ−(𝑧) and functions Φ+(𝑧), Φ−(𝑧) are non-negative.

By Lemma 2.1 we have

𝜀𝑛2−𝑛𝜆−𝑛(𝜀𝑚)

(︂
1 +

1

𝑚

)︂−𝑛

6 (𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧))−1

∫︁
Ω

𝜒
(𝑚)
𝜀,𝑔⃗ (𝑧; 𝑦)𝑑𝑦,

(𝑔1(𝑧)𝑔2(𝑧) . . . 𝑔𝑛(𝑧))−1

∫︁
Ω

𝜒
(𝑚)
𝜀,𝑔⃗ (𝑧; 𝑦)𝑑𝑦 6 𝜀𝑛

(︂
1 +

1

𝑚

)︂−𝑛

2−𝑛𝜆𝑛(𝜀𝑚).

We multiply both sides of the former inequality by Φ−(𝑧), while the latter is multiplied by Φ+(𝑧).
Then we integrate in 𝑧 ∈ Ω. The obtained inequalities and the identity Φ(𝑧) = Φ+(𝑧) − Φ−(𝑧)
yield (3.26).
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Applying inequality (3.26) as

Φ(𝑧) = Re
∑︁

|𝑘|=|𝑙|=𝑟

𝑎𝑘𝑙(𝑧)𝑝𝑘(𝑧)𝑝𝑙(𝑧)𝑣(𝑘)(𝑧)𝑣(𝑙)(𝑧),

we have

𝑐𝑛,𝑚 Re𝐵(2)
𝜀,𝑚[𝑣, 𝑣] 6 𝜆𝑛(𝜀𝑚)𝜀𝑛 Re𝐵[𝑣, 𝑣] + 𝜀𝑛[𝜆𝑛(𝜀𝑚) − 𝜆−𝑛(𝜀𝑚)]

∫︁
Ω

Φ−(𝑧)𝑑𝑧. (3.27)

Since coefficients 𝑎𝑘𝑙(𝑧), |𝑘| = |𝑙| = 𝑟, are bounded, we have∫︁
Ω

Φ−(𝑧)𝑑𝑧 6
∫︁
Ω

|Φ(𝑧)|𝑑𝑧 6𝑀
∑︁

|𝑘|=|𝑙|=𝑟

∫︁
Ω

𝑝𝑘(𝑧)𝑝𝑙(𝑧)|𝑣(𝑘)(𝑧)||𝑣(𝑙)(𝑧)|𝑑𝑧

6𝑀‖𝑣;𝐿𝑟
2,𝑟(Ω;𝜎, 𝑔⃗)‖2.

Together with (3.27) this implies that

Re𝐵(2)
𝜀,𝑚[𝑣, 𝑣] 6 𝜀𝑛𝑀

{︀
Re𝐵[𝑣, 𝑣] + 𝜇2(𝜀)‖𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)‖2
}︀
, (3.28)

where 𝑀 is a positive number independent of 𝜀 > 0 and 𝑣(𝑥), and

𝜇2(𝜀) = 𝜆𝑛(𝜀𝑚) − 𝜆−𝑛(𝜀𝑚), 𝜀𝑚 =
𝜀𝑚

𝑚 + 1
. (3.29)

Employing inequality (3.20), we have

(1 − ̃︀𝑐𝑚(𝜀))
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2−̃︀C𝑚(𝜀)𝜀−2𝑟

⃦⃦
𝑣;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

6𝜀−𝑛𝑀𝑚(𝜀) Re𝐵(2)
𝜀,𝑚[𝑣, 𝑣] + 𝜀−𝑛𝑀𝑚(𝜀)

⃒⃒
𝐵𝜀,𝑚[𝑣, 𝑣] −𝐵(1)

𝜀,𝑚[𝑣, 𝑣]
⃒⃒

+ 𝜀−𝑛𝑀𝑚(𝜀)
⃒⃒
𝐵(1)

𝜀,𝑚[𝑣, 𝑣] −𝐵(2)
𝜀,𝑚[𝑣, 𝑣]

⃒⃒
.

By inequalities (3.24), (3.25) it follows that

(1 − ̃︀𝑐𝑚(𝜀))
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2 − ̃︀C𝑚(𝜀)𝜀−2𝑟

⃦⃦
𝑣;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

6 𝜀−𝑛𝑀𝑚(𝜀) Re𝐵(2)
𝜀,𝑚[𝑣, 𝑣] + 𝜇1(𝜀)𝑀𝑚(𝜀)

⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

+ 𝑀𝑚(𝜀)𝜈
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

.

Applying inequality (3.28), we get

(1 − ̃︀𝑐𝑚(𝜀))
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2−̃︀C𝑚(𝜀)𝜀−2𝑟

⃦⃦
𝑣;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

6𝑀𝑚(𝜀)𝑀
{︁

Re𝐵[𝑣, 𝑣] + 𝜇2(𝜀)
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2}︁

+ 𝜇1(𝜀)𝑀𝑚(𝜀)
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

+ 𝑀𝑚(𝜀)𝜈
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

.

This yields that

[1 − ̃︀𝑐𝑚(𝜀) − 𝜇2(𝜀)𝑀𝑚(𝜀)𝑀 − 𝜇1(𝜀)𝑀𝑚(𝜀) −𝑀𝑚(𝜀)𝜈]
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

− ̃︀C𝑚(𝜀)𝜀−2𝑟
⃦⃦
𝑣;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

6 𝑀𝑚(𝜀)𝑀 Re𝐵[𝑣, 𝑣],
(3.30)

where numbers ̃︀𝑐𝑚(𝜀), ̃︀C𝑚(𝜀), 𝑀𝑚(𝜀) are the same as in (3.21), 𝜇1(𝜀) is the same as in (3.23),
while number 𝜇2(𝜀) is determined by identity (3.29).

Choosing number 𝑚 large enough and numbers 𝜀, 𝜈 small enough, by (3.30) we obtain the
inequality

Re𝐵[𝑣, 𝑣] > 𝑐3
⃦⃦
𝑣;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2 − 𝑐4

⃦⃦
𝑣;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

(3.31)

for all 𝑣 ∈ 𝐶∞
0 (Ω); 𝑐3, 𝑐4 are positive constants independent of 𝑣(𝑥).
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Thus, we have completed the proof of the G̊arding inequality for the degenerate elliptic
operator associated with sesquilinear form 𝐵[𝑢, 𝑣] defined by identity (3.3) in the case 𝑎𝑘𝑙 ≡ 0
as |𝑘| + |𝑙| 6 2𝑟 − 1.

We proceed to the proof of G̊arding inequality (3.7) in the general case. We let

𝐵0[𝑢, 𝑣] =
∑︁

|𝑘|=|𝑙|=𝑟

∫︁
Ω

𝑝𝑘(𝑥)𝑝𝑙(𝑥)𝑎𝑘𝑙(𝑥)𝑢(𝑘)(𝑥)𝑣(𝑙)(𝑥)𝑑𝑥, 𝐵1[𝑢, 𝑣] = 𝐵[𝑢, 𝑣] −𝐵0[𝑢, 𝑣].

In accordance with the above proven result for sesquilinear form 𝐵0[𝑢, 𝑣] we have inequality
(3.31), i.e., there exist numbers 𝑐5 > 0, 𝑐6 > 0 such that

Re𝐵0[𝑢, 𝑢] > 𝑐5
⃦⃦
𝑢;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2 − 𝑐6

⃦⃦
𝑢;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

(3.32)

for all 𝑢 ∈ 𝐶∞
0 (Ω).

We represent sesquilinear form 𝐵1[𝑢, 𝑣] as

𝐵1[𝑢, 𝑣] = 𝐵11[𝑢, 𝑣] + 𝐵12[𝑢, 𝑣], (3.33)

where

𝐵11[𝑢, 𝑣] =
∑︁

|𝑘|<𝑟,|𝑙|6𝑟

∫︁
Ω

𝑝𝑘(𝑥)𝑝𝑙(𝑥)𝑎𝑘𝑙(𝑥)𝑢(𝑘)(𝑥)𝑣(𝑙)(𝑥)𝑑𝑥,

𝐵12[𝑢, 𝑣] =
∑︁

|𝑘|=𝑟,|𝑙|<𝑟

∫︁
Ω

𝑝𝑘(𝑥)𝑝𝑙(𝑥)𝑎𝑘𝑙(𝑥)𝑢(𝑘)(𝑥)𝑣(𝑙)(𝑥)𝑑𝑥.

(3.34)

Employing Hölder inequality with exponents 𝑞𝑘𝑙, 𝜆𝑘𝑙, by the condition⃦⃦
𝑎𝑘𝑙;𝐿𝑞𝑘𝑙(Ω; (𝑔1𝑔2 . . . 𝑔𝑛)−1/𝑞𝑘𝑙)

⃦⃦
< +∞, |𝑘| + |𝑙| 6 2𝑟 − 1,

we have

|𝐵11[𝑢, 𝑣] 6
∑︁

|𝑘|<𝑟,|𝑙|6𝑟

∫︁
Ω

(𝑔1(𝑥)𝑔2(𝑥) . . . 𝑔𝑛(𝑥))−1/𝑞𝑘𝑙|𝑎𝑘𝑙(𝑥)|𝜎𝑘𝑙(𝑥)|𝑢(𝑘)(𝑥)||𝑣(𝑙)(𝑥)|𝑑𝑥

6𝑀0

∑︁
|𝑘|<𝑟,|𝑙|6𝑟

⃦⃦
𝑢(𝑘)𝑣(𝑙);𝐿𝜆𝑘𝑙

(Ω;𝜎𝑘𝑙)
⃦⃦
.

Applying then Lemma 2.4 as 𝑝 = 𝑞 = 2, we obtain

|𝐵11[𝑢, 𝑣] 6 𝑀 ‖𝑣;𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗)‖

{︀
𝜏 ‖𝑢;𝑊 𝑟

2 (Ω;𝜎, 𝑔⃗)‖ + 𝑐0𝜏
−𝜇
⃦⃦
𝑢;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦}︀

, (3.35)

where 𝜇 = max
|𝑘|<𝑟

𝜇𝑘 and numbers 𝜇𝑘 are determined by identity (2.14); 𝜏 is a sufficiently small

positive number.
Since sesquilinear form 𝐵12[𝑢, 𝑣] involves 𝑢(𝑘)(𝑥)𝑣(𝑙)(𝑥) |𝑙| < 𝑟, |𝑘| = 𝑟, (see (3.34)), by

switching the roles of 𝑢(𝑥) and 𝑣(𝑥) and proceeding as in the proof of inequality (3.35), we
have

|𝐵12[𝑢, 𝑣] 6 𝑀 ‖𝑢;𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗)‖

{︀
𝜏 ‖𝑣;𝑊 𝑟

2 (Ω;𝜎, 𝑔⃗)‖ + 𝑐0𝜏
−𝜇
⃦⃦
𝑣;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦}︀

. (3.36)

Employing inequalities (3.35), (3.36) as 𝑢(𝑥) ≡ 𝑣(𝑥) and identity (3.33), we obtain

|𝐵1[𝑢, 𝑢] 6 𝑀 ‖𝑢;𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗)‖

{︀
𝜏 ‖𝑢;𝑊 𝑟

2 (Ω;𝜎, 𝑔⃗)‖ + 𝑐0𝜏
−𝜇
⃦⃦
𝑢;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦}︀

. (3.37)

Since 𝐵[𝑢, 𝑣] = 𝐵0[𝑢, 𝑣] + 𝐵1[𝑢, 𝑣], by employing inequalities (3.32), (3.37) we find

Re𝐵[𝑢, 𝑢] >Re𝐵0[𝑢, 𝑢] − |𝐵1[𝑢, 𝑢]|

>(𝑐5 − 𝜏)
⃦⃦
𝑢;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2 − (𝜏 + 𝑐0𝜏

−2𝜇 + 𝑐6)
⃦⃦
𝑢;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

.

Fixing a sufficiently small number 𝜏 > 0, we obtain

Re𝐵[𝑢, 𝑢] > 𝑐7
⃦⃦
𝑢;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2 − 𝑐8

⃦⃦
𝑢;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

. (3.38)
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Since

‖𝑢;𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗)‖ =

{︁⃦⃦
𝑢;𝐿𝑟

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2

+
⃦⃦
𝑢;𝐿0

2,𝑟(Ω;𝜎, 𝑔⃗)
⃦⃦2}︁1/2

,

obtained inequality (3.38) implies inequality (3.7). The proof of Theorem 3.1 is complete.

4. On solvability of the variational Dirichlet problem for elliptic
operators with non-power degeneration

In this section we formulate a result on solvability of the, which can be proved by means
of the above obtained G̊arding inequality and a generalized Lax-Milgram theorem (see, for
instance, [8]).

Let (𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗))′ be a space of bounded antilinear continuous functionals defined on

𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗) and equipped with the norm of the dual space.
We consider the following Dirichlet variational problem associated with sesquilinear form

(3.3).
Problem 𝐷𝜆. Given a functional 𝐹 ∈ (𝑊 𝑟

2 (Ω;𝜎, 𝑔⃗))′, find a solution 𝑈(𝑥) to the equation

𝐵[𝑈, 𝑣] +

∫︁
Ω

𝜎2(𝑥) (𝑔1(𝑥)𝑔2(𝑥) · · · 𝑔𝑛(𝑥))−2𝑟 𝑈(𝑥)𝑣(𝑥)𝑑𝑥 = ⟨𝐹, 𝑣⟩, 𝑣 ∈ 𝐶∞
0 (Ω) (4.1)

in the space 𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗).

We observe that if coefficients 𝑎𝑘𝑙(𝑥) and right hand side 𝐹 of equation (4.1) are smooth
enough, solution 𝑈(𝑥) of Problem 𝐷𝜆 satisfies the differential equation

(𝐴𝑈)(𝑥) + 𝜆𝜎2(𝑥) (𝑔1(𝑥)𝑔2(𝑥) · · · 𝑔𝑛(𝑥))−2𝑟 𝑈(𝑥) = 𝐹 (𝑥), 𝑥 ∈ Ω,

where 𝐴 is the same differential operator as in (3.1).

Theorem 4.1. Assume the hypothesis of Theorem 3.1. Then there exists a number 𝜆0 > 0
such that as 𝜆 > 𝜆0, for each given functional 𝐹 ∈ (𝑊 𝑟

2 (Ω;𝜎, 𝑔⃗))′ Problem 𝐷𝜆 has the unique
solution 𝑈(𝑥) and the estimate

‖𝑈 ; 𝑊 𝑟
2 (Ω;𝜎, 𝑔⃗)‖ 6 𝑀

⃦⃦
𝐹 ; (𝑊 𝑟

2 (Ω;𝜎, 𝑔⃗))′
⃦⃦

is satisfied, where positive number 𝑀 is independent of 𝐹 .

5. On solvability of Dirichlet variational problem with inhomogeneous
boundary conditions in a halp-space

Since class 𝐶∞
0 (Ω) is dense in 𝑊 𝑟

2 (Ω;𝜎, 𝑔⃗), Theorem 2 allows us to establish the solvabil-
ity of the variational Dirichlet problem with homogeneous boundary conditions for particular
types of domains Ω ⊂ 𝑅𝑛 (for instance, bounded domains, complements to bounded domains,
half-space), while for studying the solvability of such problems with inhomogeneous bound-
ary conditions we need first to prove embedding theorem of various metrics for appropriate
weighted spaces, whose elements, in the general situation, are not approximated by the func-
tions in 𝐶∞

0 (Ω). In this section we formulate the result (without proof) on the solvability of the
Dirichlet variational problem for one class of elliptic problems in the half-space with a power
degeneration.

Let 𝑅+
𝑛 = {𝑥|𝑥 = (𝑥′, 𝑥𝑛) ∈ 𝑅𝑛, 𝑥𝑛 > 0} and let function 𝜙(𝑡) ∈ 𝐶∞(𝑅+

1 ) be so that
0 6 𝜙(𝑡) 6 1 for each 𝑡 ∈

[︀
1
2
; 1
]︀

and 𝜙(𝑡) ≡ 0, as 𝑡 > 1; 𝜙(𝑡) = 1 for each 𝑡 ∈
[︀
0; 1

2

]︀
. For all real

numbers 𝛼, 𝛽 we introduce the function

𝜎𝛼,𝛽(𝑡) = 𝜙(𝑡)𝑡−𝛼 + (1 − 𝜙(𝑡))𝑡𝛽 (𝑡 > 0).

We denote by 𝑊 𝑟
𝑝;𝛼,𝛽,𝛾(𝑅+

𝑛 ) the space of functions 𝑢(𝑥) (𝑥 ∈ 𝑅+
𝑛 ) with a finite norm

‖𝑢;𝑊 𝑟
𝑝;𝛼,𝛽,𝛾(𝑅+

𝑛 )‖ =
{︀
‖𝑢;𝐿𝑟

𝑝;𝛼,𝛽(𝑅+
𝑛 )‖𝑝 + ‖𝑢;𝐿0

𝑝;𝛼,𝛾(𝑅+
𝑛 )‖𝑝

}︀1/𝑝
,



GÅRDING INEQUALITY FOR ELLIPTIC OPERATORS . . . 65

where

‖𝑢;𝐿𝑟
𝑝;𝛼,𝛽(𝑅+

𝑛 )‖ =

{︂∑︁
|𝑘|=𝑟

∫︁
𝑅+

𝑛

(𝜎𝛼,𝛽(𝑥𝑛)|𝑢(𝑘)(𝑥)|)𝑝𝑑𝑥
}︂1/𝑝

.

Let ̃︀𝐶∞
0 (𝑅+

𝑛 ) be a set of infinitely differentiable in 𝑅+
𝑛 functions compactly supported above,

i.e., vanishing for large 𝑥𝑛. The symbols 𝑊̊ 𝑟
𝑝;𝛼,𝛽,𝛾(𝑅+

𝑛 ), ̃︁𝑊 𝑟
𝑝;𝛼,𝛽,𝛾(𝑅+

𝑛 ) stand for the closures of

classes 𝐶∞
0 (𝑅+

𝑛 ) and ̃︀𝐶∞
0 (𝑅+

𝑛 ) in space 𝑊 𝑟
𝑝;𝛼,𝛽,𝛾(𝑅+

𝑛 ), respectively.
We consider the sesquilinear form

B[𝑢, 𝑣] =
∑︁

|𝑘|,|𝑙|6𝑟

∫︁
𝑅+

𝑛

𝜎2
𝛼,𝛽(𝑥𝑛)𝑎𝑘𝑙(𝑥)𝑢(𝑘)(𝑥)𝑣(𝑙)(𝑥)𝑑𝑥 (5.1)

and the associated Dirichlet variational problem.

Problem 𝐷. Given a functional 𝐹 ∈
(︁
𝑊̊ 𝑟

2;𝛼,𝛽,𝛾(𝑅+
𝑛 )
)︁′

and an element Ψ(𝑥) ∈ ̃︁𝑊 𝑟
2;𝛼,𝛽,𝛾(𝑅+

𝑛 ),

find a solution 𝑈(𝑥) ∈ ̃︁𝑊 𝑟
2;𝛼,𝛽,𝛾(𝑅+

𝑛 ) to the equation

B[𝑈, 𝑣] =< 𝐹, 𝑣 >, ∀𝑣 ∈ 𝐶∞
0 (𝑅+

𝑛 ),

satisfying the condition

𝑈(𝑥) − Ψ(𝑥) ∈ 𝑊̊ 𝑟
2;𝛼,𝛽,𝛾(𝑅+

𝑛 ). (5.2)

Assume that coefficients 𝑎𝑘𝑙(𝑥) of sesquilinear form (5.1) obey the conditions:
I) as |𝑘| = |𝑙| = 𝑟, coefficients 𝑎𝑘𝑙(𝑥) are bounded and satisfy the ellipticity condition:

Re
∑︁

|𝑘|=|𝑙|=𝑟

𝑎𝑘𝑙(𝑥)𝜉𝑘𝜉𝑙 > 𝑐|𝜉|2𝑟

for all 𝑥 ∈ 𝑅+
𝑛 , 𝜉 ∈ 𝑅𝑛, where 𝑐 is a positive number independent of 𝑥, 𝜉, and for all sufficiently

small 𝜈 > 0 there exists a number 𝜀 > 0 such that

|𝑎𝑘𝑙(𝑥) − 𝑎𝑘𝑙(𝑦)| < 𝜈

for all 𝑥, 𝑦 ∈ 𝑅+
𝑛 such that

|𝑥𝑖 − 𝑦𝑖| <
1

2
𝜀𝑦𝑛, 𝑖 = 1, 𝑛;

II) as |𝑘|+ |𝑙| 6 2𝑟− 1, coefficients 𝑎𝑘𝑙 belong to space 𝐿𝑝𝑘𝑙 (𝑅+
𝑛 ;𝜎𝛼𝑘𝑙,𝛽𝑘𝑙

(𝑥𝑛)), where numbers
𝛼𝑘𝑙, 𝛽𝑘𝑙, 𝑝𝑘𝑙 are determined by the relations:

a) if|𝑘| < 𝑟, |𝑙| < 𝑟, then

𝛼𝑘𝑙 = −𝑛

2
+

𝑛

𝑝𝑘𝑙
+ 𝑛𝛿𝑘 − 𝑟 + |𝑙|,

𝛽𝑘𝑙 = 2𝑟 − |𝑘| − |𝑙| − (𝑛− 1)𝛿𝑘 +
𝑛

2
− 𝑛

𝑝𝑘𝑙
,

1

𝑝𝑘𝑙
= 1 − 𝛿𝑘 − 𝜀𝑙 −

(︂
1

2
− 𝑟 − |𝑙|

𝑛

)︂
+

,

where numbers 𝛿𝑘, 𝜀𝑙 in the interval (0, 1/2) satisfy the conditions

0 <
1

2
− 𝛿𝑘 − 𝜀𝑙 < min

{︂
1

2
,
𝑟 − |𝑘|

𝑛

}︂
and (𝜃)+ = 𝜃 if 𝜃 > 0 and (𝜃)+ = 0 otherwise;

b) if |𝑘| = 𝑟, |𝑙| 6 𝑟 − 1, then

𝛼𝑘𝑙 =
𝑛

𝑝𝑘𝑙
− 𝑟 + |𝑙|,
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𝛽𝑘𝑙 = − 𝑛

𝑝𝑘𝑙
+ 𝑟 − |𝑙|,

1

𝑝𝑘𝑙
=

1

2
− 𝜀0 −

(︂
1

2
− 𝑟 − |𝑙|

𝑛

)︂
+

,

and 𝜀0 is a sufficiently small positive number;
c) if |𝑘| 6 𝑟 − 1 |𝑙| = 𝑟, then

𝛼𝑘𝑙 =
1

2
− 𝛿𝑘,

𝛽𝑘𝑙 = 𝑟 − |𝑘| − 1

2
+ 𝛿𝑘,

1

𝑝𝑘𝑙
=

1

2
− 𝛿𝑘.

In these conditions number 𝛿𝑘 is such that

1

2
− 1

𝑛
6 𝛿𝑘 <

1

2
.

Theorem 5.1. Assume that conditions I), II) are satisfied and that there exists a positive
number 𝑐0 such that

𝑐0

∫︁
𝑅+

𝑛

(︀
𝜎𝛼,𝛽(𝑥𝑛)𝑥−𝑟

𝑛 |𝑣(𝑥)|
)︀2

𝑑𝑥 6 ReB[𝑣, 𝑣]

for all 𝑣 ∈ 𝐶∞
0 (𝑅+

𝑛 ). Suppose also that

𝛼 < −1

2
, −𝛼 +

1

2
/∈ {1, 2, . . . , 𝑟}, 𝛽 +

1

2
/∈ {1, 2, . . . , 𝑟}, 𝛽 − 𝑟 > 𝛾.

Then for each given functional 𝐹 ∈
(︁
𝑊̊ 𝑟

2;𝛼,𝛽,𝛾(𝑅+
𝑛 )
)︁′

and each given element Ψ ∈ ̃︁𝑊 𝑟
2;𝛼,𝛽,𝛾(𝑅+

𝑛 )

Problem 𝐷 has the unique solution 𝑈(𝑥) and the estimate⃦⃦
𝑈 ;𝑊 𝑟

2;𝛼,𝛽,𝛾(𝑅+
𝑛 )
⃦⃦
6 𝑀

{︂⃦⃦⃦
𝐹 ;

(︂
𝑊̊ 𝑟

2;𝛼,𝛽,𝛾(𝑅+
𝑛 )
)︁′⃦⃦⃦

+
⃦⃦

Ψ;𝑊 𝑟
2;𝛼,𝛽,𝛾(𝑅+

𝑛 )
⃦⃦}︂

holds true, where number 𝑀 is independent of 𝐹 and Ψ.

Remark 5.1. Condition (5.2) means that on the hyperplane 𝑥𝑛 = 0 the solution 𝑈(𝑥) to
Problem 𝐷 has the same traces as given function Ψ(𝑥). Under additional restrictions for
parameters 𝛼, 𝛽, 𝛾, as in work [9], one can write explicitly the boundary conditions on the
hyperplane 𝑥𝑛 = 0.
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