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ON SOME PROPERTIES OF SINC-APPROXIMATIONS OF
CONTINUOUS FUNCTIONS ON INTERVAL

A.YU. TRYNIN

Abstract. We study approximation properties of various operators being the modifica-
tions of sinc approximations of continuous functions on an interval.

Keywords: sinc approximation, interpolation functions, uniform approximation.

1. INTRODUCTION

E. Borel and E.T. Whittaker introduced independently the notion of a cardinal and a trun-
cated cardinal function, whose restriction on the segment [0, 7] reads as follows:
n

patg) = SRR (T) = S S () = S () )

At present, the problem on sinc-approximation of a function decaying exponentially at infinity
and analytic in a strip containing the real axis is studied in great details. The most complete
survey of the results obtained in this direction by 1993 as well as many important applications
of sinc-approximations can be found in [I]. Interesting historical surveys of studieds in this
field were also provided in [2], [3].

Sinc-approximations have wide applications in constructing various numerical methods in
mathematical physics and the approximation theory for the functions of both one and several
variables [I], [4], in the theory of quadrature formulae [I], in the theory of wavelet-transforms
or wavelets [0, Ch. 7, Sect. 4, Subsect. 2], [0, Ch. 2], [7], [§].

Interesting tests for the uniform convergence on the axis for Whittaker cardinal functions
were provided in [9], [10].

Another important sufficient condition for convergence of sinc-approximations was obtained
in paper [11]. It was established that for some subclasses of functions absolutely continuous
together with their derivatives on the interval (0,7) and having a bounded variation on the
whole axis R, Kotel'nikov series (or cardinal Whittaker functions) converge uniformly inside
the interval (0,7). In [I2] an upper bound for the best possible approximation of continuous
functions vanishing at the end-points of [0, 7] by linear combinations of sincs was obtained by
an original approach. In works [13], [14], [I5] there were obtained estimates for the error of
uniform approximations of uniformly continuous and bounded on R functions by the values of
various operators being combinations of sincs. We note that the structure of some operators
considered in [13], [T14] are similar with the operators studied in the present work.

Unfortunately, while approximating continuous functions on a segment by means of and
many other operators, Gibbs phenomenon arises in the vicinity of the segment end-points, see,
for instance, [16] and [17].
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In [18], [19], [20] and [I7] various estimates for the error of approximation of analytic in a circle
functions by sinc-approximations were obtained. To the best of the author’s knowledge,
before works [18], [19], [20] and [17], approximation by cardinal Whittaker functions on a
segment or a bounded interval was made just for particular classes of analytic functions by
reducing to the axis via a conformal mapping.

In paper [20] sharp estimates were established for the functions and Lebesgue constants of
operator and an analogue of G.P. Névai formula was obtained, which was appropriate for
studying approximative properties of operator ([IJ). Works [21], [22] were devoted to obtaining
necessary and sufficient conditions of pointwise and uniform in the interval (0, 7) convergence of
sinc-approximations for continuous on [0, 7] functions. The authors of an interesting paper
[23] employed the results of work [21] to study the convergence of the algorithms of multi-level
sinc-approximations of functions with a minimal smoothness.

In [24] there was constructed an example of a continuous function vanishing at the end-points
of the segment [0, 7] for which the sequence of the values of operators diverges unboundedly
everywhere on the interval (0, 7). The results of [24] show that while attempting to approximate
non-smooth continuous functions by the values of operators a “resonance” can appear that
produces an unbounded growth of approximation error everywhere on the interval (0, 7). In
the same work there was proven the absence of the equiconvergence of the values of operators
and Fourier series or integral on the class of continuous functions.

Work [25] was denoted to studying approximative properties of interpolation operators con-
structed by means of solutions to the Cauchy problems with second order differential expres-
sions. In [26] the results of work [25] were applied for studying approximative properties of
classical Lagrange interpolation processes with the matrix of interpolation nodes, whose each
row consists of zeroes of Jacobi polynomials P A with the parameters depending on n. Pa-
pers [27] and [2§] were devoted to applications of the considered in [25] operators to studying
Lagrange-Sturm-Liouville interpolation processes.

This short historical background does not, of course, pretend for a complete survey of all
works devoted to sampling theorem and its generalization. Moreover, we do not cite the papers
in a huge series of works devoted to numerous applications of this direction in the mathematical
analysis to the related fields of natural sciences.

In the present work we follow the lines of publications [29]-[36] and study the issues on
approximations of continuous on the segment [0, 7] functions by means of linear combinations
of sincs {lk,n}Z’:Oﬁi , and linear functions. At that, as an information on the approximated
function, we employ only its values at the nodes zy, = %’“ 0<k<n n=1223,.... The
main attention in the present study is paid to the following issues. The first one is how to
compensate the appearance of the undesirable “resonance” while approximating non-smooth
functions of fractal kind. The second issue is whether one can suggest operators having no
Gibbs phenomenon (Wilbraham-Gibbs phenomenon) in the vicinity of the end-points of the
segment [0, 7] and whether there is a chance to keep at that the interpolation property for the
new operators.

To each function f taking finite values on the set zy, = %k, n € N, 0 < k < n, we associate
an entire function LT,, by the rule:

CcoS N sin nx

nr — kmw

n—l{f(l'k—i-l,n) + f(xrn) B (f(7T> - f(o))(Zk‘ +1) B (0)} sinnz cosnx  (2)
2 2n nz — (k+ 3)m
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It should be stressed that as an information on function f, operator employs only its
values at the nodes zy, = %’“‘, n € N, & € Z. Moreover, cosnzy, = (—1)’“ asn € NN,
0 < k£ < n, and this is why the first term in the definition of operator is in fact a slightly
“corrected” operator of sinc-approximation . Second term in ([2|) compensates the undesirable
resonance if it appears in approximating non-smooth functions. Hence, operator has the
same approximative properties as operators despite the values of this operator are smooth
enough and interpolate an approximated function, i.e., f(zg,) = LT, (f, zx,) for each n € NN,
0 < k < n. The trick used in constructing operator T)(f,-) [25, Formula (1.9)] allows us to get
rid of the Gibbs effect in the vicinity of the end-points of the segment [0, 7] while approximating
functions be means of operator ([2)).

For the numerical mathematics, an equivalent more compact representation of operator
can be useful:

. k 2 (s - ()= 0k rol s (2;2111_22@ my— ]
i) - 1)

x + f(0).
Theorem 1. For each function f continuous on the segment [0, | the relation
Tim £ — LT(f,)llefon = 0.
holds true.

We denote by Cy[0, 7] the space of continuous function vanishing at the end-points of the
segment with the Chebyshev norm, i.e., Cy[0, 7] = {f: f € C[0, 7], f(0) = f(7) = 0}.

The results of the present work allow us to state the completeness of the elements {lk,n}zéo,rji 1
in normed spaces C[0, 7] and Cy[0, 7.

Corollary 1. The system{ln}i_g~, s complete in Co[0,7] that is in agreement with the
results of work [12]. A system of functions {1, 2} U {lyn}p g~ s complete in C[0,].

Moreover, by none of linear combinations of the functions in the system {lj,};_,,~, one can
approximate an arbitrary element in space C[0, 7].

Theorem 2. Linear spans of the systems of functions
{lkﬂ"b}Z:O’ nelN (3)
are not dense in C|0, 7].
2. AUXILIARY STATEMENTS
We begin with some auxiliary statements, which we shall employ in what follows.

Proposition 1. 20, Thm. 2] If a function f is continuous on the segment [0, 7], then for
each x € [0, 7] the identities

3
,_.

(f (@rs1,0) — f(%,n))%,n(@) =0 (4)

0

tim ( /() ~ L(f.2) —%

n—o0

i

hold true, where
(=1)k sinnzx
lgn(r) = ——7
en(2) nr — km
The convergence in is pointwise on the segment [0, 7| and is uniform inside the interval
(0,7), i.e., it is uniform on each compact set contained in this interval.
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Under the assumption p) > 0, for each nonnegative A we assume that function ¢, is such

that /1
A
Vil < pn, pr = O(E)’ as A — 00, ¢x(0)=0. (5)

Then for each potential gy € V,, [0, 7| the zeroes of the solution to the Cauchy problem

v+ (A= q(2)y =0,
y(0,A) =1, (6)
y’((), )‘> = h()‘)a

as A — +o0o, or under the additional condition h(A) # 0, the zeroes of the solution to the
Cauchy problem
y'+ (A= an(@))y =0,
y(0,A) =0, (7)
y/(oa )‘) = h()‘)v
locating in [0, 7] and taken in the ascending order are denoted by
0< Tox < Tpx < ... < Tpa <7 (I’,L)\ < O,.Tn()\)_H,)\ > 7T). (8)
Here x_1 y <0, z,\)41,2 > 7 stand for the zeroes of the continuation of the solution to Cauchy

problem @ or with some continuation of function g, outside the segment [0, 7] keeping a
bounded variation. For Cauchy problem we also assume that function h(\) is non-zero, i.e.,

Vo] < pas oy = o(g) as A — oo, q(0)=0, h(\)#O. (9)

In [25] the approximative properties were studided for Lagrange type operators constructed
by the solutions to Cauchy problems @ or and mapping each function f on [0, 7] into a
continuous function interpolating it at the nodes {zy\}7_, so that

Sx(f,z) = Z y(@,A) f(wp) Zsm f(xrn). (10)

=0 y'(ﬂﬂk,)\, )\)(IB — T, ,\

In particular, the following proposition was proved.

Proposition 2. |25 Prop. 9] Let y(z, A) be solutions to Cauchy problem @ or . Cauchy
problem @ satisfies relations (5)), while Cauchy problem satisfies @
If f € Cyl0, 7], then the relation

lim (f(2) = Si(f.a ——Z{f T10) = F(ana)bsia(@)) =0

y(x,M)

holds true uniformly on x € [0, 7] and in all gy € V¢, [0, 7|, where spa(z) = TN e

Remark 1. [25 Prop. 9] In the same one can that the following proposition holds true under
assumption[d If f € Col0, ], then the relations

tim (£(2) — S3(f,0) — 5 S L r10) — Flora)}sea(e) =0

A—00

Jim (f(@ = S\(f,x) - 411 i{f(xk—l-l,)\) —2f(zp) + f(ﬁk—l,A)}Sk,A(l‘)) =0
k=1

hold true uniformly in x € [0, 7| and all g\ € Vi, [0, 7).
0

Corollary 2. If f € Cy|0, 7], then Proposition [3 holds true uniformly in = € [0,7] as A, =
2 h()‘> 7£ Oz = 0; S/\n(f7 l’) = Ln(f: l’), and Sk,)m(x) = lk,n('r)‘
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Proof. In the case of Cauchy problem @, as A, = n% h()\) # 0, ¢, = 0, operator turns
into (1)), lyn(z) = s, (2). O

For approximating non-smooth continuous functions, for instance, functions f having a frac-
tal character, we introduce new operators. For instance, operators A, (f,z) and A, (f,z) maps
each continuous on segment [0, 7] function f into a linear combination of sincs by the rules

Anlfa) = Y Bt el g, ), (1)
R e (12)

We observe that the values of A,(f,z) and A,(f,z) in space Cy[0, 7] coincide and they behave
similarly in C[0, 7] at the internal points in (0, 7). Here we provide the results in terms of both
operators in order not to recheck these facts while using and in applications.

The modification of these operators by the trick, which allows to get rid of the Gibbs phe-
nomenon in the vicinity of the end-points of the segment [0, 7], are denoted by

AT, (f,z) = Z L. (2) +2lk—1,n(x) {f(xk:n> B (f(m) —nf(o))k

%x + F(0)

[ F@renn) + flaen)  (F) = £(0) 2k + 1)
{Llona) £ /o) o = 10 (o)

- 10

(13)

T =70, 4 po).
m
Proposition 3. Let f € C[0,7]. Then
lim AT, (f,z) = f(z) (14)

n—oo
uniformly on [0, 7.

Proof. We first note that in accordance with Corollary [2 of Proposition [2| for f € Cy|[0, 7], the
identity

n—

lim (f( ) — Ln(f, ) —1 (f Thiin) — Ikn)>lkn(95)>

n—00 2
=0

= lim f(x) — n( ,7) = lim f(z) — n(f)x):()

n—oo n—oo

holds true uniformly on [0, 7].

In order to prove , we note that function f(x)— wx—f@) belongs to space Cy[0, 7.
And therefore,

nh_{{)lOZ{ .Tk—i—l n —|— f(JCk n) B (f(W) - f;i))@k + 1) _ f(O)}lkn(x)

~ fa) - Mm - 10)

uniformly on segment [0, 7], i.e., holds true. ]
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It is also possible to consider operators similar to , , :

Bu(f.a) =y @ el g, )

2
k=0
Bu(f.0) =y M) 1)y )
k=1

k=0

_Z{ Tk—1,n) + f(@kn) (f(m) — f;?j)@k —1) . f(O)}lkn(x)
Finally, to get rid of the asymmetry in the introduced operators, we let
n—1
Cy( o) = 3 et 2O E i) (15)
k=1
n—1
utgm) = Y Loeal 42 ) Lty () (16)

We denote the modification of these operators obtained by applying the trick allowing to get
rid of the Gibbs phenomenon in the vicinity of the end-points of the segment by

CTn(f, ZL’) _ i lk+1,n(x) + 2[;97”(13) + lkfl,n(a:) {f(l'k,n) . (f(Tr) - f(O))k . f(o)}lk,n(-T)

4 n

+ %x—i— £(0),

CTo(f, :Z{f Th+1,n +2f(an)+f(l’k 1n) (f(”)—nf(o))k —f(O)}lk,n(a:)

k=1

Remark 2. Following the lines the proof of Proposition [3 we can also prove the following
statement. Let f € C[0,x|. Then

lim BT, (f,2) = f(), L CT,(f.2) = lim OT,(f.) = /()
uniformly on [0, ).

Unfortunately, the proposed operators do not possess such interpolation properties like Ly,
i.e., generally speaking, the value of operators A,,, AT, B,,, BT, C,, C’Tn, An, Bn, C’ and CT
not necessarily coincide with the approximated function at points zj, = f 0<k<n,neN.
On the other hand, their approximative properties are much less sensitive to the smoothness
properties of the approximated function. By their means we can approximate arbitrary element
in space C10, 7).

Remark 3. In the theory of approximating functions by algebraic polynomials, Bernstein
processes by Chebyshev nodes matriz are well known [37 see formula (11 and the previous

one|, which are in some sense identical to construction A, and C, . We also note
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that an operator similar to C, was employed by V.P. Sklyarov in the proof of Theorem 1
n [12]. Being continued to the whole axis it becomes the Blackman-Harris operator as m = 1,
ap = a1 = 0,5 [13, Formula (9)]. The methods for studying approximative properties of the
operators considered by S.N. Bernstein, V.P. Sklyarov, by the authors of [13] and the approach
proposed in the present work differ essentially.

Remark 4. If together with operators , (@, , (@) we consider, for instance, the

operators

—_

n—

f(@ri1n) + f(Tp-10)

> : Lo ()
k=1

or i
Z lk+1 n( ) —5 lk—l,n(x)f(xkyn),

k=1
then to guarantee the convergence of their value to the approrimated function f, one needs
adequate necessary and sufficient conditions (for instance, the conditions proposed in [21, Thms.

1, 2]).
3. STUDY OF THE COMPLETENESS OF THE SINCS SYSTEM IN Cy[0, 7] AND C]0, 7]

The results of the previous section allows to conclude on the completeness of the system of
elements {lj.,} g in normed spaces C[0, 7] and Co[0, 7].

Proof of Corollary [l Corollary [2] and Proposition [3] imply Corollary [T} O

Proof of Theorem[3 Let us show that the linear spans of the systems of functions are not
dense in C[0,7]. System is Chebyshev system [38], [39], i.e., the linear spans of functions
are Chebyshev spaces [38, Ch. 1, Sect. 2]. Indeed, first, these are continuous functions.
Second, each generalized polynomial

n . n ,
Z Gonlin() = sin nx Z g nwh (Thn) wn(z)
k=0

wn () =0 (=Dfn - w) (wpn)(® — Tpp)’

where wy,(z) = [[}_,(z — zy), can have at most n zeroes as the product of a polynomial of

degree n by the entire function fjngcx), non-vanishing on the segment [0, 7]. By Haar theorem

[38, Ch. 1, Sect. 2] or by Bernstein theorem [39, Ch. IX, Sect. 1], for each element f € CI0, 7]
there exists the unique best approximation element

Hf - Zpk,nlk,n ‘f Zak nlkn
k=0

Let us consider function f = 1. Then as n > 2,

‘Zpknkn ) Zpknkn<7r Z—W)‘<2En(1).

By the biorthogonality of systems (3) and {zy .}, n € NN, the relations 1 — E,(1) < pgn <
1+ E,(1) hold true for all 0 < k < n, n € N. If there exists a sequence n; / 0o as i — 0o such
that E,, (1) > 1, then it proves the theorem. Otherwise we estimate the difference

= T - T 21
1) 2 Zpk,nlk,n <_> - Zpk,nlk,n <_ + _>
P 2n 2n n

C[O,T(] ag, nGR C[0,m]

n—3

8 1 1 1 (—=1)'pjtam
_w{po’"5+pl’”3 P2ng ;(2j+5)(2j+1)
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8 1 1 1
>—<(1—FE,(1))=+(1-E,(1))= — (1 + E,(1))=
- B+ - B - 0+ E);
25 ) 25241 .
1-E (1 —(1+E,(1 .
+ <))n§(4m+7)(4m+3) (1+ Ea(1)) mZ::O (4m+1)(4m—|—5)}
Suppose that
E,(1) = 0, as n — oo. (17)
Taking into consideration that
i 1 1 i 1 1
L= (dm+1)(Am+5) 47 = (dm+3)(dm+7) 12

see [40, Sect. 5.1.11, Subsects. 4, 14]) and passing to the limit as n — oo we obtain a
contradiction to Proposition (17)). Therefore, it is impossible to approximate uniformly on
[0, 7] even function f =1 by any no linear combination of functions in system . The proof
is complete. O

Lemma 1. [21, Lm. 1] For all x € [0, 7] and n € IN the inequality

ghk,n(a:) ()] < 4(1 ) %>

holds true, where

—1)¥sinnx
() = 2D sinne

Lemma [1| implies the boundedness of the sequence of the Lebesgue constants for operators
A, defined by :

nr — kmw

1
| Anllcfo.x—coq < 2(1 + —) for each n € IN.
T

Unfortunately, this fact does not imply, for instance, relation (|18]). The reason is that due to
Banach-Steinhaus theorem [41, Ch. 4, Thm. 2], we also need to prove the existence of a subset
My in the set of continuous functions vanishing at the end-points of the segment [0, 7], whose
linear combinations are dense in Cy[0, 7| and such that for each f € M,

lim A, (f,z) = f(x) uniformly on [0,n].
n—oo
However, the following proposition is true.
Proposition 4. Let f € C[0,n|. Then the relations
lim A, (f,2) = lim A,(f,2) = f(2) (18)
hold true uniformly on (0,7), i.e., uniformly on any compact subset of the interval (0,7). The
convergence in (18) is uniform in [0, 7] if and only if f € Co[0,7].

Proof. Let us prove for an arbitrary function f continuous on [0,7]. We rewrite the left
hand side of in accordance with definitions and as follows,

Jim () = . 0) = 5 32 (1010 = )Y
= lim (f(z) = Au(f,7) = f(7)lon()) (19)

= tin () - Au(f0) = 000000 - 000,
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We take an arbitrary segment [a,b] C (0, 7). In accordance with Proposition |1}, relation ({4))
holds true uniformly on [a,b], i.e., in the sense of the uniform convergence in |a,b] the limits

are zero. But for each x € [a, b

|f(7T)ln,n(fIJ)| < HfHC[O,ﬂm —0 as n — 09,

1
|f(0)lo,n($)‘ < ”fHC[O,w]% — 0 as  n — 0o.

Let f € Co[0,7]. Then in view of Proposition [2] the identities

lim (f( ) — —%n_l( f(@ri1n) — (:vk,n)>lk7n(w))
= lim f(x) = An(f,2) = lim f(z) - Au(f,z) =

hold true uniformly on [0, 7]. Hence, the belonging of function f to space Cy|[0, 7] is sufficient
for the uniform convergence in ([18]).

Theorem [2| implies that the belonging of function f to space Cy[0, 7] is necessary for the
convergence in to be uniform on [0, 7]. O

Remark 5. In the same way we establish that given f € C[0, x|, the relations

lim B,(f,z) = lim B,(f,z) = f(x) (20)
lim Co(f.2) = lim Co(f,2) = f(x) (21)

hold true uniformly on (0, 7). The convergence in (20) and is uniform on [0, 7] if and only
if f € Col0,m].

Remark 6. We note that while constructing operators AT,, BT,, CT,, 6’?”, instead of
functions {1,x}, system {lpn}po .~ can be completed by another convenient pair of linearly
independent functions, for instance, {lp1,l11}-

Before proving Theorem [I], let us prove one auxiliary statement.

Lemma 2. For each continuous on the segment [0, 7| function f we have the following rep-
resentation for the approrimation error by means of operators LT,

(@)~ LT, (f,2)] = | £ (o) ~ [ij{ﬂm,gn) U@ JOR gy} omzne
k=0

[ f(rr41 2n) f($2 o) (f(m) = £(0)) sin 2nx sin 2nx

+k O{ k+ kon) _ 4n }(2(nx—k7r) - 2nx—(2k:+1)7r>
[ f(ahra,2m) + flwaran)  (f(m) = f(0))(2k+1) sin 2nx
k_o{ - 2n - f(0>}2n:1: ~ 2k + D)r

K10, g

— f(@ort1,2n) — f(@2k.20) (f(W) - f(O)) sin 2nx sin 2nx

i H{ 2 B 4n } (2(m~ —km) 20z — (2k + 1)7r> '
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Proof. We choose arbitrary function continuous on the segment [0, 7|. Since as k = 0, f(zgn,) —
(1))

n

— f(0) = 0, we obtain the identity

m‘i{ fon) — L@ = FO) f(o)} (—1)% sinne

n nx — kmw
k=0

|f(z) = LTo(f, )| = | f(2) —

+ sin nx X_:{f@"’“’”) + f(@kn) (f(m) — f(0))(2k + 1) _ f(O)} (—1)**! cosnx

p 2 2n nr — (k+ 3)m
n—1 . L 1\ 2k o
_‘f(x) — [cos nx g{f(xzmn) - () 25(()))2 — f(O)}(;g)c#
. { Flanraan) = VOLOVED _ ) 4 gy, - U IOy }
k=0 2
(=D)**tcosnz  f(m) — f(0)
'nx—(k‘%—%)ﬁ—i_ - z+ f(0) ‘
To the obtained representation we add the term
nz_l{f(lék-ylgn) . (f(W)—f;?l)>(2k+l) . f(o) . f(x2k,2n) + w + f(O)}
k=0 2

((—1)2"“ sin2nr  (—1)**lsin an)

ne —2kn | 2nz— (2k + 1)m
and deduct it. Then we have the relation

| (2)=LTo(f, )|
f(z) — [COS”xZ{f@%,zn) _ (f(”) - f(O))Qk B f(O)} (—1)* sinnz

pr 2n nr — kmw
n— F(m)—£(0)) (2k+1 F(m)—£(0)) 2k
1{f(372k+1,2n) - ( @ ;n))( L f(o) - f(3?2k,2n) + % + f(O) }
2 >
k=0

(—=1)*sin2nz  (—1)***sin2nx
2nx — 2km 2ne — (2k+ 1w

1 _ (1m-r) ek _ (rm-ro)o
4 sinna Z{ f(Tor42,20) 2n J(0) + f(zor2n) — ~—=—— — f(0) }
k=0

2

C(=D)**cosna f(m) = f(0)

ne— (k+ 3w T v+ f0)

n nz_l{ f($2k+1,2n) - <f(7r)_f$l))(2k+1) - f(O) - f(ka,Qn) + <f(7r)_2{z(0))2k - f(()) }
k=0

2
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(—1)% sin 2nx N (—1)%*1sin 2nx
2nz — 2km 2nx — (2k+ ) ) |

By further calculations we obtain the representation

— — 1(0))2k in2
£ ()~ LT,(f.)| = |f<o:> - [Z{f() U@ TOPE )| snine
n—1 (f(w)—f(O))(2k+1) (f(w)—f(O))Qk;
f(@okt1,2n) — T — f(zor2n) + 55—
+
> ;
sin 2nx sin 2nx
\ 20z —2kn 2nz— (2k+ D)7
(f(w)ff(O))(2k+2) ( f(m) f(O))Qk

B nzl{ f(@arra2n) — o + f(wapan) — T 0 £(0) }

sin 2nx f(m) — f£(0)
2nz — (2k+ D)7 *

+Z { (Tars120) f<x2k,2n>_(f(7r)—f(o>)}< sin 2n sin 2nx >

4n onz —2kr  2nz — (2k+ D

x + f(0)

It completes the proof. O

Proof of Theorem[1. Given an arbitrary continuous on the segment [0, 7] function f, let us
estimate the absolute value of its deviation from the value of operator for each natural n.
By Lemma [2], the deviation of operator LT,, from function f can be represented as

(@) LT, (1.2)] = ‘f(@ - [i{f<x2k,2n> VO JORE )| G s

k=0
+ n_l{f(-’f%ﬂ,zn) - (f(W)_f;(:z))(%H) - f(0) = f(5172k,2n) + M + f(0) }
k=0 2
(=1)**sin2nz  (—1)**lsin2nz
2nx — 2km N 2ne — (2k+ 1)
+§{f (Tor22m) — (f(ﬂ)—f;(;))@kw) KO+ floma) — (f(7r)—2£(0))2k _s <0>}
2

(—=1)**tgin2nx  f(r) — f(0)
.an—(2k+1)7r+ T

I2k+12n Tok.on f(m) = f(0 —1)?* sin 2nx —1)2**1gin 2nz
+Z{ — o) () <>)}<<> L )‘

4n 2nx — 2km 2ne — (2k+ )7

x+ f(0)

We open brackets in the second term of the sum enclosed in square brackets and to the numer-

ator of the first factor in the third term of this sum we add f(zag41,20) — (f(ﬁ)_f;i))(%ﬂ) — f(0)
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and deduct it. After reordering of the terms we obtain the representation

£(2) ~ LT f,2)] = ‘f(w) - [ij{f(:mn) - U FONE )| D% s one

2n 2nx — 2km
k=0

N Z { Flamnan) — LOTOVED gy i,y UEIO)E g }

k=0 2
(—1)%* sin 2nx
2nx — 2k
f(m)—=£(0) ) (2k+1 f(m)—£(0))2k
N Z { () = LOHIOVED o) g IO g }
2
( 1)2k+1 sin 2nx
2ne — (2k+ )7
(
F(m)—£(0) ) (2k+1 f(m)—£(0) )2k
B Z{ (T2k+1,20) _ ;n)>( D £(0) ~ flwawn) + 1) )gn( ) +f(0)}
2
(—1)2*1sin 2nx
2ne — (2k+ )7
( )
f(m)—1(0) ) (2k+2) f(m)—F(0)) (2k+1)
. Z f(@ok42,2n) — ( Zn) — f(0) + f(w2rs1,20) — ( Qn) — f(0)
2
(—1)2]“rl sin2nz  f(m) — £(0)
2ne — (2k+ 1)w i T v+ J(0)

(Tok+1.2n) Lok 2n f(m)— f(0 —1)?**sin2nx  (—1)%**1sin 2na
+Z{ i ) (=) <>)}<< ) (-1) )

4n 2nx — 2k 2ne — (2k+ 1)

Then we obtain the equivalent representation

ol ) — —1)% sin 2nx
f) - [Z{f(x%,m— (f£(x) — £(0))2k —f<0>}<1>—2

k=0

[f(x) = LT(f, 2)| =

n—1 (r(m)-1() 2k+1) () -1(0)) 2k
f(Torg1,0n) — - — f(0) = f(waron) + —=—— + f(0)

+ Z{ 2 5 2 }

(—1)% sin 2nx
" 2nx — 2kr

(r(m)-1() (2k+2) (#(m)-£(0)) (2k+1)
(Tok42,2n) — m — f(0) + f(wor11,20) — m — f(0)

L

(—=1)**Lgin2nx  f(r) — f(0)
2nz — (2k+ )7 T v+ J0)

4n Iz — 2 2na— (2k+ 1)m

N Z{ (T2k+1,2n) f(xzkgn) _ (f(m) = f(0)) } ((—1)% sin2nz  (—1)%*!sin 2nm>
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L Flamnsn) - LOTOVED ) 4 ) - VOO )
— f(ﬂf) _ [ { ) 2n ’ 2n }
o |5 z
(—1)% sin 2nx
" 2na — 2kr

(f(ﬂ—)—f(()))(ZkJrQ) — F0) + f(woprrom) — (f(w)ff;?l))(%ﬂ) _ f(O)}

+ Z{ 902k+2 2n o .

(=1 sin2nz f(7) — £(0)
2nxe — (2k + 1)w

Tok+1,2n) Tok 2n f(m)— f(0 —1)% sin 2nx —1)%**1 sin 2na
+Z{ : f( : )_( ( >4n ())}(< Qn)a:—2k7r +;nx>—(2k+1)7r> '

x+ f(0)

Combining the first and second sum in the square brackets, we obtain

/(@)= LT,(f, =)l

w1 ((0-1@)6+) oy o)
Z‘f(m) B lz{ﬂ j+1.2n) T f(g)%—f( jon) o f(())}

x+ f(0)

(=1)sin2nz N f(m) — f(0)

2ny — jJmw

N Z{ (Tok41,20) f(ka,Qn) B (f(m) — f(0)) } ((—1)2'C sin2nz  (—1)%*!sin 2nx>

4n 2nx — 2km * 2nr — 2k + )7

—‘f(x) _ [Z { f(mj+1,zn)2+ f(wjon)  (f(m) = fig))@j +1) f(o)}%
L

(T2k41,20) Tok,2n f(m) = f(0 —1)% sin 2nx —1)?+1gin 2ng
+Z{ ~Senm) _ () <>)}<< ) LD )

4n 2nx — 2k 2ne — (2k+ 1)

The definition of operator implies the representation

[f(x) = LTo(f, 2)| = | f(z) — ATon(f, )

N Z{ (Tok+1,2n) f($2k,2n) _ (f(m) — £(0)) } ((—1)”“ sin2nx  (—1)**lsin 2n:1:> |

4n 2nx — 2km * 2nx — 2k + 1)w

To obtain an uniform on the segment [0, 7] estimate for the error of approximation of an
arbitrary continuous function f by the values of operator , we employ the triangle inequality

— f@oprron) — fl@oron)  (f(m) = F0)) [ (=1)*sin2nz  (—1)*+!sin2n
D I )

4n 2nx — 2k 2nr — (2k+ 1)

+

k=0

<|f(z) = AT (f, )
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{Re(r ) + U IO S o
<|f(x) = ATo,(f, 7))

1 T (f(m) = £(0)) T (~1)F sin2ne (—1)Fsin2nz
+{§w<f,%)+‘ 4n ‘}; 2nx—(k‘+1)7r+ 2nx — km

2k sin 2nx N (—1)2*1sin 2nx
2nx — 2k 2ne — (2k+ 1)

By Lemma |l| and Proposition [3| we get the relation

160 = 207,00 < 150) ~ AT g + {3 () + L LD (14 1) <oy

4dn s
The proof is complete. n
Let us consider the operator mapping each function f with finite values on the set xy 2, = g—fj,

n € N, 0 < k < 2n, into an entire function @),, by the rule

Oulfoa) = icosnxsi.nnxf(_ﬁ) _S sinnx.cosmc f<(2i+1)7r>. (22)

ne —im n — nw — (i+ 3 2n

i—
As opposed to (2)), this operator possesses the following interpolation property f(zpo,) =
Qn(f, Tk 2n) for all n € IN, 0 < k < 2n. On the face of it, operator should possesses better
approximative properties than . However, its values, as the values of sinc approximations ,
approximate only sufficiently smooth functions. For instance, as A, = n%, ¢\, = 0, h(\,) # 0
Theorem 2 in [21] implies

Corollary 3. Let f € Cy|0,7]. For each natural n the identity
201
sin2nx[i]/f(m) 2f (Z2m) 4 f(w(Zm 1))

2 — [QT]

fl) = Qu(f,x) - =0

lim
n—oo

—2m

holds true uniformly [0, 7.
The identity

nhi{)lo ||f - Qn(fv ')HCO[OJF] =0
holds true if and only if

[ 2n2—1 ] (2m+1 2mrm 7r(2m 1)
SR — 20 () + ()
Z p—2m

lim max
n—o0 0<p<2n

=0,

m=1

where the prime at the sums indicates the absence of the terms with vanishing denominator.
Proof. We make the following equivalent transformations

Qn(f, ) :iwf(_?r) _ nz:l Sinnx'cosnx f((Qi—l— 1)7T)

nr — i n — nx — (i + S 2n

_zn: sin 2nz f<2i7r) nzzl sin 2nx f<(2i+1)7r>
&= 2nx —2im" \ 2n —~ 2nz — (2i + )7 2n

= (—1)¥sin2nz (227T> N o (—1)%*1sin 2nz ((2@ + 1)7r>
&= 20z —2ir  2nz — (20 + )7 2n
Fsin2nz | km
= Lo,
Z an—lmr f<2n> ol ).
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Then as A\, = 4n?, ¢, = 0, h()\,) # 0, Theorem 2 in [21], Theorem [2{ and Corollary [1| imply
the desired corollary. O
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