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relation to double periodic harmonic functions of three variables is showed.
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1. Introduction

A function 𝑓 on C* = C∖{0} is said to be multiplicatively periodic if there exists 𝑞,
0 < |𝑞| ≠ 1 such that

∀𝑧 ∈ C* 𝑓(𝑞𝑧) = 𝑓(𝑧). (1)

Such a 𝑞 is called multiplicator of 𝑓.
The theory of meromorphic functions satisfying (1) is dual to the theory of elliptic functions,

which are double periodic meromorphic functions on C ([1]-[3]).
Holomorphic functions, harmonic functions, subharmonic functions satisfying (1) are

constant.
In this connection we try to answer the questions:

(i) do multiplicatively periodic non-constant harmonic functions of several variables exist?
(ii) do double periodic non-constant harmonic functions of three variables exist?
(iii) if yes, what are their representations?

Note that C* is a nonlinear homogeneous space on which multiplicative group C* acts and
that (1) implies

∀𝑛 ∈ Z ∀𝑧 ∈ C* 𝑓(𝑞𝑛𝑧) = 𝑓(𝑧).

We will say that 𝑓 is stationary with respect to the cyclic group {𝑞𝑛}, 𝑛 ∈ Z, generated by 𝑞.
Note also that each multiplicatively periodic harmonic functions of multiplicator 𝑞, 0 < 𝑞 ̸= 1,

in the punctured Euclidean space
∘
R𝑚 = R𝑚∖{0}, 𝑚 ≥ 3, is constant due to the extremum

principle and the counterpart of the Liouville theorem. Hence, in order to solve problems (i)-(iii)
we should consider more general homogeneous spaces.

2. Homogeneous spaces

Definition 1. Let 𝑋 be a topological space, 𝐺 be a group of homeomorphic mappings of 𝑋
onto 𝑋. A couple (𝑋,𝐺) is called homogeneous space.
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If 𝐺 is transitive, that is

∀𝑥1, 𝑥2 ∈ 𝑋 ∃𝜏 ∈ 𝐺 (𝑥2 = 𝜏𝑥1),

then (𝑋,𝐺) is said to be the Klein space (see [4]).

Example 1. Let 𝐺 be a group of the linear transformations of Euclidean space R𝑛. It is
transitive. Then (R𝑛, 𝐺) is the linear homogeneous space. It is the Klein space.

Example 2. Let 𝑋 = R𝑛∖{0}, 𝐺 = 𝑆𝑂(𝑛). 𝑋 is invariant with respect to homothetic
transformations, 𝐺 is intransitive. Thus, instead of 𝐺 the compositions of rotations and
homothetic transformations 𝐺1 can be taken.Then 𝐺1 is transitive and (R𝑛∖{0}, 𝐺1) is the
nonlinear homogeneous space. It is the Klein space, too.

3. Invariant functional spaces on (𝑋,𝐺). Stationary elements with respect
to subgroups

Definition 2. Let (𝑋,𝐺) be a homogeneous space. A set (family) of functions ℱ is said to
be invariant if it satisfies the following condition

∀𝑓 ∈ ℱ ∀𝜏 ∈ 𝐺 (𝑓 ∘ 𝜏 ∈ ℱ).

Definition 3. Let (𝑋,𝐺) be a homogeneous space, ℱ be an invariant family, 𝐻 be a subgroup
of group 𝐺. An element 𝑓 ∈ ℱ is called stationary with respect to 𝐻 if

∀𝜏 ∈ 𝐻 (𝑓 ∘ 𝜏 = 𝑓).

The set of such elements is denoted by ℱ𝐻 .

4. Stationary harmonic functions on homogeneous spaces

The space
→
R 3 = {(𝑥1, 𝑥2, 𝑥3) = 𝑥 : 𝑥2

1 + 𝑥2
2 > 0} is called pierced Euclidean

space. It is nonlinear, invariant with respect to the rotations around axis 𝑥3 and
homothetic transformations. The composition of the rotations around axis 𝑥3 and homothetic
transformations forms a group, which we denote by 𝐺. Hence, we obtain nonlinear homogeneous
space (

→
R 3, 𝐺). It is the Klein space.

One of the functional spaces invariant with respect to group 𝐺 is the linear space of harmonic
in

→
R 3 functions (see, for example, [5]). We denote it by ℋ.
The rotation by an angle 𝛼 around axis 𝑥3 is given by the following matrix

𝐴 =

⎛⎝ cos𝛼 − sin𝛼 0
sin𝛼 cos𝛼 0

0 0 1

⎞⎠ .

Fix 𝑞, 0 < 𝑞 < 1. Let 𝐻 be a composition of some 𝐴 and the cyclic group {𝑞𝑛}, 𝑛 ∈ Z.
It is an open problem to describe stationary elements from ℋ𝐻 which are harmonic in

→
R 3

functions satisfying the condition

∀𝑥 ∈
→
R 3 ℎ(𝑞𝑛𝐴𝑥) = ℎ(𝑥).

However, we can show that class ℋ𝐻 is non-trivial, i.e., it contains non-constant harmonic
functions.

We consider the series
+∞∑︁
𝑛=0

(︁ 1

|𝑎|
− 1

|𝑞𝑛𝑥− 𝑎|

)︁
−

+∞∑︁
𝑛=1

1

|𝑞−𝑛𝑥− 𝑎|
(2)
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introduced in ([6]). It was proved there that for any fixed 𝑎 ∈
∘
R 3, 𝑞 < |𝑎| 6 1, the remainder

of series (2) converges uniformly on the compact subsets from
∘
R 3 and that the sum 𝐾(𝑥, 𝑎) of

(2) is subharmonic in
∘
R 3.

Denote 𝑋3 = {(0, 0, 𝑥3) : 𝑥3 ̸= 0}. If 𝑎 ∈ 𝑋3, then each term of (2) is a harmonic function
in

→
R 3. Indeed, the fundamental solution of the Laplace equation in R3 is 1

|𝑥| . Since 𝑞𝑘𝑥 ̸= 𝑎,

𝑘 ∈ Z, the function 1
|𝑞𝑘𝑥−𝑎| is harmonic in

→
R 3. Therefore, the function 𝐾(𝑥, 𝑎) is harmonic in

→
R 3 if 𝑎 = (0, 0, 𝑎3) ∈ 𝑋3, 𝑞 < |𝑎| 6 1.

Note that the function 𝐾(𝑥, 𝑎) is independent of 𝛼, namely,

∀𝐴 𝐾(𝐴𝑥, 𝑎) = 𝐾(𝑥, 𝑎). (3)

Let 𝑦 = 𝐴𝑥, that is 𝑦1 = 𝑥1 cos𝛼 − 𝑥2 sin𝛼, 𝑦2 = 𝑥1 sin𝛼 + 𝑥2 cos𝛼, 𝑦3 = 𝑥3. Consider the
absolute value |𝑞𝑘𝑦 − 𝑎|, 𝑘 ∈ Z. We have

|𝑞𝑘𝑦 − 𝑎| = |(𝑞𝑘𝑥1 cos𝛼− 𝑞𝑘𝑥2 sin𝛼, 𝑞𝑘𝑥1 sin𝛼 + 𝑞𝑘𝑥2 cos𝛼, 𝑞𝑘𝑥3 − 𝑎3)| =

=
√︁

𝑞2𝑘𝑥2
1 + 𝑞2𝑘𝑥2

2 + (𝑞𝑘𝑥3 − 𝑎3)2 = |𝑞𝑘𝑥− 𝑎|.
Thus, identity (3) is valid.

It is easy to check that

𝐾(𝑞𝑥, 𝑎) = 𝐾(𝑥, 𝑎) − 1

|𝑎|
. (4)

Let 𝑎 = (0, 0, 1) and 𝑏 = (0, 0,−1).
The function

ℎ(𝑥) = 𝐾(𝑥, 𝑎) −𝐾(𝑥, 𝑏)

is harmonic in
→
R 3.

Using identities (3) and (4), we obtain

ℎ(𝑞𝐴𝑥) = 𝐾(𝑥, 𝑎) − 1

|𝑎|
−𝐾(𝑥, 𝑏) +

1

|𝑏|
.

Since |𝑎| = |𝑏|, we get

∀𝑥 ∈
→
R 3 ℎ(𝑞𝐴𝑥) = ℎ(𝑥).

Thus, ℎ ∈ ℋ𝐻 .

5. A class of functions in ℋ𝐻

We denote by ℬ the class of bounded Borel sets in
∘
R 3 whose closures belong to

∘
R 3. For

𝐵 ∈ ℬ we let
𝑞𝐵 = {𝑞𝑥 : 𝑥 ∈ 𝐵}, 0 < 𝑞 < 1.

Theorem A ([7]). A measure 𝜇 in
∘
R 3 is the Riesz measure of a multiplicatively periodic

𝛿-subharmonic functions of multiplicator 𝑞 if and only if
(i) 𝜇(𝑞𝐵) = 𝑞𝜇(𝐵) for each 𝐵 ∈ ℬ;
(ii)

∫︀
𝑞𝑟<|𝑥|6𝑟

𝑑𝜇
|𝑥| = 0 for all 𝑟 > 0.

Theorem B ([7]). Each multiplicatively periodic 𝛿-subharmonic in
∘
R 3 function 𝑢 of

multiplicator 𝑞 satisfies the representation

𝑢(𝑥) = 𝐶 +

∫︁
𝑞<|𝑎|61

𝐾(𝑥, 𝑎)𝑑𝜇𝑢(𝑎),
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where 𝐶 is a constant.
The following theorem describes a class of harmonic functions from ℋ𝐻 .

Theorem 1. If a Borel measure 𝜇 on
∘
R 3 satisfies the conditions

1) 𝜇(𝑞𝐵) = 𝑞𝜇(𝐵) for each 𝐵 ∈ ℬ;
2)

∫︀
𝑞<|𝑎|61

𝑑𝜇
|𝑎| = 0;

3) 𝜇(𝐵) = 𝜇(𝐵
⋂︀

𝑋3), 𝜇(∅) = 0;
then the function

ℎ(𝑥) =

∫︁
𝑞<|𝑎|61

𝐾(𝑥, 𝑎)𝑑𝜇(𝑎) (5)

belongs to ℋ𝐻 and vice versa each ℎ ∈ ℋ𝐻 which admits a 𝛿-subharmonic continuation on
∘
R 3

satisfies the representation

ℎ(𝑥) = 𝐶 +

∫︁
𝑞<|𝑎|61

𝐾(𝑥, 𝑎)𝑑𝜇(𝑎), (6)

where 𝐶 is a constant and 𝜇 satisfies 1)-3).

Proof. Let 𝜇 satisfy Conditions 1), 2). According to Theorem B, function ℎ defined by (5) is

multiplicatively periodic 𝛿-subharmonic in
∘
R 3 of multiplicator 𝑞. In virtue of condition 3) ℎ is

harmonic in
→
R 3. Taking into account that 𝐾(𝑥, 𝑎) is independent of 𝐴 we have ℎ ∈ ℋ𝐻 .

Now let ℎ be a function from ℋ𝐻 admitting a 𝛿-subharmonic continuation on
∘
R 3. According

to Theorems A and B it has representation (6), where 𝜇 satisfies Conditions 1), 2). Since △ℎ = 0

in
→
R 3, 𝜇 satisfies also Condition 3). This completes the proof.

6. Double periodic harmonic functions in a layer

Let ℎ(𝑥) be a multiplicatively periodic harmonic in
→
R 3 function of multiplicator 𝑞, 0 < 𝑞 ̸= 1.

Consider the mapping

𝑥1 = 𝑒𝜉 cos 𝜂, 𝑥2 = 𝑒𝜉 sin 𝜂, 𝑥3 = 𝑒𝜉 cot 𝜁,

where 𝜉, 𝜂 ∈ R, 0 < 𝜁 < 𝜋. We have 𝑥2
1 + 𝑥2

2 = 𝑒2𝜉 > 0. Hence, it maps the layer {(𝜉, 𝜂, 𝜁) :

𝜉, 𝜂 ∈ R, 0 < 𝜁 < 𝜋} onto
→
R 3 with the Jacobians 𝒥 = −𝑒3𝜉

sin2 𝜁
. Laplacian △ becomes

△ = 𝑒−2𝜉

(︂
𝜕2

𝜕𝜉2
+

𝜕2

𝜕𝜂2
+ sin2 𝜁

𝜕2

𝜕𝜁2
+ sin 2𝜁

(︂
1

2

𝜕

𝜕𝜁
+

𝜕2

𝜕𝜉𝜕𝜁

)︂)︂
.

Denote
𝑔(𝜉, 𝜂, 𝜁) = ℎ

(︀
𝑒𝜉 cos 𝜂, 𝑒𝜉 sin 𝜂, 𝑒𝜉 cot 𝜁

)︀
.

The function 𝑔 is defined in the layer {(𝜉, 𝜂, 𝜁) : 𝜉, 𝜂 ∈ R, 0 < 𝜁 < 𝜋}.
Since ℎ(𝑞𝑥) = ℎ(𝑥), we have

𝑔(𝜉 + log 𝑞, 𝜂 + 2𝜋, 𝜁) = 𝑔(𝜉, 𝜂, 𝜁).

Indeed,

𝑔(𝜉 + log 𝑞, 𝜂 + 2𝜋, 𝜁) = ℎ
(︀
𝑒𝜉+log 𝑞 cos(𝜂 + 2𝜋), 𝑒𝜉+log 𝑞 sin(𝜂 + 2𝜋), 𝑒𝜉+log 𝑞 cot 𝜁

)︀
=

= ℎ
(︀
𝑞𝑒𝜉 cos 𝜂, 𝑞𝑒𝜉 sin 𝜂, 𝑞𝑒𝜉 cot 𝜁

)︀
= ℎ

(︀
𝑒𝜉 cos 𝜂, 𝑒𝜉 sin 𝜂, 𝑒𝜉 cot 𝜁

)︀
= 𝑔(𝜉, 𝜂, 𝜁).

Denoting 𝜔1 = log 𝑞, 𝜔2 = 2𝜋, we obtain double periodic harmonic function 𝑔 of period
Λ = (Z𝜔1,Z𝜔2, 𝜁) . That is, such a function is stationary with respect to a group of the
translations indicated above.
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Remark. The connection between the local spherical coordinates and the new substitution is
as follows

𝑒𝜉 = 𝑟 sin 𝜃, 𝜂 = 𝜑, 𝜁 = 𝜃.
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