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Abstract. In the paper we obtain necessary and sufficient conditions for the weight vector
function, under which a given inner function is weakly invertible in the weighted space of
holomorphic functions in a tubular domain.
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1. INTRODUCTION

Let C™ be an n-dimensional complex space, G be a domain in C", H(G) be the set of analytic
in G functions, H*(G) be the set of all bounded analytic in G functions. We suppose that
X is a some topological subspace of space H (G), in which H* (G) is a dense set, operators
S.(f)=[f(2),z€ G, and My (f) =¢f, ¢ € H®, f € X, are bounded operators in X.

Definition 1. Let f € X and there exists a sequence f,, € H*(G) such that liIE fof =1
m—r—+00

i the sense of the topology in space X. Then function f is called weakly invertible in space X.

Thus, f is weakly invertible X if set H>(G)f is everywhere dense in space X.

We note that the issue on weak invertibility in particular functional space are related with
a wide class of problems in several fields, from the theory of differential operators and their
generalization till abstract harmonic analysis [1].

In the one-dimensional case the weak invertibility was studied in the classical work by
M.V. Keldysh [2], where it was established that there exists a function f € H*(D), f(z) # 0,
z€ D ={z€C':|z| <1} not weakly invertible in the Bergman space

AP (D) = {f € H(D) : fllarpy = (/If(Z)lpdmz (Z)>p < +00},

where ms is the planar Lebesgue measure. In these constructions an important role was played

1
by the inner function S (z) = exp (— 1 i z>, zeD.
-z
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In works by A. Berling [3] and N. Nikolskii [4] the weak invertibility of function S in the
weighted space

A’;z{feH( ||f||Ap—(/|f exp( (1_1,2‘))dm2<z>);<+oo}

was studied.
Under certain restrictions for regularity of the growth of ¢, it was established in these works
that the weak invertibility of function ' in space A7, 1 < p < 400, is equivalent to

;F<w;p)édx:—ﬂm. (1)

Taking into consideration that function .S is analytic everywhere except the point z = 1, the
author and his PhD student I. Gevorkyan in [5] studied the weak invertibility of function S in
the space

:{fGH(D):

I£11z; = (D/If(Z)V’exp (o (1)) )” <o, 10 +oo}.

It was established in [5] that as opposed to (1), the criterion of the weak invertibility of
function S in A, 0 < p < +o0, reads as

“+o00

/@(%m_+m @)

T2

1

It is obvious that condition (2) implies (1), but the converse is false.

In a recent work [6], a new proof of the above results by A. Berling, N.Nikolskii and
I. Gevorkyan—F. Shamoyan was proposed for the case p = 2; the proof was based on the
well known corona theorem.

In the present work we study the issues of this type in multi-dimensional (tubular) domains.

2.  MAIN RESULTS AND PROOF OF AUXILIARY STATEMENTS

To present the main results of the work we introduce the following notations.

Let P(xz) = (p1(z1),...,pn(2n)), © = (21,...,25), be a vector function defined on R" =
{x = (21,...,2,) € R z; >0, j = 1,_n} , C} be the tubular domain with the basis R, i.e.,
Ct={z=(21,...,2,) €C": (Im~z,...,Imz,) € R} }.

Let

A3 (Cy) = {f e 1(C): Il = ([ 1P e (=P ) doan () < +oo},
&

where z = (21,...,2,), exp (=P (|z])) = []exp(—p;(|z])); dma, is the 2n-dimensional
j=1

Lebesgue measure in C}.
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T

In what follows we assume that p; (z) = / %T()dt’ J = 1,n, where w; are defined on

1
R, := R, and w; (t) 17°° (t — +00), 1 < j < n. Such functions will be called weights, while

vectors functions P = (py,...,p,) will be called weight vector function. The set of all weight
vector functions is denoted by ().
The main results of the paper are the two following statements.

Theorem 1. Let a = (ay,...,a,) € R}, 2 = (21,...,2,) € C}, az = > ajzj, S, (2) =
j=1

exp (z’Zajzj), z2=(21,...,20) €CY, P=(p1,...,pn) € Q. Then
j=1

1) the following statements are equivalent:
a) function S, is weakly invertible in space A% for some g = qo, 1 < gy < +00;
b) Sa is weakly invertible in space A% for all 0 < g < +00;

9

+0o0
p; () .
/’; dt = +00,j = T,m; (3)
1
2) If at least one of the integrals in (3) converges, then function S, is not weakly invertible

in each space A%, 0 < g < +o0.

Theorem 2. Let P = (py,...,py) be a vector function in Q, f € H™ ((D’jn), where C", =

{z:(zl,...,zn):Imzj>—77,j:1,_n},f(z)#O,zECl‘n,O<5<1.

Let M,, = sup {|In f (2)[" exp (—sP(|z]))}, where the principal branch of the logarithm is
2€Ch
fized. If

[e.9]

1
m; T 400, (4)

then function f is weakly invertible in space A%, (CE‘F) for all 0 < ¢ < 4o00.

Remark 1. We note that the conditions f € H™ (C’};) and f(z) # 0, z € C%, are not
sufficient for the weak invertibility of function f in space A% (C’fr)
Indeed, in view of the results of work [8], it is easy to establish that the functions f,(z) =

n .

ic;

eXp(—ZZj —]aj>’ 2= (z1,...,2,) €C}, a=(a1,...,a,) € R", c=(c1,...,¢,) € RY, are
=1

not weakly invertible in space AL(CY).

Remark 2. If series (4) diverges, and function f coincides with function S,, then it follows
from Theorem 1 that function f is not weakly invertible in space AL(C?) for each ¢ > 0, since
the convergence of series (4) is equivalent to the convergence of integrals (3) (see [12]).

Before proving Theorems 1 and 2, we provide the following auxiliary statements.

Let k = (ki, ..., k,) be a permutation of numbers (1,2,...,n), n € N, 1 < m < n. Then the
vector with the coordinates (ki, . .., k) is called a tuple of order m. The set of all tuples of order
m is denoted by K,,. It is clear that if 1 < r, m < n, then the identity (kq,..., k) = (s1,...,5m)
holds true if and only if r = m, s; = k;, i = 1, m.

Lemma 1. LethH(C:i), k= (ki,....kn) € K, 2= (21,...,2,) € C}, and z; = 2z, if
j =kj for some k; € K,,,, and z; =1, if j #k;j, j = 1,n.
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Suppose that P = (p1,...,pn) is a weight vector function, P € Q. If 0 < s < +o0, then the
estimate

FElen-PeEN <=L [ Qo Pl @ ©

2 ~
jl;[lyijn(g)
n ~ _Imz;
holds true, where U™ (%) C=(G,-,G) el |G —7] < — I = L,n

Proof. Without loss of generality we can assume that j = k;, 1 < j < m. Then

2 2

Taking into consideration the n-subharmonicity of the function |f (¢)|°, ¢ € C, we obtain

- Yj : | ,

22m

fEF<—F— [ £ (QF dman (), (6)
™ H yﬂsz”(z)
J=1

where Z = (21,...,2m,4,...,1). We note that if { € (7" ¢ = (¢, C), then |z; — (| < %,

Zj =x;+iy;, j = 1mand|z—C]|< if j =m + 1,n. Hence,

%] lyil Iyl o 1 3
7]\’21‘ 9 <Gl < Tzl + =57 ] §|Zj|7 J=1m; §<’<j|<§a j=m+1n.
Therefore,

o (= (31a) ) <o 16
<o (-5 (1)) o=@t @, =T

Employing estimates (6), (7), we arrive at the inequality

(7)

22m

<7T"—ﬁy2~~ [f (O exp = (P (I¢])) dman () )
it
<EI 1O exp (=P (<) dman ().
Jl;[ly? cn
The proof is complete. 0

The next statement was proved in the work by M.M. Dzhrbashyan [9], see also [10].

Lemma 2. Let P = (p1,...,pn) be a weight vector function, 1 < q < 4o0o. Then the
following statements are equivalent:

1) the set of all algebraic polynomials of (z1, ..., zn) is an everywhere dense in A% (C,) set;

2) statements (3) of Theorem 1 hold true and if one of the integrals in (3) diverges, the set
of the polynomials is not dense in space AL(C") for arbitrary 0 < ¢ < +o0.
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Proof. Let 1 < g < 400. We prove Lemma for n = 2, for other n the main milestones of the
proof are same.
Let

Ly (€3) = {feS (cn) (/!f )| exp (— <!<|>>dm4<>)ql'<+oo},

where S is the set of all measurable on €7} functions, and ¢’ = % Suppose that g € L;’; (@i)

is such that

/ 9 (G, G) ¢iregze P Ual=raleD g (¢, ¢) = 0,k = (ki, ko) € Z2. (9)
ez

Let us prove that

/ 9(C1,G) £ (G, Go) e Ual=r2eham, (¢, ¢) = 0 (10)

2
L

for each f € A% (C2).

Let §(() = /g((l,CQ)exp(—pQ (1¢2])) dms (¢2). Tt is obvious that ¢ ((;) is an almost ev-
C+
erywhere finite function. Let us prove that g ({;) € Lg; (C4). By the Holder inequality we
have

!

q

/!5(@)\"/ e 06D iy () :/ /!g(cl,cz)!e‘”('@)dmg &) | e Ddm, ()
Cs O+

< / 191, &)Y emP2eDem 19D am, (¢, G) /e_pzq@l)de ()
3 +
< const/ lg ()| e 0D dmy (¢;) < +oo.
C+
Therefore, by M.M. Dzrbashyan theorem (see [9]),
[3(@) £ @hdms () =0 (1)

Cy
for an arbitrary f € A% (Cy).
Exactly in the same way one can prove that if f € A} (€C2%), then the function f () =

/f((l,Cg)exp(—pg (I¢2])) dma (¢2) belongs to class A% (C,). Hence, applying M.M. Dzr-

Cy
bashyan theorem, we obtain that

/ 5 (6 F () dma (G) = 0

Cy
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ie.,

[ 906G 1 (GG exp (= (G0D) exp (—pa (G1)) dm (61, e) =0
é
This identity and Hahn-Banach theorem imply the first part of the lemma.
We proceed to the proof of the second part. It follows from Lemma 1 that if the polynomials

are dense in A%L(C"), then there exists a sequence of polynomials P, Z a” ) ¥ , 2 € Cy

such that IIEI%X{‘pm (z)— f (z)’ exp(—p; (|z|))} =0,1<j<n,foreach f € A?ﬁ (C4+)0. Then
z + J
“+o0o

M.M. Dzhrbashyan theorem impliesL / pjtgt)dt = 400 (see [9], [10]). O
1

The next lemma was proved in work [11].

Lemma 3. Let p be a weight function such that
+oo

/ p()dt<—i—oo

1+ t2

0
Suppose that G s the external function in the half-plane C readings as

+oo
B 4i [ tz+1 p(t)
G(z)—exp —;/:1—’_752(115 s Z€C+

—0o0

Then there exists a positive number ¢ such that
exp (—ep (3[2])) < G (2)] < exp(—p(l2])), z€C. (12)
3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1. We begin with the first statement ¢) = b).

Let 1 < ¢ < +00, a = (a1,...,a,), a; > 0,7 = 1,n. We denote by F, (S,) the closure of
set H> (Cﬁ) S, in space A% ((Dﬁ) To prove the desired statement, it is sufficient to show that
1 e E,(S,).

Let @ be a linear continuous functional orthogonal to E, (S,). Let us prove that ® (1) = 0.

/ 1 1
We suppose that ® is generated by some function ¥ € L%, ((D’}r), where — + — =1, then
qa q

B (S, F) = / G F (2) W (2) e P dimy (2) = 0,

Ct
for each F' € H* (C7) as well as for F (z1,...,2,) = 2/ ...20", m = (mq,...,m,) € Z7.
Given t € [0, 1], we let e (t) = /emltzﬁmg\lf (z) e PN dmy, (2), where Z = (22, 23, . . ., 2n),
C’ﬂ

. +
a=(ag,...,a,).
It is clear that

egm) (1) = /eia1z1t+i52 (iayz)™ W (2) e(—pl(\zl|)—ﬁ(|z\))dm2n (),

¢y



ON A CLASS OF INNER FUNCTIONS IN A HALF-SPACE 133

where exp(—P(|Z])) = exp (—=p2 (|22]) . . . = pn (|2a])). Tt is obvious that
™ (1) =0, meZ,. (13)

Let us prove that function e belongs to the quasi-analytic class on the segment [0, 1] (see [12]).
Indeed, applying Holder inequality, we have

& 0] < [ exp () faal” ] |9 ) exp (<P (3D)) s (2

cy

slal® (/ D) |2, " dimy () >;
. (/e(m(m))( / 0 (2)] PED) dimy (Z>)qfdm2 (2)>

Applying Holder inequality once again, we arrive at the estimate

e (@) <ol ( / || el = D, (2) ) 7
ol “PUD) gy (2) \dmay, (2 )
</< |><Cn/l|\p d ())d (2)
‘</6(ﬁ(zl))dm2n_2 (z))i .

n—1
C+

1
<Cl |a1|m /|Zl|mq (=p1(Jz1])) de Zl (/|\Ij —P(|Z|))dm2n (Z))q ‘

+

Qe

Q=

Let ¢ be an arbitrary positive number § € (0,1). Then the latter estimate yields

1
q

egm) (t)’ <Cy |ag|™ sup (rme e )>

>0

\C/e =021 gy ()

+oo

=Cy |a|™ sup (7" emaPi(r )> / /6(16)p1(|p|)pdpdgp = (3 |a|" sup (7" e~ )> :

r>0 r>0

Qe

Thus, we finally obtain

el ()] < Cy | M

_ m,—2p1(r)

where M,,, = sup (r"e « .
>0

Now we employ Carleman-Ostrowski theorem (see [12]) on the quasi-analyticity of the class

C™ (M) ={p € C™[0,1] : |"™ (t)] < A" M},
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in accordance to which the criterion of the quasi-analyticity of class C™ (M,,) is

+oo
InT (r)
/ " r = voo, (15)
1
where 7' (r) = sup i (see [12]).
r>1 Mm

400
But by M.M. Dzhrbashyan theorem (see [9], [10]), the convergence of the integral /

1
is equivalent to condition (15). Therefore, function e () belongs to the quasi-analytic Carleman-
Ostrowsi class on the segment [0, 1]. In view of condition (13) we have e; (t) = 0, Vt € [0, 1],

i.e., e; (0) = 0. Hence,

pi(r) dr

r2

/e_idg\lf(z)e_P(demgn(z) = 0.

cy

We let
€2<t> — /G_ia222t_ﬁg¢(2)6_p2(lz2)_P(zl)dm2n<z>,

ch

where a and z are introduced as above.
Reproducing the above arguments, we obtain e5(0) = 0. Repeating these arguments n — 1
times, we obtain that

/\I/(z)e_P(ldean(z) =0,

¢

ie, ®(1)=0.
By Hahn-Banach theorem 1 € E, (S,) .
Thus, the implication ¢) = b) is proved under the condition ¢ > 1. But since for an arbitrary

feH®(C),0<qg<1,

1—gq

||fSa - 1||A(113(Ci) < ||fSa - 1||A}p(ci) (/G_P(|Z|)dm2n(z)> ,

¢

it completes the proof of this implication.

The implication b) = «¢) is obvious. This is why we have proved that ¢) = b) = a). To
prove the first statement of the theorem, it remains to establish the implication a) = c).

It is obvious that the implication a) = c¢) of the first statement is implied immediately
by the second statement of the theorem. This is why we proceed to the proof of the second
statement.

Suppose that there exists some k = (ki, ..., kn) € K,,, such that

—+00

(t _
/p’“;( Vit < 400, j=Tm.

1

Without loss of generality we assume that k; = 7, 7 = 1, m.
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As in Lemma 3, by means of function p;, j = 1,m, we construct the set of external functions

+oo
—44 t 1p; (3|t .
G;(z) = exp Z/ 2+ 1p; (3 Ddt . j=1,m.

T t—z 1+41¢2
We also let
o —4i & t2+1p (31t |) m

Employing Lemma 3, we obtain
exp(—chj(9|zj|))<|G( exp( Z (312 ), z=(z1,...,2m) € CT, (16)
i=1 i=1

for some positive c.

Suppose that on the contrary to the second statement, there exists a sequence { fk};iol,
fr € H*® (C’}r), such that

kgrfoo 1 fiSa — 1HA‘ZP(0¢) =0. (17)
Employing Lemma 1, we obtain
| fe(Z1s s 2y oo 0)Sa(21, ooy Zmats oy d) — 1] Texp (—ij (zyzj|)>
=

o (9) - (1)
||ka—1||"( " 2= (21 2y i) € CT.

<

%w

It follows immediately from estimates (16) and (18) that
Ife(z1y ooy Zmy o 0)Sa(21y ooy Zimy by e ooy t) — LY G (21, 0oy 2m) |

<) kas —17 2= (a1 m) €CL (19)
H (+)

In particular, it follows immediately from estimate (19) that
\fu(xy + i, 20+ 4, 2 + 0,0, .., 8)Sa(Ty + 4,20+ 4y ooy 040, 0) — 17
NG(xy + i,z + 4,y 1) < 1,
as k > kg. Therefore,
|fr(zy + i, i, b, )| G (e 4+ 0,y + 0| [Sa(T1 + 0,y 40,1
<|Ga + 1) ful@ +0)Salx +1) — 17+ |Ga + )| < 1+ |G(z + 1)), 20)

where x + 1 = (21 + 4,20 +14,...,xp +14,0,7...,1) € CT.
It is obvious that estimate (16) implies that |G (2)| < 1 for each z € C7', moreover,
n q n
eXpiZaj (x;+1)| =exp <—anj> <1
j=1

J=1

1S, (z + 1) =
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Letting A = exp ( Z aj> by (20) we obtain that

‘fk <:c/—\l—/z) ‘q |G (x +1)| < 24,

ie.,
fe(z¥9)|I6 @+l < 24)7. (21)
Since the function
Fo(2) = fe G+19) (G(z+14)7,k=1,2,...,

can be represented by the Poisson integral (see [13], [14]) in the half-space C7' and Fj €
H*> (CT), we obtain estimate (21) in half-space C7, i.e.,

|fi (2 +0)7|G (2 +1)] <24, (22)
for each z = (21,...,2,) € CT.

Taking into consideration that

. . *ZWJZJJF Zlaj m
Wm  fe (21,0 2Zmyty ... y0) =€ 9 =l (2, .., 2m) € CTF,
k—+o00

and passing to the limit in inequality (22), we finally obtain

(epoqajy] +q Z a]> < 2AHeXp(cpj (31%1)), (z1,...,2m) € C. (23)

j=m+1 7j=1

It follows from (3) that

(3 _
lim 23 _ ¢ j=Tm.
Yy——+00 Yy
But it is impossible in view of estimate (23). The proof is complete. O

Proof of Theorem 2. We first prove that if f € H® (C’_‘n) , f(2) # 0,z € CY UR™, for some
n > 0, then the function (In f)™ with the principal branch of the logarithm belongs to class
A% (Ci), 1 < ¢ < +o0, P € Q. Indeed, without loss of generality we can assume that
|f(2)| <1, 2 € C",. Hence, function W (z) = —iln f (2 —4d) satisfies condition Im ¥ (z) > 0,
and ¥V € H (@g) . We let § = g and apply Schwarz kind formulae for function ¥ in C7} (see
[13]). We obtain

i+ z; 1 : ,
( : )z+t ><1n|f(t)|dt—|—zargf(z).

Rn j=1
Hence,

i+ 2
_tj

dt—l—C().

\mfp—wu\ /[I(

Employing the elementary estimate

1
z+t)me@—Mﬂ

sup
teR

z'—tl_ |z —i| + |z + 1

z—1 2Im z
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where z € C, (see [12]), we obtain

itz it 1
s (= =)l < S(@2n)” /H <|i—tj| 25 —tj|(i+tj)> o |f (t —id)|

2 In it 1 i —t;
<<z7r>n/H<”'Zj'>/—n L [T =
R™ J=1 Rn jl;[l (1 +tj> Jj=1 J
2 1 1 In et
<o I [ o (B Bt o [ 2T,
( 7T) =1 mZ] £ H (]_—’—t?)
j=1
t = (t1,...,t,). Thus, we finally get
In 775y (L |z (1+1z1%)
In|f (z —i9)]] < const/n—dtxH— stH
2 : Im 2 Im z;
j=1

We let ( = 2z — 40 in this inequality. If Im (; > 0, then Im z; > 6, 1 < j < n. Therefore,

n 2 n 2
In|f Q)] < constHM < constkl;[l 1+;Zk| ) e Cl. (24)

Here we have employed the estimate [13]

In 5y
/n—dtldtn<+00, t:(tl,,tn)

Jj=1

By estimate (24) we obtain that the function ¥, (z) = (In f (2))™ belongs to class A% (C1)
for each 1 < ¢ < +00.

Now we follow the lines of the proof of Theorem 1. Let 1 < g < 400.

We let once again

- / PO (Q) e DVdmy, (), 0< <1,

where the principal branch of the power function is used, and V¥ is an arbitrary function in
/ 1 1
A%; (C’rfr), 54-?:1, and

/ ¥ (O) F (€) e "Dy, () = 0,

for arbitrary F € E,(f). We recall that E,(f) is the closure of set H>* (C%) f in space
A% (C1). Tt is clear that

)= [ £1(O Mg O 8¢ D, ©).
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As in the proof of Theorem 1, let us prove that ™ (1) =0, m =0, 1... Indeed,

B / f Q) (n £ ()™ e PUDdmy, (C) -

Hence, for an arbitrary sequence {f,} € H> (C7) we have
1 fuf — f\IImHA}Iv(Ci) < Hf”oo 1 fx — \IIMHA‘?P(ci) )

where U,,, = (In /)™, m € Z*. As it was established above, ¥,, € A% (C’j_), and this is why
we can choose a sequence {f;}> € H* (C7) such that || fx — \IIWHA}%(CK) — 0 as k — +o0,
m=12...

Thus, f (In f)™ € E, (f). We proceed to the estimate ™ (¢) on the segment [0, 1].

We have

/ £ 1 £ (O 12 (O)] e P Dy, (C)

Now we employ the estimate
17 QO] <UfQI+1) <2, ¢eCltel0,1].
Then
<2 [ IO [¥ (Ol "V dms, ©).
CTL

Applying Holder inequality, we arrive at the estimate

\e<m><t>|<2< I £ (¢)]™ =P 1Dy, (¢ )( W (Q)7 e PV drmy, <c>)q.
/ /

Therefore, if 0 < s < 1, then

‘e(m) (M <2</ (|lnf " efsP(ICI))q e(=a0=)PUCD) gy, (Q)

n

1
q

S
L

. </|‘II(C)|‘1' e PUD gy @) q
¢
<2Mm< e(q(ls’P('C'))dmzn(<)>q< \‘I’(C)lqleq/P('“dmgn(C)>q/,
/ /

CY
where s € (0,1). In view of P € Q we finally we obtain
e™ ()| < A™M,,, meZ,, tel01].

Now we employ the condition e(™ (1) =0, m = 0,1,.... At that, the convergence of the
series implies that e belongs to Carleman-Ostrowski quasi-analytic class (see [12]). Hence,
e (0) = 0. The proof is complete. O
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