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CONVOLUTION, FOURIER TRANSFORM AND SOBOLEV
SPACES GENERATED BY NON-LOCAL IONKIN PROBLEM

B.E. KANGUZHIN, N.E. TOKMAGAMBETOV

Abstract. In this work, given a second order differential operator B subject to non-local
boundary conditions, we assign Fourier transform and convolution to this problem. We
study the properties of the introduced convolution and describe the class of test functions.
We also introduce Sobolev spaces and obtain Plancherel identity related to operator B.
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1. INTRODUCTION

The standard Fourier transform is a unitary transform in Hilbert space Ly(0,b) and it is

generated by the differentiation operator (—i-L) since the system of exponentials {exp(iAz), A €

R} is a system “eigenfunctions” associated with its continuous spectrum. Bilinear commutative

associative convolution without annihilators is very close related with Fourier transform. In
d

papers [I]-[4], instead of the differentiation operator (—i7-) in space Ly(—00,00), there was

considered the operator generated by the differential expression (—i%) in Hilbert space L(0, b)
as b < oo and there were introduced Fourier transform and the convolution generated by this
operator. In paper [5], a Fourier analysis generated by a differential operator in a bounded
domain with simple eigenvalues was developed. The main difference of the present paper
from paper [5] is that the generating operator has multiple eigenvalues. In the paper we
introduce the notion of Fourier transform and convolution generated by the operator of double
differentiation in space L (0, 1) subject to nonlocal boundary conditions studied in work [6]. It is
known what role is played by generalized solutions to differential equations. Nonlocal boundary
value operators happen to produce its own class of test functions. This is why new classes of
generalized functions appear which reflect features of nonlocal boundary conditions.

In Hilbert space Ly(0,1) we define operator B generated by the differential expression

0<z<l, (1.1)

on the domain

D(B) = {u € W2[0, 1] : u(0) = 0, «'(0) = u'(1)}.
Its spectral properties were studied in details in work by N.I. Tonkin [6]. Operator B is not
self-adjoint, but the system of its eigenfunctions and adjoint functions is a basis in Ly(0, 1). It
gives an opportunity to develop a nonharmonic analysis related with operator B. A nonharmonic
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CONVOLUTION, FOURIER TRANSFORM ... T

analysis generated by the exponential systems was studied in details in works by A.M. Sedletskii
[7], [8]. In further works we shall introduce pseudodifferential operators and other elements of
the harmonic analysis generated by operator B.

We denote by B* the adjoint operator for B; this operator is generated by differential
expression and the boundary conditions

V(1) =0, v(0)=uv(1). (1.2)
Operator B has the eigenvalues
e = (27k)?, k=0,1,...,
and the eigenfunctions and the adjoint functions read as
up(z) =, wug_1(x) =sin(2rkz), wo(z) = xcos(2rkz), k=12,... (1.3)
It means that as £ > 0, functions in belong to D(B) and solve the differential equations
—uly o (2) = Mguge1 (), —uby(x) = Mwag () + 2/ Ntz 1 ().

Eigenfunction ug,_1(z) and adjoint function ug,(x) are associated with each eigenvalue Ay for
k> 0.
The eigenvalues of operator B* are

we = (27k)?, k=0,1,...,
and eigenfunctions and adjoint functions are
vo(z) =2, wvop_y1(x) =4(1 — z)sin(2rkx), wvop(x) = 4cos(2mkz), k=1,2,... (1.4)

At that, eigenfunction vgi(x) and adjoint function vgr_q(z) are associated with eigenvalue iy,
for k > 0, i.e., functions in (|1.4)) satisfy the relations

—v(2) = prva(z), vy () = prvae—1(7) + 2¢/fkvar()
and boundary conditions (|1.2]).
We cite the following results of work [6].

Lemma 1.1. Sequences of functions and form a biorthogonal system of functions
on the interval (0,1) such that for each i,j € IN the relation

1
(Uik, Voj—1) = / Uik (T)voj1(®)dx = O9i g 251, k=0,m;—1; [=0,m;—1,
0
holds true. Here dg;_y 251 15 the Kronecker delta, mo =1, and m; =2, 1 > 1.

Theorem 1.1. The sequence of functions
up(z) =z, ug_1(z) =sin(2wkx), wug(x) = xcos(2rkx), ke lN

forms a Riesz basis in space Lo(0,1).

2. CONVOLUTION GENERATED BY OPERATOR B

In space Ly(0, 1) we introduce the convolution by the formula

=N =5 [ s+a—0s0it+; [ =1+ 05w

+/O$g(x—t)f(t)dt—%/0 _gcg(l—x—t)f(t)dt+%/O$g(1+t—x)f(t)dt.

Lemma 2.1. a) The introduced convolution is bilinear, commutative and associative for
each f,g € Ly(0, 1).
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b) The resolvent of operator B has the convolution representation
(B=A)"'f=gxf,
_ sin vV Az : : :
where g(z) = T (eon/nT)? I is the identity operator.

c¢) Convolution of functions g and f belong to the domain of operator B if g € D(B) and the
identity
B(g*f)=Bgxf
holds true.

d) The convolution generated by operator B has no annihilator, i.e., if g f =0 is valid for
each g € Ly(0, 1), then f = 0.

Jlokasameavcmso. a) The bilinearity and associativity of introduced convolution is checked
trivially. Let us show that the convolution is commutative in the space of summable functions.
We introduce the integrals

h@J%=/gU+w—0ﬂ®ﬁ, b@J%jAE@—ﬂﬂﬂﬁ
Bof = [ et-z-ofww  hen=[ ew-1+ofw
gmfw3AEu+t—@ﬂww

where z € (0,1).
It is easy to make sure that

]k(gvf):Ik(fag) as k:17273
Let us consider I4(g, f) and let us make the change 7 = 2 — 1 + ¢ in this integral. We have

Iu(g, f) = /Oxg(T)f(l —x + T)dT.

It implies that I4(g, f) = I5(f,g). Exactly in the same way we check the relation I5(g, f) =
I4(f, g). Since by the definition of the convolution we have

1 1 1 1
g * f = 511(97 f) + IQ(Q, f) - 513(g7f) + 514(g7f) + 515(g7f)7
it implies the commutation identity g x f = f * g.
b) We denote
ylz, A) = (g* f)(x),
where g(z, \) = ﬁib—% Let us calculate the derivative of y(x, \) w.r.t. z:

L
V(cos vV — 1) dw L2

5 [ smVRQ - 0f@a g [ sinvAG - 10

xT

/1 sin VA(L 4z — t) f(¢)dt + /9c sin VA(z — ) f(t)dt

0

y,(l’, /\) =

5 [ mvaas - of@a]

2 Jo

- /() — sin sin
2V A (cos VA — 1) [ VA \/X}

1 1 [t z
V(cos vV — 1) [_ /x cos VAL —z —t) f(t)dt + / cos VA(z — t) f(t)dt

2 0

_|_
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1

+ %/0 h CcOs \/X(l —x—1)f(t)dt + %/1 cos \/X(x —1+1t)f(t)dt

1 X
- 5/ cos VA(1 +t — a:)f(t)dt].
0
In the same way we calculate the second derivative of y(x, A\) w.r.t. z. Finally we have

1
1 x’)\ —
v'(@ A 2v/A(cos )\—1)[
It implies that y(x, \) satisfies the equation

It remains to check the boundary conditions. The first boundary condition is checked
straightforwardly by substituting z = 0:

1 b b B
y(0, ) = NX@OS\/X—U[/O sm\/X(1—t)f(t)dt—/O sin VA(L — 1)/ (t)dt] = 0.

We check the second boundary condition:

—cos VAf(z) + 2f (x) — f(x) — f(z) — cos VAf(2)] — Ay(z, \).

/ = 1 1 — 1cos -
y(o’/\)_2\/X(COS\/X—1)[/o cos VA(1 t)f(t)dt+/0 VaQ t)f(t)dt},

y'(1,\) = ; o VAL —t) f(t)dt

1
V(cos VX — 1) [2/0
+ /01 cos(VAL) f(t)dt — /1 cos(\/Xt)f(t)dt] .

0
It implies ¥'(0) = y/(1).
c) Let g € D(B). We consider the convolution g f, where f € L5(0,1). Since g € D(B), then

g* f € WZ2[0,1]. Indeed, the following representation of the first and the second derivatives of
the convolution w.r.t. x hold:

Sorn = [ gase-niwas [ ge-rensois [ de-rod

[ du—a-nswa- [gasi-asma,

L ox D) =" f)(a).

Here we have employed essentially that g(0) = 0 and ¢'(0) = ¢'(1).
d) Suppose that g x f = 0 for each ¢ € Ly(0,1). We introduce the function g(z) =

sin vV )z . . _ . .
Tieos VA ﬁil)‘/\:f which is well-defined since cos1 # 1. In accordance with Statement b),

convolution g * f means (B — I)7'f. If (B — I)"'f(z) = 0, then f(z) = 0. The proof is
complete. n

We provide one more useful identity.

Lemma 2.2. For each complex o and 3 the identity

sin(ozx)*sin(ﬁx)_ sin(a) cos  — _ sin(fBz)
) ) (S0 sy -y - )

(cosa — 1)) /(8% —a?) (2.1)

holds true.
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Zoxazameavcmeo. We denote
_ sin(ax) = sin(fx)

and
u(z) = (%(COSB -1)— Sm(’TBI)(cosa - 1)) /(6% —a?).
It follows from Statement b) of Lemma [2.1] that function y(x) satisfies the equation
— 9 (z) = ?y(z) + sm(ﬂﬁx) (cosar — 1) (2.2)
and the boundary conditions
y(0) =0, ¥'(0) = y'(1). (2:3)

Let us show that function u(z) also satisfy equation (2.2]) and boundary conditions ({2.3)) and
it will complete the proof.
We find the first and the second derivative of function u(z):

cos(fx) 5 5
) @%&—D)ﬂﬁ—a%

) = (-0 o g - 1)+ D cosa - 1)) (52 -
. <Sin(ax)

u'(z) = <0¢COS((IO[$) (cosp—1)—p

sin(fx) 9 9
. @%a—U)Kﬁ—a)

# = o) (MU s - 1)) /8 - o

sin(fz)
B

Hence, function u(z) satisfies equation (2.2). Simple calculations

u(0) = (sin(aaO) (cosp—1)— W(cosa — 1)) /(B% —a?) =0,

'(0) = l(:os -1) - l(:0804— 2—a®
() = (0 cos = 1) = o (cosar = 1)) /(52 - )
=((cos B — 1) — (cosa — 1)) /(B — o) = (cos f — cos a)) /(B* — &),
1) = (a2 %cos g — 1) — cos cosa — 2 a?
(1) = (022 % eos 5 1) = 55 cosa = 1)) /(57 - o
= (cosa(cos B — 1) — cos B(cosa — 1)) /(B> — a®) = (cos B — cosa) /(% — a?),

lead us to boundary conditions (2.3]). The proof is complete. n

(cosf—1) —

= — o’u(x) + (cosa —1).

We rewrite formula as
(Bsin(ax)(cos f — 1) — asin(fz)(cosa — 1))

52_&2

sin(ax) * sin(fz) = (2.4)

Lemma 2.3. For £ € Z the identity
sin(2méx) * sin(2wéx) = 0
holds true.
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Zoxaszameavcmeo. To prove the lemma, we make use of the following identities implied by
formula (2.4) and based on simple substitutions and calculations. Substituting § = 27¢ for
¢ > 0 in formula (2.4)), we obtain that

asin(2réz)(cosa — 1)

sin(ax) * sin(2wéx) = o7 = (276)? (2.5)
Passing to the limit as o — 27& in (2.5)), we get
in(2 -1
sin(2néx) * sin(2néz) = aE)I;}rf sin(ax) * sin(2réx) = alig}rg ozsm(a;rﬁ_xz;:;s)(; ) =0. (2.6)
The proof is complete. O
We observe that for each integer n
sin(27nx) * sin(2wéx) = 0, (2.7)
since cosa — 1 =0 as a = 27€.
Lemma 2.4. For £ € Z the identity
1
x cos(2méx) x sin(2néx) = —1 sin(2méx) (2.8)
holds true.
Joxazameavcmeo. We differentiate identity (2.5) w.r.t. «
—1— asi 2 _ (216)2) — 202 —1
x cos(ax) * sin(2n€x) = sin(2wéx) [cos @ asinaj(a” = (2m¢)7) = 2a*(cos @ ) (2.9)

(a® — (27€)?)?
Passing to the limit as o — 27¢, by (2.9) we have

x cos(2m€x) x sin(2néx) = liglgx cos(aur) * sin(2wéx)
Q—> 2T

[cosa — 1 — asinal(a? — (27€)?) — 2a2(cos o — 1)

= sin(2réx) lim

a—27€ (052 - (27]-5)2)2
_ sin@na) | im0y gy, 2(csa )
T e T — (27€) | anire (0 — (276)7)2

= —sin(27wéx) B - ﬂ = _}l sin(2mwéx).

Thus, identity ([2.8) holds true. The proof is complete. O
Lemma 2.5. For £ € Z the identity

1 1
x cos(2n€x) x x cos(2méx) = —1 sin(2méx) — 2% cos(2méx)
holds true.

Zloxazameavcmeo. We calculate
x cos(2méx) x x cos(2méx) = 1_1}1211£ T [ﬂl_igl§ %(sin(ax) * sin(ﬁx))}
d <(ﬁ sin(ax)(cos f — 1) — asin(fz)(cos a — 1)))]

ﬁ2_a2

. d i
= lm — im —
a—27€ do B—2mE dﬁ

= lim 4 [ lim K(a,ﬁ)} ,

a—27€ do B—2mE
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where
K(a, B) :sin(ozx)(Cosﬁ —1- 586121 é)a—z ax cos(Br)(cosa — 1)
26(Bsin(ax)(cos f — 1) — asin(fz)(cosa — 1))
- (52 _ a2)2 .
Since

lim K(a, ) =—x cos(27r§:c)a<La_l) (?2(;2);2&__@12))2’

B—2n¢ (27€)? — a2 + dné sin(2méa)

we arrive at

x cos(2m€x) x x cos(2méx)

aleosa=1) e gin(area)

= lim — |—xzcos(2m¢x)

alcosa — 1)
a—2re do (27€)? — ]

((2m€)? — a?)?

where

F(a) = — 2 cos(2néx) (

cosa — 1 —asina a(cosa — 1)
a
(27)? — a? ((27€)? — a?)?
cosa—1—asina a(cosa — 1) )

(@ —a2? {@n)? — a2

+ 4né sin(2néx) <

We calculate

lim F(a)= —i sin(2méx) — ix cos(2méx).

a—27€

We finally have
1 1
x cos(2méx) * x cos(2méx) = ~1 sin(2néx) — 2% cos(2méx).
The proof is complete. O

The next identity is checked by straightforward calculations
1
THT = ST (2.10)

In the same way it is easy to show that for & # n > 0 the identities
sin(2r€x) * sin(2mnx) = 0,  cos(2m&x) * sin(2mnx) = 0, (2.11)
xcos(2m€x) x x cos(2mnz) = 0, sin(2réx) * v = 0, xcos(2néx) * x = 0. (2.12)
hold true.

3. TEST FUNCTIONS, B-FOURIER TRANSFORM AND SOBOLEV SPACES BW3|0, 1]

While introducing distributions on R, an important role is played by a class of test functions.
As test functions on R, infinitely differentiable compactly supported functions can serve. In
studying periodic processes, infinitely differentiable periodic functions are employed as test
functions. In our case, as test functions, we consider the class D(B*) = (\>_, D(B™), where
D(B™) is the domain of operator B™ for m > 1.

In the next lemma we solve the issue on existence of test functions in D(B>).

Lemma 3.1. If g € D(B>), then for each f € Ly(0, 1) we have g f € D(B>).
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The statement of this lemma is implied by Statement ¢) of Lemma [2.1]

In accordance with Lemma [3.1] it is sufficient to construct one function g € D(B>) to obtain
infinitely many other functions in D(B>). As g we can take eigenfunctions and adjoint functions
of operator B. We need to choose probably a finite set of functions g1, go, ... in D(B*) so that
the closure of linear span span{gs * f : s =1, 2, ..., f € Ly(0, 1)} coincides with D(B%). In
order to define the closure, we need to introduce a topology in linear space D(B>°). We shall say
that a sequence of functions y; in D(B>) converges to zero as j — oo in the sense of topology
in D(B*) if for each m =1,2,...

B™y; =010, 5 — oo,
where =[%1 denotes the uniform in [0, 1] convergence.

We introduce the notation C°[0, 1] := D(B*). In fact, functions in CZ°[0, 1] are defined only
on the interval [0, 1]. In what follows, we extend functions C3°[0, 1] continuously on the whole
axis.

We begin with continuing functions in C°[0, 1] into [—1, 0). In view of the boundary condition
y(0) = 0, we continue this function by the oddness, i.e.,

y(0—z)=—y(0+z), xe€(0,1]

y(r) = —y(=x), = c[-1,0).

Now we define function y inductively on I,, = (n,n + 1] as follows
y(x) =2y(x —1) —y(z —2), =z € I,.

Definition 3.1. The space Dy(0,1) := L(CF[0,1],C) dual to CF[0,1] is called a space of
B-distributions. For u € Dy(0,1) u ¢ € Cg0,1] we write

u(p) = (u, ¥).

- [

is a B-distribution that implies ¢» € C[0,1] C Dg(0,1).

For each ¢ € CZ[0,1] the mapping

Definition 3.2. By S(Z.) we denote the space of rapidly decaying functions acting from
Z into C. That is, ¢ € S(Z.) if for an arbitrary M < oo there exists a constant Cy, \r such
that the estimate

()] < Comr(€)™

€)== (14 /).

The topology on S(Z.y) is defined by semi-norms pg, where k € Z and pp(p) =
sup€€Z+<§>k]g0(§)|.

Remark 3.1. Linear continuous functionals on S(Z.) read as

o (u,0) ==Y u(€)p(€),

EEZ

holds true for all € € 7.y, where

where functions u : Zy — C grow polynomially at infinity, i.e., there exist constants M < oo
and Cyar such that the inequality

u(€)] < Cune()™
holds true for all & € Z... Such distributions u : Z.. — C form space S'(Z..).
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Definition 3.3. Given f € Cg|0, 1], we introduce B-Fourier transform by the formula

©) = (Faf)©) = [ et (31)
In the same way, for f € CE[0,1] we introduce B*-Fourier transform by the formula
P© = Fen©= [ foua (32)

Lemma 3.2. Fj is a continuous bijection

(Fe)©) = (f = J(©) : CF[0,1) = S(Z4),
and the inverse transform Fg' : S(Zy) — CF[0,1] is defined by the formula
= F©)uela). (33)
§€2y

Stmilarly, Fg« is a continuous bijection

(Fae )(€) = (f = [7(€)) : CE[0,1] = S(Z.)
and the inverse transform Fgl : S(Zy) — Cx[0,1] is defined by the formula
= F©)velo). (3.4)
§€Zy

Iloxazameavcmeo. The proof of Lemma is in fact the same as for the classical periodic case
except the steps, where biorthogonality properties are essentially employed. Let us show first

that for f € CZ[0, 1], we have ]?E S(Z), i.e., for each M < oo there exists a constant C' such
that the estimate

for< ™
holds true for all £ € Z . Indeed, for an arbitrary M € IN and even £ we obtain the inequality

O =| [ sntopaa| = | [ s ELGe ] -

| [ B et

The same estimate is true for odd &. Thus, for f € Cg|0,1] we have f € S(Z,). Since
1BM fl|1,0.1) define semi-norms in space fCF[0,1], it implies the continuity of operator Fp
from Cg[0, 1] into S(Z..).

It is clear that for h € S(Z.) formula defines a function Fz'h € C[0,1] with Fourier
coefficient A(&). If two functions fi, fo € CZ°[0, 1] have the same Fourier coefficients fi(6) =
]/”\2(5) § € Z, by the density of the linear span {u¢}ecz, in Cgo [0, 1], we obtain

Zfl Jue(x Zfz Jug(x) = fa(x).

= €z

< CIBY fll o0,y (€) M

The continuity of the mapping .7-"51 :S8(Z4) — C%|0,1] is proved by the same arguments. The
properties of the adjoint transform Fp- are proved in the same way. The proof is complete. [

By means of the inverse B-Fourier transform Fgz' : S(Z,) — C[0, 1] we uniquely continue
B-Fourier transform to the mapping

T : Dig(0,1) = S'(Z,)
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by the formula
(Frw, @) == (w, Fglp), mnaw € Dy(0,1), p € S(Zy). (3.5)

It follows that if w € Dj(0,1), then w € §'(Z,). We also observe that if w € Cg°[0, 1], then
the identity

@6 = 3 0©ele) = 3 ([ wlortaiir ) ol

€€y =

:/0 w@) [ 3 () da:z/o w(a) (Fplp)de = (w, F5lp)

holds true.
In the same way we define the mapping

In the space of sequences X = [[,—, C"™ we introduce the inner Cauchy convolution, where
indices my in Lemma are mg = 1 and m; = 2,4 > 1. Let £ = {&; k-1, o, & > 0} and
n = {no; Mek—1, Mok, k > 0} are the elements of X = [[,2, C™. Its convolution is the sequence
0 = {00; 92k717 9%, k > 0}, where

0o = &ono,  Oak—1 = Son—1M2k + SokMor + SokMor—1,  Oor = Eonlok.

The obtained in this way convolution will be denoted by £xxn := 6. The introduced convolutions
xx and x are related by the Fourier transform.

Theorem 3.1. For each two elements f, g € CF[0,1] the identity

holds true.
Jloxazamenvcmeo. Taking into consideration identities (2.4])-(2.12) and Lemmata [2.342.5, we

rewrite the convolution as follows

oo Mg oo My
(frg)@) =D F(26 = Ruser(x) * Y D G20 — s)uay— ()
£=0 k=0 n=0 s=0
1o LT, =
—5 FO)50o() — 1 D7 [(Fl2g = 1)7(26) + Fl2)5(2¢)
e=1
+ F26)7(26 = D)uze-1(2) + F2)5(26uze(x)|.
Applying Fourier transform, we obtain the required identity. The proof is complete. O]

We introduce a space of sequences Bl, generated by the systems of functions {u¢}2, and
{ve &2, with the scalar product

[y Q)i = Zf

§€EZ

(3.6)

Q)

It is easy to make sure that space Bl, is a Hilbert one. Indeed,

(fs Do = (F. 7).
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Moreover,

(F.9m, = 3 FOFE) = FO70) + 3> f(€ - 1) +)5 € - 1) +1)

£€Zy £eN i=1
2
=f(0)g*(0) + Z (206 —=1) +9)g*(2(n — 1) + @) (U2(e—1)+4> Vo(—1)+i) Lo
€EN neN i—1
_<f7 g)Lg

Thus,

(f/.\? §)8l2 = (fa g)LQ

The Hilbert space axioms are implied by the obtained identity. Hence, the Plancherel identity
holds true.

Lemma 3.3 (Plancherel identity). If f € Ly(0,1), then fE Bly and
11z = [1f1l5- (3.7)

Joxazameavcmeo. By straightforward calculations we check that

A, =(f. e = | D F&ue, Y Fnw

§€Zy neZy Lo

2

=FOFO)+> > > FRE—1) + 07 @0 — 1) + ) (a1 vat-1y40)1

£elN nelN i=1
=Y 17 ©) = (. Pa = 11,
§€Zy
It completes the proof. n

In the next definition we introduce a Sobolev space generated by operator B:

Definition 3.4. (Sobolev space BW?*[0,1]) Given f € Dg(0,1) and a number s € R, we
define norm || - ||gwsjo,1) by the formula

- 1/2
1 Flswepo) = <Z<£>2Sf(£)f*(£)> . (3.8)

£EZ
Sobolev space BW?(0,1] is the space of B-distributions f for which || f|gwso,1 < oo. Or, for
f € Ly(0,1): f e BW?0,1] if and only if (£)°f(§) € Bls.

Lemma 3.4. For each s € R, Sobolev space BW?®[0,1] is a Hilbert space with the scalar

product
(f, 9)ows = D _(€)* F(©)5(6).
§€Zy
Joxazameavcmeo. Spaces BWPC[0,1] and BW?#[0,1] are isometrically isomorphic via the

canonical isomorphism ¢, : BIW?[0, 1] — BW?#[0, 1] defined by the formula
ool (1) = D) F©ue(a)
§€Zy

Indeed, @, is a linear isometry between BW'[0,1] and BW!*5[0,1] for each s € R and the
formulae @, s, = @545, and ;' = ¢, hold true. Thus, the density of space Ly(0,1) =
BW?°[0, 1] is transferred for space BW?[0, 1] for each s € R. O
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