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ONE-PARAMETRIC FAMILY OF POSITIVE SOLUTIONS FOR

A CLASS OF NONLINEAR DISCRETE
HAMMERSTEIN-VOLTERRA EQUATIONS

H.H. AZIZYAN, KH.A. KHACHATRYAN

Abstract. In the present work we study a class of of nonlinear discrete Hammerstein-
Volterra equations in a post-critical case. We prove the existence of a one-parametric

family of positive solutions in space [;. We describe the set of parameters and establish the
monotonic dependence of each solution both in a parameter and a corresponding index.
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1. INTRODUCTION

The work is devoted to the study of the following class of nonlinear discrete Hammerstein-

Volterra equations:
Ty = Zaj,nhj(xj), n=20,1,2,...
j=n

for an unknown infinite vector
T
T = (20, X1, oy Tpyeea)

where T' denotes the transposition.
In system (1.1} the sequence of elements {ay}7>, satisfies the following conditions:

o a,>0 k=0,1,2,..., ay=0,

° MEZak<+oo,
k=0

e (over-criticity condition) p > 1.

(1.1)

(1.2)

(1.3)
(1.4)

(1.5)

For sequence of measurable real functions {h;(u)}32, we assume the following “criticity”

condition:

hi(0)=0, j=01,2....

(1.6)

Apart from an independent mathematical interest, system (1.1)) arises in discrete problems of

transport theory of nonlinear radiation in spectral lines (see [1]).
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Moreover, system (|1.1)) is a discrete analogue of the nonlinear Hammerstein-Volterra convo-

lution equation:
o

fla) = [ olt = o)t o)t @0, (1.7
which arises in various fields of natural sciences, in particular, in physical kinetics (kinetic gas
theory), in econometrics (theory of income distribution in one-product economy), in biology
(in deterministic models of spatial epidemic distribution or of the distribution of auspicious
gene in a population along the line with various nonlinearities in genetic models) (see [2]-[5]).
Many interesting works were devoted to the studying of Hammerstein-Volterra equations (see
[6]-[9] and the references therein). For instance, in [6]-[7], the following nonlinear discrete
Hammerstein system was studied:

ynzza”jfj(yj>+gm TLGIN, (18)
j=1
where
fj(o) = 07 j € IN)
and

(fi(u) = fi(v))(w =) S ep(u—v)*, jEN,
for some ¢y > 0 under the assumption
cpe g <1
and g is the smallest positive number satisfying the inequality
[AYllio, < 10(Ay,y), Y € lasr
Here [y, is some weighted space of infinite vectors and A = ()7

In work [8], the following discrete Hammerstein-Volterra system was studied:

n

To= Y anhi(z;), n€N, (1.9)
Jj=n—No
for an infinite vector x = (2¢,1,...,%n,...)". Under certain restrictions for {a,;};%;_, and

{hj(u)}32,, the existence of periodic solutions was proved in this work.

The issues of linearization for general nonlinear discrete Volterra equations were discussed in
work [9)].

It should be noted that condition in some sense complicates the situation since it follows
immediately from that the zero vector satisfies system (|1.1]).

Here the following issues arise:

1) Under which conditions for {h;(u)}32,, apart from the trivial solution, system has a
component-wise positive solution?

2) In which space is this solution?

3) Whether the constructed solution possesses the uniqueness property in certain class of
infinite vectors with positive coordinates?

4) Whether there exists a one-parametric family of positive solutions?

5) If there exists a one-parametric family of solutions, which is the structure of the corre-
sponding set of parameters?

In the present paper, under certain conditions for the sequence of functions {h;(u)}32, we
prove the existence of one-parametric family of component-wise positive solutions. We establish
that each such solution in this family belongs to space [;. We describe the set of parameters.
We prove the monotonous dependence of each solution w.r.t. both the parameter and the
corresponding index. In the end of the work we provide particular examples of sequence of



ONE-PARAMETRIC FAMILY OF POSITIVE SOLUTIONS ... 15

functions {h;(u)}52, satisfying the assumptions of formulated theorem. It should be mentioned
that the formulated theorem is constructive since apart from appropriate apriori estimates, its
proof involves the method of successive approximations.

We also mention that the approaches developed in the work allows us to continue success-
fully the studies for constructing one-parametric family of positive solutions in L;(0, 00) of the
corresponding nonlinear integral equation (|1.7)).

2. FORMULATION OF THEOREM

Before we formulate the main result of the present work, we introduce some notations.
We consider the following function defined on segment [0, 1] :

X(p> = Zakpk, peE [07 1]7 (2'1)

where {ay}72, satisfy conditions (1.3)—(1.5)). It follows from (1.3)—(1.5) that
e x(0)=ay=0, x(1)=pn>1, xe€C[0,1], (2.2)
e x(p) T in p on [0,1]. (2.3)

Therefore, there exists a unique number py > 0 such that x(pg) = 1. We fix this number and
make the following assumptions for

wj(u) = hj(u) —u, j=0,1,2,...: (2.4)

I) there exists a number « > 0 such that for each fixed j € N U {0} functions w;(u) 1 inu
on [apy, +00), ,
IT) w; € C(Q;), where Q; = [ap), +0), j=0,1,2,...,

I1T) there exists supw;(u) = 75, j = 0,1,2,..., where {7;}32, is a sequence of positive
[1>Ye's
numbers satisfying the condition

> imipy? < +oo, (2.5)
=0

IV) wj(u) 20,ueQ;, j=0,1,2,...

The following theorem holds true.

Theorem 1. Suppose that sequence {ay}72, satisfies conditions (L.3) -(1.5), while {w;(u)}32,
possesses the properties and I) —IV). Then system has a one-parametric family of
component-wise positive solutions {x}er, Ty = (L0 T1rys -« s Tnpys - --) 1, and

1) zy€ly, Vyell =|a,+00),

2) if y1,72 € Il and v1 > 72, then the lower estimates

Tpmy — Tnmy = (71— 72)05, ¥n € NU{0}, (2.6)
hold true.
3) if there exists a natural number Ny such that for each fized u > 0
wit1(u) < w;(u), j=No,No+1,No+2,..., (2.7)
then
Tpiiy < Tnyy = No,No+1,Nog+2,..., (2.8)

Vy e II.
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3. PROOF OF THEOREM

We begin with an auxiliary Volterra type discrete system

Yo =2n+ > ajay;, n=012 . (3.1)
for an unknown infinite vector
Y= (Yo, Y1, Yn.--)", (3.2)
where
anZaj,nTj, n=0,1,2,.... (3.3)
j=n
We multiply both sides of the system (3.1) by p," (n € NU{0}), and denoting
Ur =00 " Yn, 2Zn =Do"%n, bn =Dpgan, n=0,1,2,..., (3.4)
we arrive at the following system for y* = (v, vi,...,v5 .. )T
y:;:z;+2bj_ny;, n=0,1,2,.... (3.5)

Since x(po) = 1, it follows immediately from (3.4)) that

i by = 1. (3.6)

In what follows we shall make sure that

o el 2=(z,2,.. 2.0, (3.7)
an,’; < +o0. (3.8)
=0

We observe that (3.7 is obviously implied by (3.8)). This is why it is sufficient to prove (3.8]).
Taking into consideration (3.4)) and ([2.5)), for each N € IN we estimate a partial sum of series

1’
N oo ' N N . N 00 '
Z]Z —ijo Za@ DD aigipg T = 3> aigipy i+ Y > aiipy'T
i=j

j=0 i=j 7=0 i=j j=0 i=N+1
N i

—Ezpongalj—i—g poTlgalj gz ngaljjtg zpongal]

1= N+1 = 7,: = 1= N+1
N
- i —i -
=§ Py Ti E A, + E Py Tz S E 1Py T + § Py Ti
i=0 m=0 i=N+1 i=N+1

=/ Z 1Py T < +00.
i=0
Since N € N is arbitrary, and z > 0, n € N U {0}, the obtained estimate implies .

Thus, we have obtained that free term z* of system and sequence {b,}5°, satisfy
respectively conditions , and . Therefore, the results of work [10, Lm. 4.8] yield
that system has a component-wise solution in space [;.

It follows from that

Yn =Do Yoy n=0,1,2,..., (3.9)
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is a solution to system ({3.1)). Since y* € [; and py € (0, 1), by (3.9) we obtain

y:(yO,yla"'aynw")TEll- (310)
Now for main system ([1.1)) we introduce the following iterations:

() Za]n ), 2 =pp, n=0,1,2,..., m=0,1,2,..., yell. (3.11)

Let us prove by induction by m that
A) 2™ 1 in m, Vyell, Yne NU{0},

n’,\/

B) 2™ <Aph+yn, YmeNU{0}, Vy €T, VneNU{0}.

We first prove the monotonicity of sequence {x;@};’fb’zo in m. Indeed, by the monotonicity of
{w;(u)}52, in w on [ap), +00), 7 =0,1,2,..., in view of Condition IV) of the theorem, thanks

to 3.11_we have

ZG/] n +w]( ()))>Vza]fnp€)

= Z a;pi ™ = g x(po) = Ypf = 2\

Assuming that

for some m € IN, n € NU {0}, v € II and taking into account the monotonicity of w;(u) in u,

by (3.11]) we obtain

(m m—1 m
> 3 ety el =

Let us prove inequalities B). As m = 0, it is obvious since y,, > 0, n = 0,1,2,... We assume
that B) is satisfied for some m € IN. Then, taking into consideration I), III) and IV), by (3.11])
we get

UMES Zag 9P+ 5+ w (P + 93) <D ag (b + s+ wi(y + )

j=n j=n

[ee] o
< 4Oy ) =YD 4P+ il + 2 = VPh + Yn-
j=n j=n j=n

It follows from A) and B) that for each fixed v € II the sequence of infinite vectors {x(ym)}fnozo,

2 = (x(()fr;),a:%), 2™, )T, has a limit if and only if m — oo : Jim 2 = 2, and in

view of Condition IT) and the fact
Sup Zaj n(Tjy +wi(z,)) <7y+ sup yn < 400,
neNU{0} 42 nelNU{0}
the limiting vector satisfies system ((1.1]). It also follows from A) and B) that

VPO K Tny < APG 4+ Yny v €1, ne NU{0}.

Let us prove inequality (2.6 . In order to do it, by induction in m we first make sure that if
V1,72 € 1L, 71 > 72, then

2 — 2 > (= y)pf, n=0,1,2,..., m=0,1,2,.... (3.12)

n,7
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In the case m = 0, inequality (3.12)) is obviously true since it becomes the identity. Suppose
that (3.12)) holds true for some m € IN. Then by the monotonicity of w;(u) in u on [ap], +00),
7=0,1,2,...and v; > o, 7 = 1, 2,, we get

2™
J ’Yz Z J 71 Ly, w)

Jj=n

(mA1) _ . (m+1) _2: ( ) (m) _
L n,71 nw aj— ” J’Yl 372+w3( J’Yl) wﬂ

=(n — ) Z ajnph = (1 —22)P5 - X(po) = (1 — V2)15 -

Passing to limit as m — oo in (3.12), we arrive at (12.6)).

To complete the proof of the theorem, it remains to make sure that condition (2.7) implies

inequality ([2.8)).

We first prove that under condition (2.7)) we have
2, <™, n=0,1,2,..., m=0,1,2,..., yell (3.13)

As m = 0, it is implied by the following simple inequality:

0 n 7
2 =t < = 20

Suppose that (| is satisfied for some m € IN. Then in view of (2.7, the monotonicity of
w;(u) in u on [&pg), +00), j=0,1,2,..., by (3.11]) we obtain

m+1 m
x7(1+1 7) - m(,yﬂ) - Z aj— (n+1)( ) ‘H“’J Zaj n +wJ( gw)»
j=n+1
= Z g (xl(cT-iz-i-l B + Witnt1 Ik-i—n-i—l Y Z Ak ‘Tk—i—n Y + Wetn ($/(<;+31 ’Y))
k=0 k=0

k(@1 = T + Wttt (T 4) = When(20)) = Do+ I + I,

M)

i

0

where
L= a(@h,, — o) <0

by the induction assumption,

L= ax(weinn (@) = Wrm (@) <0,

k=0

since wj(u) T w.r.t. u on [ong, +00), j=0,1,2,..., and by the induction assumption, while
Is = Z ak(wk+n+1($,ﬁlﬂ) — wk+n(x,(€"j3m)) <0
k=0
by condition ({2.7)).
Therefore,
) <l n=0,1,2,..., yell

Passing to the limit as m goes to infinity in (3.13)), we arrive at (2.8)). It completes the proof
of the theorem.
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In conclusion we provide some examples of sequence {w;(u) 720 satistying all the assumptions
of the formulated theorem:

a) wi(u)=p(1—e™), j=0,1,2,..., u>=0,

) wiw) =pf ) V>0, j=01.2..., u>0,
2 q

C) wj(’lj/):pojuq—'_c, VC>0, Vq>2, j:0,1,2,..., u = 0,
. i 2

d) wylu)=pd LTI 012, w0

u+ sin?u+1’
The authors thank the referee for useful remarks.
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