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VARIOUS DEFINITIONS OF SPECTRUM OF ALMOST
PERIODIC FUNCTIONS
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Abstract. We consider various definitions of the spectrum for almost periodic functions
in a finite dimensional space for uniform, Stepanov’s, Weil’s, Besicovitch’s metrics. We
prove that in these cases the classical definition of spectrum is equivalent to an analogue
of definition of Beurling’s spectrum.
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1. INTRODUCTION

Let f be a bounded measurable function on the real axis R. Its Beurling’s spectrum is the

set of A € R such that e lies in the closure of finite sums Y ¢;f(t + z;) and the closure is
J
understood in the sense of the weak topology in space L>*(R) as dual for L'(R)(]2]). It can be
shown that Beurling’s spectrum introduced in such way is a closed set and if f € L*(R)NL'(R),
this set coincides with the support of the Fourier transform f(\) of function f(¢).
If f(t) is an almost periodic (a.p.) function on the real axis, its spectrum is usually defined

by the identity

T
spf={AeR:a() f)= lim i/f(t)e_“‘t # 0}.
T—o0 2T
-7

This spectrum can be any countable set and this is why it does not necessarily coincides with
Beurling’s spectrum of function f. However, as it was shown in [4], if Beurling’s spectrum of
function f is bounded and countable or only countable (if f is uniformly continuous), then f
is an a.p. function.

In the present work we consider an analogue of Beurling’s spectrum employing stronger
topologies. We show that such Beurling’s spectrum coincides with the classical definition of the
spectrum for an almost periodic function f. We consider functions in space R™,n > 1, being
almost periodic both in the sense of Bohr, Stepanov, Weil, Besicovitch. We notice that in [3],
[7], [8] we studied the properties of spectrum of similar functions and its relations with analytic
continuation of function on space C".

Let us formulate the definitions and theorems in the theory of a.p. functions, which we shall
employ in what follows.

By Q(z,a) we denote a squared beam, i.e., the Cartesian product of segments

Qz,a) = [r1,21 + a1] X ... X [Xy, Ty + ap),
where z,a € R, x = (z1,...,2,), a = (a1,...,ay).
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We introduce the following definitions of the distance between two functions f(z) and g(z)

such that f: R" - C, g : R" — C.
Definition 1. The quantity
Dy[f(z),g(x)] = sup |f(z) — g(z)|

TeR™
15 called the distance in the uniform metric.

Definition 2. (see [9]) The quantity
1 1
Dylf@)g(@)] = sl [ 1) = gyl
reR™
Q(z,l1)

where I = (1,...,1) is called S-distance of order p (p = 1) associated with length | (I > 0).
This metric is called Stepanov’s metric.

In the case [ = 1, instead of D s» we shall write Dg». We note that S-distances are equivalent
for various [ (for the case of one variable see [9]; in the multi-dimensional case the proof is
similar).

Definition 3. (see [9]) The quantity

D (a).g(e)] = Jim Digl (o). (o)) = fim sup | [ 1700) = gty

l—o00 =00 zcRn
Q(z, U)

is called W -distance of order p, (p > 1). Such metric is called Weil’s metric.
Definition 4. (see [1]) The quantity

[ - swpa} = GTr - oy

Q(—TI2TT)

D 7o), (0] = { T

(p = 1) is called Besicovitch’s distance of order p. Such metric is called Besicovitch’s metric.

In Definition 1 we always assume that functions f(z) and g(x) are continuous and bounded.
In Definitions 2—4 functions f(z) and g(x) are measurable and p-th power integrable in each
compact set.

Let D[f(z), g(x)] be one of the above mentioned metrics Dy, Dgr, Dw», Dpp.

Definition 5. (see [1I]) Function f(z): R™ — C is called D-almost periodic function if there
exists a sequence of finite exponential sums P,(x) = Y ¢;e!%%) ¢, € C, \; € R™, such that
J

lim DIf(w). P (x)] = 0.

We note that one often uses equivalent definitions of metrics Dy, DSlp, Dy in terms of
almost periods.

Definition 6. A vector 7 € R" is called (D, €)-almost period of a p-th power integrable (in
each compact set) function f(z): R™ — C if the inequality

D[f(x+7), f(z)] <e
holds true.

Definition 7. A measurable and p-th power integrable (in each compact set) function f(x)
R™ — C is called D-almost periodic (D = Dsé) if for each € > 0 there exists a relatively dense
set of E(D,e)-almost periods of f(x). At that, a set E C R™ is called relatively dense if there
exists L < oo such that E N Qa, LI # 0 for each a € R™.
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For WP-a.p. functions this definition should be slightly changed. Under the above conditions,
f is WP-a.p. function if for each € > 0 there exist [ < oo and relatively dense set of E(D sLs £)-
almost periods f(z).

For U-a.p. function one should replace the property of measurability and integrability by
the property of continuity of function f(z).

The definition of a.p. function implies immediately

Theorem 1. D-a.p. function f(x): R" — C is D-bounded and D-uniformly continuous.

Theorem 2. (see [9]) For each D-a.p. function f(x) of several variables there exists the
mean value

_ 1
M{f)} = Jim o [ fa)de
Q(0, T1)
The limit 71im 7 [ flz)de = M{f(z+a)} exists uniformly in a = (ai,...,a,) € R", and
7 e, TI)

the identity
M{f(z +a)} = M{f(z)}
holds true. The uniformity is absent in the case D = Dp», although the identity is still valid.
In particular, M{f(z)} = lim ﬁ [ flx)da.
o0 Q(—TI, 2T1)
To each D-a.p. function f(x) of several variables we associate the Fourier series f(z) ~

S a(X, f)ef™® where a(), f) = M{f(x)e %M@},
AERP

Definition 8. (see [I] for n =1 and [5] for n > 1) The spectrum of function f(x) is the set
spf={NeR":a(\ f)#0}.

Theorem 3. The spectrum of a D-a.p. function f(x) of several variables is at most count-
able.

The proofs of Theorems 1-3 for the one-dimensional case can be found in [9], while the case
of several variables can be treated in the same way.

Definition 9. Beurling’s type spectrum of an a.p. function is
spp f={N€R": ™ € Lin{f(x +1)},cpn }-

We note that the closure is taken in the same metric D, in which we define the periodicity.
In the work we prove the following theorem.

Theorem 4. Let f(x) : R® — C be an D-a.p. function integrable in the Riemann sense
over each squared beam. Then sp f =spg f.

Proof. Let us prove the inclusion sp f C spg f.

1) Consider the case D = Dy».

Let A € sp f, then M{f(t)e”"*} = a # 0. We let fi(t) = L f(t)e”" . It means that there
exists the limit

lim — / filx +t)de =1
Q(0,TT)

uniformly in parameter ¢ € R™. Thus, for each £ > 0 there exists an independent of ¢ number
To = To(e) such that for each T' > Ty the inequality

'% / fule + t)dz — 1

Q(0,T1)

<e (1)
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holds true. Let us show that for each ¢ > 0 there exists an integral sum associated with the
above written integral and approximating it in Weil’s metric uniformly in ¢ € R™. Since fi(t)
is WP-a.p. function, it is WP-uniformly continuous, i.e., for each € > 0 there exist Iy = ly(e)

and 6 = () such that for [ > Iy and |h| < § we have
Dgp[fi(t+h), f1(t)] <e

(2)

Let {B}Y_, be an arbitrary partition of squared beam (0, 71) such that diam(By) < &

S N
(k = 1,N), where § is taken from 1) It is obvious that »_ u(By) = T™ (where p is the
k=1

Lebesgue measure in R"). Let {h}5_, be an arbtirary set of points in R™ such that hy € By,

k =1, N. Then the integral sum corresponding to this partition reads as

o(f1) = T”Zfl (t + he)p(By).

k=1
Let us show that

Dy» {% / fl(x+t)dx,a(f1)} <e,

Q(0,T1)
i.e., that

llim Dgr [ / fi(z + t)dx a(fl)]
—00
Q(0,71)
In other words, there exists ly > 0 such that for each [ > [y and y € R" the inequality

1

P

1 P
" /‘ /ﬁ“y“)dm__zlehﬁy) (By)| dt | <ce
Q(0,l1) Q(0,T1)
or
I / ‘TnZ/ﬁHHy) filt + hy +y))da | <o
)

Q0,11 k=lpg,
We apply Hélder inequality to the expression

Z/fl (x+t+y)— filt +h +y))de '

k= lBk

and obtain that it does not exceed

Z/m r+t+y) = filt+he +y)[" de.

k=1p
To prove , it is sufficient to satisfy

n / TnZ/|f1 (x+t4+y) — filt+ hp +y)[" dedt < €.
Q(0,11) k=lp,

Switching the integration order, we obtain

Z/l” / |filz +t+y) = f(t + he +y)[” dtdz.

=B Q.
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We note that the following inequality

N
%Z/%ﬂ / it +z+y) = [t + by + y)|Pdtdz

k=lp, .

! 7)
< w2 [ DL+ o). e+ s

klek

holds true. We apply inequality . Since u(By) < 0, k = 1, N, then |(z +t) — (t + hy)| < 0
holds true Vx € Bj. Hence, there exists [y > 0 such that for each [ > [y, each £ = 1, N, each
r € By we have

Dsp[falt + @), f(t + )] < e.

This is why expression @ does not exceed

that implies .
Thus, for each € > 0 there exists integral sum o(f;) associated with a partition independent
of t € R™ such that

Dl / Ful + Bz, o(f)] < .

Q(0,T1)
Then
1 1
DWp [U(fl), 1] < DWp |:an / fl(l' + t)dx, O'(fl):| + DWp [ﬁ / fl(LE + t)dSE, 1:| .
Q(0,T1) Q(0,T1)
Let us check that
1
Dw» [ﬁ / filz +t)dx, 1| <e.
Q(0,T1)
It follows from inequality that
1 p
Tm / filz +t)de — 1| <P, (8)

Q(0,T1)

Employing , we write out an obvious chain of relations

3=

1 1 1 b
Dyyp {ﬁ / f1<$+t)d$711 :lhm sup l_" / 'ﬁ / fl(t—i-:L')diL‘— 1| dt
—00 n
Q(0,T1) ver Qy 1) Q(0,T1)

1
] 1
< (_zngp)” .
ln
It follows that Dy»[o(f1),1] < 2e.
Returning back to the previous notation, we have

N
Dw» {% Z F(t+ hy)e ™M emt) (B 1| < 2e.
k=1
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We let A, := W and we get

N
Dyyp |:Z Akf(t + hk), €i<)\’t> < 2e.

k=1
Since ¢ is arbitrary, we obtain that A € spy f.

2) In the case D = Dg», one just reproduce the above proof almost literally. In the parts of
the proof involving a limit as [ — oo, one should choose | = 1. Since S-distances corresponding
to various [ are topologically equivalent, the inclusion is also proven for D = Dsf-

3) We consider the case D = Dpy.

Let A € sp f. We denote fi(t) = L f(t)e= "™ where a = M{f(t)e*»} # 0. It means that
there exists the limit

P Ty

/ filz +t)dx = 1.
Q(-TI2TT)

For each € > 0 there exists a number Ty = Ty(e) (depending probably of ¢ € R™) such that for
each T' > Ty the inequality

-1
oT) filz +t)dx ‘ <e (9)
O(-T1,2TT)

is satisfied. Let us show that for each £ > 0 there exists an integral sum associated with the
above integral, which approximates the integral in Besicovitch’s metric. Since fi(t) is BP-a.p.
function, it is BP-uniformly continuous, i.e., for each € > 0 there exists 6 = d(¢) such that

Dinlfit+h), fi(D)] < ¢ (10)

for |h| <.
Let { By}, be an arbitrary partition of squared beam Q(—T1,2T1) such that diam(By) < &

_ N
(k = 1,N), where ¢ is taken from |D It is obvious that Y u(By) = (27)", where p is the
k=1

Lebesgue measure in R™. Let {hg};_; be an arbitrary set of points in R" such that hy € By,
k =1, N. Then the integral sum associated with such partition reads as

1 N
o(f1) = @r) ; fi(t + hy)p(By).
Let us show that
D ! t)d
Bp {WQ(_TATI) f1($+ ) l’,O’(fl) <eg,

i.e., there exists Sy > 0 such that for each S > Sy the inequality

D=

(2;)71 / ‘ (271—1)n / f1<x + t)d$ - (271-,)” Z fl(t + hk),u(Bk> dt < € (11)
Q(—S1,281) Q(-TI,2T) k=1
holds true or
(2;)n / ‘ (2711)n Z /(fl(x + t) - fl(t + hk))dl" dt < e. (12)

Q(—S51,251) k=1,
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We apply Hélder inequality to the expression

'(2;)71 Z/(fl(x+t) — fi(t + hy))da ’

and obtain that it does not exceed

37 2 [ W@+ = At + hop dr

k=1 B,

To satisfy , it is sufficient to prove

1 1 N ) )
(25)" / (2T)nkz:;/|f1(x+t) — filt + hy)|P dxdt < € (13)
Q(—S1,251) By,
or
1 N 1 )
(2T)"; (25)" / |fi(z +1) = fu(t + hy)|” dids < €. (14)
By Q(—S1,251)

Let us estimate each term in the sum. Let Vo € By, max{|x|/hx|} = bx. Then the following
chain of inequalities hold:

3=

1
25) / |fr(z +t) = fa(t + hy) " dt
Q(—SI,281)
1 p 1 p
< 25) |filz+0)[Pdt | + 25" | fi(t + hy)|” dt (15)
Q(—S1,281) Q(—S1,281)
2n+1(S + bk)n 1 ’
< )P dt

Q((=5—br)1,2(S+bg)I)

Since fi(t) is an BP-a.p. function, for sufficiently large S there exists Cy > 0, k =1,..., N,
such that

=

1

21(S + by)"
Q((—S—bk)1,2(S+bg)I)

)Pt | < Ch.

1
Since the factor <2n+l(s—+b’“)n> " is bounded for sufficiently large S, expression does not

(2S)n
exceed some constant and therefore, each expression
1
+t) — fi(t + hy)|" dt
557 i+ 1) = Fult + )

Q(—SI,2ST)

is bounded for sufficiently large S.
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Passing to the limit, we arrive at the following inequality
_ P
S—>oo 2T Z/ 25)n / |fi(t + ) — fi(t + hy)|Pdtdx
LB, Q(—S1,251) (16)

2T Z/D [fo(t + ), fL(t + hy)]d.

k=1p
We apply inequality . Since p(Bg) < 0, k = 1, N, then |[(x +t) — (t + hy)| < 6 holds
Vx € By. Hence, for each £k = 1, N and each x € B, the inequlaity

Dy [fi(t 4 x), fu(t + he)] < €

(17)
holds true. Therefore, expression does not exceed

ePdy = P

k: lBk

that yields .

Thus, we have

DB”{@ / fl(:c+t)dx,a(f1)}<e

Q(=T1,2T1)
Then

DBp[a(fl),l]gDBp[@;)n / f1<x+t)dx,a<f1>}+DB{(2;)H / fl(x+t>dx,1].
Q(-TI,2TI)

Q(=TI1,2TT)
Let us check that
1
Dpp | —— t)ydz,1| <
B [(ZT)” / filz +t)dx } €
Q(=T1,2TT)
It follows from inequality @D that
1 p
Q(—T1,2TT)
Employing we write the obvious chain of inequalities
1
Dpr | 7 t)dz, 1
B [(2T)” / filz +t)dzx }
Q(=TI2TT)
1
T — / ! / i+ o)de— 1] di
im —
S-r00 (25)" (2T)" !

It implies Dpo[o(f1),1] < 2e.
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ap(By)e” k)

IR to obtain

We return back to the previous notation and let Ay :=

DBP|:ZAkf t—l—hk) A < 9,

k=1

Since ¢ is arbitrary, we obtain that A € spg f.
4) We consider the case D = Dy.
Let A € sp f and fi(t) = L f(t)e "™ where a = M{f(t)e""™"}, a € R\ {0}. Then there

exists the limit thm TL" [ filz + t)dz = 1 uniformly in parameter ¢ € R". Thus, for each
7T Q1)
£ > 0 there exists a number Ty = (5) independent of ¢ such that for each T' > Tj the inequality
/ filz+t)de —1| <¢ (19)
Q(0,TT)

holds true. Let us show that for each € > 0 there exists an integral sum corresponding to the
above integral, which approximates this integral uniformly in ¢ € R™. Since f;(¢) is uniform
a.p. function, it is uniformly continuous in R", i.e., for each € > 0 there exists 6 = d(¢) such
that if |h| < 6, then for each t € R™

it +h) = fi(D)] <e. (20)

As above, let {B,}Y_, be an arbitrary partition of squared beam Q(0,77) such that
N

diam(By) < § (k = 1, N), where ¢ is taken from 1} It is obvious that Y u(Bg) = T",
k=1

where y is the Lebesgue measure in R™. Let {h;}_, be an arbitrary set of points in R™ such
that h, € By, k =1, N. Then the integral sum associated with this partition reads as

1 N
= > filt+ hi)u(By).
k=1

L[ Alt+a)de—o(f)

Q(0,T1)

We estimate and obtain

‘— / f1t+$d£——2f1t+hk (Bk)

OTI)

k= lBk

Z/m (t 4+ 2) — filt + hy)lde.
k= 1Bk

We observe that if dlam(Bk) <6 (k=1,N), then for each x € By, we have |(z+t) — (t+hg)| =
|x — hy| < d. By (20)) it implies

|filw +1t) = fi(t + hy)| <e. (22)

Employmg for .7 we obtain that does not exceed e Z w(By) = pmeT™ =e.
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Thus, for each € > 0 there exists integral sum o(f;) associated with a partition independent
of t such that

/ filt +z)de —o(f1)| <e (Vt € R"). (23)
Q(0,T1)
It follows from inequalities and (| @ ) that
a(fl)—l‘ o(fi) — =— / fi(t + x)dz| + ’ / f1t+9c)dx—1’<25
Q(O TI) Q(0,71)

or, returning back to the previous notations, we have

< 2e.

N

@ —i —i

ﬁz F(t + hy)e MmO By
k=1

—iAhy) .
We denote A, := O‘“(B’“)Te—nw to obtain

< 2e.

N
> Apf(t+ ) — e
k=1

Hence, A € spg f.

Thus, the inclusion sp f C spp f is proved for the cases D = Dy, Dgp, Dwr, Dpr.

Let us prove the inclusion spg f C sp f. We shall argue by contradiction.

1) We consider the case D = Dy».

Let A € spg f \ sp f. Employing the properties of the mean, we have the following chain of
equivalent statements

ANspfe M{f(t)e "™ =0 e M{f(t+z)e N1 =0
& M{f(t+z)e ™™} =0.
Since A € spg f, then Ve > 0 3{ A}, C R 3{hi}i, C R™:

(24)

Dyysle ZAkf x+ hy)] <

k=1

In other words, Ve > 0 3{Ax}; C R FH{he}ir, C R™:

3=

p
dx < €.

> Apf(hy +x) = O

k=1

-/
lim sup | —
l—>oot€]Rn ln

Q(t, 1)

In what follows we fix ¢ and we assume € < % It yields the existence of [ < oo such that

1
P

m p
1 ,

sup | — / ZAkf(hk +2) =™ de | <e.
terr | " Pt

Q(t, 1)

This is why for each t € R™ the inequality
m p %
/ Z Arf(hy + ) — NN de | < e

k=1

Q(t, 1)
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holds true or

B =

m p
> Apf(hi + )™ — 1) da | <e.

k=1

In
Q(t, 1)

We make a change of variables and get

Sl

m p
1 )
m / S Apf(hy+ a4 t)e M 1) da | <e. (25)
o, ) k=1
Applying Holder inequality to (25)), we have
1 " .
i / Z Apf(hy + x + t)e "M 11 dy
Q(0,11) 1 F=1
1 26
L 0 (26)
< T / Z Apf(he + =+ t)e_i<’\’t+””> — 1| dx <e.
Q(0,11) 'F=1

We integrate the left hand side of over £(0,71), where T" > T. Then we switch the

integration order to obtain

1 / 1
[ I

Q(0, 1) Q(0,T1)

> Apf(hy 4z + e — 1l dtde < e

k=1

Then
1 1 o ,
— — —i(ANz+t)
In / ‘Tn / (Z Apf(hy + 2+ t)e 1) dt|dx < e.
Q(0,11) Qo1 =T
or
1 - . 1 .
— —iAe) —i\N) 7
[n / ‘ ZAke " / f(he + 2z +t)e dt — 1|dz < €. (27)
o,y k=1 Q(0,T1)

Employing the definition of the mean, by we obtain

1 .
Vey > 03Ty > OVT > T - 'ﬁ / flhe+ 2+ t)elO\,t)dt‘ < e, (28)
Q(0, T1)
where we choose ¢ = +5—.
1;::1 [ Ak |
By we have
ik . 1 .
> Ake—’Wﬂ>ﬁ / flhe + 2+ t)e—“mdt‘
k=1

Q(0,T7)

1

< | Ay - 'ﬁ / f(hk—l—x—l—t)ew"wdt’ <512]Ak] =ec.
h= Q(0,11) =t

0,TT
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This is why

1
v/
Q(0,11)
The obtained inequality contradicts and the choice of e. It proves the inclusion spg f C sp f
in the considered case.
2) Tt is easy to see that in the case D = Dg» the proof becomes simpler. It is sufficient to
choose [ = 1 and to reproduce literally the main part of the proof.
3) We consider the case D = Dpgp. We note that still holds.
Let A € spg f \'sp f, then Ve > 0 F{ A}, C R Hhe}i, CR™:

m

) 1 .
Z Ake’“}"@ﬁ / flhy +x+t)e ™Mat —1]|de > 1 —¢.

k=1

Q(0,T1)

Dpg» {eﬂm, > Apf(z+ hk)} <e.

k=1
In other words, Ve > 0 3{Ax}, C R FH{h}i, C R™:

3=

m p
1 ,
- _ Ji(\T)
Th_r}r; Ty / Z Apf(hy +z) —e de | <e,
Q(-T1,211) ' F=1
and we still assume that ¢ < %
Applying Holder inequality, we have
1 e .
: i)
TIEEO(QT)TL / (Z Apf(hg +2) — e ) dr < e. (29)
(—11,2T1) \F=1
We then obtain
R 1 .
. —i(\,x) .
Jim. ZAk—(gT)n / f(he +x)e de —1| <e. (30)
k=1 Q(—TI, 2TT)

On the other hand, employing the definition of the mean, by we obtain

1 .
Vhy > 03T, > OVT > Ty, : (2T)” f(hk + t)e_ZO\,t)dt < e, (31)
Q(—TI,2TT)
where we choose ¢ = +—.
k§1 [ Akl
By for all T > max T}, we have
m 1 .
—i{\t)
k=1 Q(=TI,2TT)
< | Ak - ‘ﬁ flhe + 2)e” ™ dz| < g Z |Ax| = €.
k=1 Q(~TI,2TT) k=1
This is why
A h gy — 1] > 1 —e.
;; KTy / flh + z)e 0 da :

Q(~T1, 2TT)
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The obtained inequality contradicts and the choice of € that proves the inclusion spz f C
sp f in the considered case.
4) In the case of uniform metric, by 1’ and inequality |M{f(t)}| < sup |f(¢)|, instead of
teR®

([25)—(27) we obtain: Ve > 0 I{ A}, CR FH{he}p, CR™:

’M{ Z Apf(t + hy)e "0 — 1} <e.
k=1
Then .
Z AkM{f(t + hk)e_i<>\’t)} — 1‘ <e€
k=1
that contradicts to the choice of €. The proof is complete. O
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