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PROBLEM ON MINIMAL TYPE OF
ENTIRE FUNCTIONS OF ORDER p € (0,1) WITH
POSITIVE ZEROES OF PRESCRIBED DENSITIES AND STEP
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Abstract. We consider the problem on the least possible type of entire functions of order
p € (0, 1), whose zeroes lie on a ray and have prescribed densities and step. We prove the
sharpness of the estimate obtained previously by the author for the type of these functions.
We provide a detailed justification for the construction of the extremal entire function in
this problem.
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1. INTRODUCTION

In work [I] of the author the following problem was formulated. Consider all entire functions
whose zeroes are located on a ray and have a prescribed upper and lower density and step
with an exponent p € (0, 1). We need to find the least possible type for such functions of
order p. In paper [I] the proof of a sharp lower bound for type is provided and an idea of
constructing an extremal function was briefly discussed. The present work is a continuation of
paper [1] and provides a detailed description of constructing the zero set of an entire function
possessing the least possible type. The checking that the constructed example is extremal
required cumbersome calculations, many serious efforts and much time. This is the reason why
we discuss the construction separately. As a result, the study of the problem formulated in [I]
becomes completed.

We introduce needed definition. Given an entire function f(z), its type with order p > 0 is
defined by the formula

— Tm ]
o,(f) = lim r nmax 1f(2)]
and it is often called p-type. We assume that function f(z) has infinitely many zeroes. They
are taken counting multiplicity in the ascending order of the absolute values and they form the
sequence Ay = A = (\,))—,. By na(r) = > 1 we denote the counting function of sequence
[An|<r

A. The upper p-density of A is the quantity

~ 7 na(r)

A,(A) = lim = lim

r—+oo TP n—00 |)\n|P
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The corresponding lower limit is called lower p-density of A and is denoted by A (A). We
introduce one more characteristics
Bo(A) = Tim (Auitl? — Aol
n—oo
called p-step of sequence A. For each sequence A of a finite p-density the relation A,(A) h,(A) <
1 holds true.

In what follows we study only entire functions f(z) with the zeros in a ray assuming for the
definiteness that all zeroes are positive. We fix both densities and the step of the sequence of
zeroes Ay = A for some exponent p € (0,1). More precisely, we fix numbers p, 3, a, h satisfying
the conditions

pe(0,1), A>0, aclo, B, hel0,1/4],

and we consider the extremal value

s(a, B, h; p) = inf {Up(f) tAF CR, A (Af) = B, A, (Af) = a,hy(Ay) > h} ) (1)
For the p-types of entire functions in Definition (1) the estimate
op(f) = + sup ¢(a) (2)

sinp a>0

was proved (see [1]), where

avl/r
Ba p—an S /I/T_p—a_p
o — —dr, 3
go() 90 ﬁhp / 1_'_7_ _'_h 1+7_ T ()
a(a/B) /e a
1—ah
s Bh e [0, 1], v 1_5h€[,+oo]

As h =0 and h = 1/0, formula (3) should be treated in a certain limiting sense.
As h =0, the second term in (3) is equal to

avl/p avl/e
1 vr P —a? TF
g [ =@ i [

Here we have applied L’Hopital rule, Leibnitz formula and the differentiation of an integral
w.r.t. a parameter and we have used that v'/? — 1 as h — 0. Thus, the second term in formula
(3) vanishes and estimate (2) gives the sharp result by V.B. Sherstykov in work [2]:
> T4 max pat—ar?
sin7p a>0 1+7
a(er/B)t/ P

As h = 1/, due to the convergence v'/? — 400 as h — 1/, we evaluate an indeterminate
form and obtain that the second term in (3) is equal to

avl/r avl/r +o0

S vr P —a” TP TP
li - —dr =01 1— = (B8 — .
h—lflr}ﬁ h / L+7 dr=F m}ﬁ( fh) / I+7 dr=0F-a) / T i

a a a

Then formula (3) becomes
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that implies

. (8 — o)
> 1 = .
Sup pla) = lim ¢(a) sy
Here estimate (2) yields the inequality
T
> .
T (f) > sinp
Since the opposite inequality is always true, it leads us to the exact formula
g
= _ 4
7 = 2 (@)

The fact that formula (4) is true for each value a € [0, 3] provided h = 1/ seems to be new.
It was believed before that rule (4) provides the type for order p € (0, 1) only for an entire
function with a measurable sequence of positive zeroes, i.e., such that Ay C R, and the limit

lim r~?ny(r) = (5 is well-defined.
r—+00

We note that our interest to problem (1) is motivated by work [3] by A.Yu. Popov, where
the issue on the lowest type was studied without taking into consideration the lower density
and the step of the sequence of zeroes. The detailed discussion of extremal problem (1) and a
survey of previous results can be found in [I].

In the particular case a = 0, estimate (2) was obtained by the author in [4], and an ap-
propriate example justifying its sharpness was adduced in [5]. The results of [4], [5] show
that

-1/p

s(B,h;p) :=s(0,8,h;p) = h™'su a*”lnH—a + aS/ T’ dr
9 7,0 - 9 9 7p - a>%) <1+CLS_1/p)S 1+7_

for s =1— [h.

Let us show that in the general case a € [0, /5] estimate (2) is attained. At that, the values
a=0,a=p,h=0,h=1/F can be excluded from the consideration. In this way we shall
justify the identity

s(a, B, h; p) = s + sup ¢(a)

for function ¢(a) defined in (3) and it will provide the complete solution to problem (1).

2. PROOF OF SHARPNESS OF ESTIMATE (2)

We fix numbers
p€(0,1), B >0, a € (0, B), h € (0,1/5).
Let us construct a sequence Ag = (\,),—, C R4 so that
A,(Mo) =08, A (M) =a,  hy(Ao) = h,
and the p-type of the associated canonical product

ﬁ@zfi@—%), 2 e, (5)

n=1
is calculated by the formula
T

oolfo) = G, T ey wlo). (6)
Function ¢(a) defined by (3) for the parameters
1—ah
s=1-Bhe(0,1), v=—""e(l, +o0),

1— Bh
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is positive and continuous for a > 0 and

allg—l() gD(CL) - aEI-‘,l:loo gO(CL) =0

This is why in (6) we have max instead of sup in (2). We denote by ay = ao(a, 5, h, p) the
point of the maximum of ¢(a) on the ray a > 0 and we introduce the function

(«, te [0, v /ag] U [k [ag, +00) ;
olt) = Bt (1 — (ajt)f’) , te (U_l/p/ao, 1/a0] :
\ (a%)f” t € (1/ao, k_l/p/ao) :
For the sake of convenience we denote
K(t) = fp—;, t > 0. (7)

It allows us to rewrite estimate (2) in a more compact form
+oo
7o) > [ ) Ky ®)
0
and formula (6) can be rewritten as
+oo
7o) = [ alt) Kty ©)
0

The passage from (2) to (8) and from (6) to (9) is based on the fact after the change of variable
7 =1/t in (3) we get

ola) = 1// [hl (1 - (a;’;)p) - a] K(t)dt + k///< (af)p - a) K(@)dt.  (10)
v=1/0 fa 1/a

Substituting a = aq into (10), we find
+oo +o0 +oo

T
clo) = [ K@ —a [ Koa= [ worO® - I
0 0 0
that yields the required formula
+o0
| o K@@ = %+ pla). (1)

0

Our aim is to find entire function (5) with property (9).
Following [2], [3], we first define a sequence (m,,)’~, satisfying the condition m,1 = m;,
n € N, and we let k = o/ € (0, 1). We observe that for each p > 0 the relations

7j—1 o)

> mb = o(m?), Zmig:o(mi ) j =00 (12)

n=1 n=j+2 741

hold true. We construct the extremal sequence of positive numbers Ay as follows. In the

segments [my,, v=/*m2] U [k=?m2, my41] we choose points \; so that A? form the arithmetic

2

-] we locate points \; so that

progression with the step 1/a. In semi-intervals (v=/*m2, m
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)\5 form the arithmetic progression with the step h. Intervals (m?, k=1 Pm?2) are to be free of

points A;. Introducing the auxiliary sequence € := (M) | for each n € IN we have

N[mb, v~ mzp] = {mfl + j/a: jeN, j< a(y_lmip—mfl)};
N (v tm2, m?] = {V’lmﬁ +jh: jEN, j<h(1- V’l)mip};
N (m2*, k= tm?) = 0;
Qnk™ m2p mh_ ] = {k_lmip +jla: jEN, j<a(mly—k'mXF)}.
By the definition we have

hy(Ag) = lim (>\fl+1 - )‘fz) =h
n—oo
since h < 1/8 < 1/a.
To calculate p-densities of sequence Ay, we shall need the expressions for counting function
nq(r) on various segments of the positive half-line. First of all we note that

n—1 n

mf) +h7 (L= v YymP) + > a(ml —k'mi,) + O(n)
j=1 J=2
n—1
=a(ml —ml) + (™ =k +r (1= m?p + O(n).
j=1

The expression in square brackets vanishes. Indeed,

alvT—EH +rtQ-v YY) =vrta-hH)+hrT-8= i :52 ahh— ! + ! _hﬁh = 0.
This is why the relation
no(mf) =amf + O(n), n — oo,
holds true. If r € [m2, v~'m?2¢], then
no(r) = ng(mf) + a(r —mf) + O(1) = ar + O(n).

If r € (v"'m2°, m?’], then
no(r) =ng(v='m2) + h~ 1( — v m?) +0(1) = av 'mZ* + O(n) + b (r — v 'm??)

=h " 'r+ v a—-h Hm¥+0(Mm)=h"tr —hlsm? +O0(n) = h(r — sm?) + O(n).
If r € (m?, k~'m?), then

na(r) = ng(m?) = h=1(m2 — sm?) + O(n) = h (1 — s)m?* + O(n) = Bm> + O(n).

If r € [k~'m?, meH] the

no(r) = ng(k™'m?) + a(r — k~'m??) + O(1) = Bm? + O(n) + a(r — k'm?) = ar + O(n).

Finally, for each n € IN we have the representation (with error terms O(n) as n — 00):

ar + 0(n), r € [mf, v im2 U [k Im?, mh 4]
no(r) =4 h~ Yr —sm??) +0(n), re€ (v 'm2, m?;
Bm2 + O(n), re (m2, k~'m2).

Hence, due to the relation n,(r) = no(r?), we find that

Ah) = Tm ) 5 A J(Ag) = Tim na(r)

r—+oco T r—too T
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For a fixed r > 0 we consider the function ¢, (t) defined by the rule

nay(rt) _ na ((rt)”)

907“<t) = (’r‘t)/’ = (Tt)P , t>0.
It allows us to write the representation for each n € IN:
( n m m2 m2 My
a+0 7 te |—2 pleln| y | AL
(rt)r r r r r

©
=
—~
~
~—
Il
'\

m2 P n m2 m?
1 — n —1/pn Tn | .
(-0 (%)) o () e (e ]
m2\"” n m2 . m2
' ’n 1 —1/p"'n
5 (%) +o () e ()

We introduce the function ®,(t) depending on a parameter r > 0) and defined for ¢ > 0 such
that

P,.(t) = «, t €10, my/r],

while its restrictions on the segments [m,,/r, m,.1/r|, n € N, read as

( m m?2 m2 m
r r r r

2\ P 2 2
o.(1) = pt (1_3 (m_> ) ‘e (ﬂpu m_]
T T T
2\ P 2 2
5<m_) | ‘e (m_ k/m_)
. rt r r

In view of (7), p-type of entire function (5) can be found by the formula

o) = B [ el K= T [ o0 K@ (13

since the error terms in the expression for ¢, (¢) makes no influence on o,(fy) (see [2]). Thanks
to general estimate (8), in order to prove identity (9), it is sufficient to establish

+oo

oo(fo) < / dolt) K () dt.

0
which is implied (see (13)) by the relation
+oo

Tim / (@,(£) — vo(t)) K(t)dt < 0. (14)

r—=400
0

So, we need to check (14). First we observe that the formula

—+00

[ @0 =) K = 3 o (%) —etw), r>0 (19
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holds true, where 1, = agm?, n € IN. Indeed, employing the definition of function ®,.(¢) and
representation (10) for function p(a), we write

+/OOCI>T(t)K t)dt = o 7}((:&) dt

i (1 (25 ) o] v [ [o (25 o] o

T T
=—— + — .
sinmp Z 7 <mi>

n=1
Thus,

/ ®,(t)K(t)dt = g + Z

0 n=1
Deducting identity (11), we arrive at formula (15).

We employ (15) to prove (14). We fix an index j
hand side in (15) into three sums:

J—1 00
aogr aogr aogr aogr
Y\ ) el— ) +tel{— ) —»la)
n=1 ( ) Z (Tn) (Tj) (TjH) (%)

n=j+2

3 N \ ‘:Sw

+Z{

-5,

3

r > 0.

r
2 m_% )

> 2 and we split the expression in the right

Let us estimate them separately for r € [r;, 7j11].

We begin with the first sum. Letting a = agr/r, in representation (10) and applying obvious
inequality K (t) < t*~!, we obtain

Tn

agr

Tn
s
aort

k—1/prTn_
G,OT

)dens [ ) e

I'n_
(ZO’I‘

Bl _ N\ N\ N\
= “ (1—vh (7’_) — hlsInp!/? (7’_) + Blnk~1/? (T—>
aopr aopr aog”r

1 rn)p{l—ah(
= — — 1_
p \aor h

with the constant

1— h 2\ P
1_§h) —zlnu—ﬁlnk—(,ﬁ—a)} :A<%)

1
A= ——|[slnv+Bhlnk] > 0.
ph
Hence, for r > r; = aomz we have
-1 -1
Z aopr A 9 A 1 Z B
O < _ P < o P
( ) e n=1 mn ag m?p n=1 mn

j—1
sup ng(ﬂ)%O, J — o0.

r€lrj, il -1
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We proceed to the second sum. Letting once again a = agr/r, in representation (10) and
applying another obvious inequality K (t) < t*~2, we obtain

Tn k—l/p Tn
H.OT anr

()< J b O e [P () o)
)

v—1/pTn n_
agr agr

1 p—1 p—1
:h——a (1 — v/l (T_" — hls (WP —1) <T_")
p—1 aopr

() e () o)

aor 1—0p aogr
with the constant
(Rt —a)(/P~! — 1) — a1 — kY1)
I—p

Hence, for r <741 = aomf+1 we have

- QoT 1— - 1 1—p 2(1-p) - 1
0< Z S0(7’_> < Br* Z m21=0) < Bag "myy, Z 200

n=j+2 n n=j+2 n=j+2

B:

— s (@ —1) + 81— EYP) > 0.

Applying the latter formula in (12) for p = 2(1 — p), we arrive at the relation
sup Z © (ﬂ> — 0, Jj — oo. (17)
relrj, riyi] n—j+2 Tn

Let us estimate the third sum. In the estimates we make use of the fact that ay is the
maximum point of a positive continuous for a > 0 function ¢(a), while the function vanishes
at zero and at infinity. We consider two cases: r € [r;, /757511 and r € [\/7; 7,31, 7j41].

In the first case we have 7, /741 < r/rjs1 < +/rj/rj41. This is why the right hand in the

estimate
agr agr aor
() o (25) - ewr <o (22)
T Tj+1 Tj+1

tends to zero as j — oo uniformly in r € [r;, /77,41
In the second case we have \/rjy1/r; < r/r; < rjp1/r;. This is why the right hand side in

the estimate
aogr agr aogr
@ (—> + ¢ (—) —p(ag) < ¢ (—)
T‘j Tj+1 7’]'

again tends to zero as j — oo uniformly in r € [\ /7741, Tj+1]-

Finally,
lim  sup {90 (@> +o (ﬂ) - w(ao)} < 0. (18)
J—oo ’I“E[’r‘j,Tj+ﬂ Tj Tj‘f‘l

Combining (15)—(18), we obtain (14). Thus, function (5) satisfies (9). The example of an
extremal function is constructed. Together with the result of work [I] it proves the following
statement.

Theorem. For each p € (0,1), 8 > 0, a € [0, 8], h € [0, 1/5], extremal value (1) is
calculated by the formula

s(a, B, h; p) =

. + sup ¢(a),
sinp >0
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where function p(a) is defined as

a avl/P
fa P —ar P S vr P —a”" 1—ah
ola) = / ——d7T + - ——dr, s=1-ph, v= .
1+ h 14 1—pBh
a(a/B)t/r ! a ! B

The infimum s(«, 5, h; p) is attained at an entire function with a sequence of positive simple
zeroes having p-densities A,(A) = 8, A (A) = a and p-step h,(A) = h.
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