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SHARP BOUNDS OF LOWER TYPE FOR ENTIRE
FUNCTION OF ORDER p € (0,1) WITH ZEROES OF
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Abstract. We provide sharp two-sided estimates for lower type of entire functions of order
p € (0,1). The zeroes of these functions have prescribed upper and lower average densities
and are arbitrarily distributed in the complex plane or on a ray. We analyze the obtained
results and compare them with known facts for entire functions of usual type.

Keywords: type and lower type of an entire function, the upper and lower average densities
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1. INTRODUCTION

Studying the dependence of the growth of an entire functions on the distribution of its zeroes
in the complex plane is important both for the theory of entire functions and for its numerous
applications like the theory of interpolation and approximation by exponentials, the problem on
finding completeness radius for exponentials systems and general functional systems, spectral
theory of operators, probability theory, non-harmonic analysis, issues on analytic continuation
of power series and Dirichlet series. This dependence had been studied quite in details by the
middle of the previous century in the case of “regularly” growing functions with “properly”
distributed zeroes (see works by B.Ya. Levin [I], A. Pfluger [2], [3]). Here asymptotic formulae
for an entire function and for its zeroes determine each other. Once such regularity is absent,
asymptotic laws do not work anymore and what is come to the foreground is the problem on
identifying sharp boundaries of range for growth characteristics of a function subject to the
boundaries of zeroes variation speed. Classical characteristics of growth of entire functions
are type and lower type, while the speed of zeroes variation is measured by their distribution
densities. Let us introduce exact definitions.

Let A = (\,),—, be a sequence of complex numbers tending to infinity and taken in the

order of non-decreasing absolute values. Let na(r) = > 1 be a counting function (taking
[An|<r
e . . . " na(t) L
multiplicities into consideration) of this sequence, and Nx(r) := [ dt be its integral or

0
averaged counting function. Without loss of generality we assume that 0 ¢ A.
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We take p > 0. Upper and lower density with exponent p (p-densities) of sequence A are
defined respectively by the identities

na(r)

A,(A) = Tm nalr) A (A) = lim

r—+00 TP
Upper and lower averaged p-densities of sequence A are introduced by similar identities

(A) = Tm 20 Ay = g YA

r—+oo TP rotoo TP

*
p

A

The type of entire function f(z) with exponent p (briefly, p-type) is the quantity
o,(f) = lim r "’lnrln‘axff( 2)].

r—+00

Replacing the upper limit in this identity by the lower one leads us to the definition of lower
p-type of entire function, which we denote by o ,(f). The following sharp estimates are well-
known (see, for instance, [I, Ch. 4, Sect. 1], [4]):

2o < o) € BN )
5,0 <o) < ZE-RJA). 2)

Upper bounds in (), are valid for p € (0,1) and they are attained in the case when all the
zeroes are located at the same ray and in the definition of p-densities there exist usual limits for
them (such sequences are called measurable). The lower bound are valid for each p > 0 and are
attained on a rather complicated sequence of complex numbers with the arguments uniformly
distributed in [0, 27].

Does the lower bound for p-type of an entire function increases if we take into consideration
not only the upper p-density of its zeroes but also the lower one? The positive answer to this
question is implied by the general inequality provided in book [5]:

A, (A A (A

B g (B0 ) .
p Ap(A)

Estimate was assumed to be sharp for a long time, but only recently A.Yu. Popov con-

structed an example [6, Thm. 2.1] providing identity in and showing that lower estimate

can not be improved by employing the lower averaged p-density of zeroes. The described

facts allow us to give the answer for the following extremal problems.
We fix numbers p > 0, 5> 0, a € [0, 5], * > 0, a* € 0, 5*] Then the identities

a,(f) =

sc(B; p) :=inf {o,(f): Ay=ACC, =p} = (4)

so(8% p) =int {o,(f) : Ay =ACC AN (A) =" } - 3", (5)

sel B p) = inf {,(F): Ay =A € € By(A) = 5, A, (1) 2 a} = ef. (0)

so(@, 8% p)i=inf {o,(f) s Ay = A C CAJ(A) = B, AY(A) >0} =5 (7)
hold true.

As it was mentioned above, the upper bounds in , are attained by entire functions
with measurable zeroes located at a single ray. How can we precise lower bound in f if
the zeroes of an entire function are also located at a single ray? Namely, given fixed numbers
pe€(0,1),5>0,a€c](0,8], f* >0, a* €[0,5], we need to calculate the quantities

sr, (B; p):=inf {o,(f): Ay =AC Ry, Ay(A) =3}, (8)
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sr, (o, B; p) := inf {ap f): Ay =ACRy, ép(A) > a, A (N) = 6} , (9)
sg, (8% p) = inf {Jp(f) Ap=ACRy, A B*} (10)
st (0", 8% p) = inf{ap(f) Ay =ACRy, A%(A) >, B (A) = } (11)

Extremal problems f were solved very recently.
Theorem A (A.Yu. Popov [7]). For each p € (0,1) and 5 > 0 the identity

sk, (8; p) = BC(p)

In(1
holds true, where C(p) = maxu
a>0 ar

creasing sequence of positive numbers.
For problem (8) see also [§], [9].

Theorem B (V.B. Sherstyukov [10]). For arbitrary p € (0,1) and each number 8 > 0 and
a € [0, f] the identity

. The lower bound sg, (B; p) is attained on some in-

a”—aT”
R

sinTp  a>0 41
(a/B)Me

holds true. Lower bound sy, (a, B; p) is attained at some increasing sequence A C Ry such
that A J(A) = a and A,(A) = .

Passage from usual densities to the averaged ones required to involve the results of Tauberian
type that the appearance roots of some transcendental equation (see [11]).

Theorem C (G.G. Braichev [12], [13]).
I. For fixed p € (0,1) and 8* > 0 extremal quantity can be found by the formula

sk, (B p) = Clp)pef”,
where function C(p) is defined in Theorem A.

II. For fized p € (0,1), p* > 0, o* € [0,5*] extremal quantity is calculated by the
formula

ma* a? —afTP
sg, (", 8% p) = p | =— + max / b dr |, (12)

where a1 = a1 (a*, %) and as = as (*, /%), a1 < 1 < ag are the roots of the equation
e
aln—=a*/ 5. (13)
a

Quaiztity Ch (o, B*; p) is attained for some entire function with zeroes Ay = A such that
A% (A) = and A ( ) B*.

For problems ([L0), (L1) see also [14]-[I7]. We notice that as opposed to the general distribu-
tion of zeroes A C C, usage of lower averaged p-density changes essentially the minimal possible
p-type of entire function as A C R.

Summarizing, we can say that the influence of basic density characteristics of zeroes sequences
Afin C or in R, of an entire function f(z) for its type was completely studied. On the other
hand, as it was shown in paper by V.S. Azarin [I§] (see also survey [19]), an entire function
with a measurable sequence of zeroes can have no a complete regular growth of the absolute
value, i.e., its type and lower type can differ. For a full description of the behavior of such
functions f(z) with a known density of zeroes one should know not only the exact range of
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type o,(f), but also that of lower type o ,(f). Papers by A.A. Goldberg, B.Ya. Levin and
L.V. Ostrovskii [20], [21], A.A. Kondratyuk [22], V.S. Azarin [23] were devoted to the studying
of extremal problems involving lower indicator and lower type of entire functions under a given
range of density characteristics of zeroes. We also mention the results by I.F. Krasichkov-
Ternovskii related with lower bounds for entire functions of finite order in terms of a close
averaged characteristics of zeroes distribution called concentration index (see, for instance,
[24]). However, much less attention was paid to the most natural problem related with the
lower type under fixed densities. The lack of facts in the general theory encourages one for
looking particular answers in each particular situation. The evidence of such situation can be
found in the known monograph by A.F. Leontiev [25, Ch. VI, Sect. 2].

The present work is devoted to two-sided estimates for the lower type of an entire function
with positive or arbitrarily located in the plane zeroes of prescribed averaged densities. We
begin with a known relation

o (f) > An ) > 2o (14)

R

implied immediately by Jensen formula and inequalities relating usual and averaged densities.
Some preliminary estimates for lower p-type of a function f(z) with Ay C Ry were given in
work [I7]. Upper estimates for lower p-type in terms of lower p-densities similar to estimates
in , are absent in mathematical literature. The explanation of this fact was provided
in [26]. Namely, it was proven that it is impossible in principle to estimate lower p-type from
above only in terms of lower p-density. However, upper estimates for lower p-type in terms of
both p-densities are possible and in [26] such precise result was proven, which stated in addition
that the greatest possible lower p-type is independent of the distribution of zeroes of an entire
function on the plane.

Theorem D (G.G. Braichev, O.V. Sherstyukov [26]). For arbitrary order p € (0,1) and
arbitrary numbers o > 0 and > 0 (o < ) the following identities hold true:
L.

sup{a,(f): Af=ACC, A,(A)>a, AN =5}
= sup {gp(f) A =ACRy, AN >, A)A) = 5} =: S(a, B; p).
II1.

Upper bound S(«, B; p) is attained on some increasing sequence A obeying ép(x) = «a and
Ap(A) = 0.

In the present work we end up the complete description of the growth of an entire function
of order p € (0,1) under irregular behavior of its zeroes and we fill the lack of information on
estimates for lower p-type. More precisely, we find best possible upper and lower bounds for
lower p-type in terms of averaged p-densities of zeroes by solving extremal problems in two
principal cases: the roots of a function are located at the single ray or the roots of a function
are arbitrarily distributed in the plane. We mean the following extremal problems.

Given numbers p > 0, 5* > 0 and o* € [0, %], find extremal values

s*c(a”; p) :==inf {gp(f) c Af=ACC, AZ(A) = a*} , (15)
sola’, 85 p) =inf {o,(f): Ay =ACC ALN) =, BN < B}, (16)
§*R+(a* ;p) = inf {gp(f) Ay =ACRy, QZ(A) = a*} , (17)
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s'w, (0, 8 p) = inf {o, (1) Ay = A C Ry, Ap(A) =" BN <), (18)
Stela”, 8% p)i=sup {o () 1 Ay = A C C AN =a", Bp(A) < B (19)
S'g, (0%, 8% p) i=sup {a,(f) : Ap = A C Ry, Ap(A) = o B (M) < B} (20)

In Section 2 we solve extremal problems f. Our results yield that the lowest possible
p-type in each of the mentioned case of location of zeroes in the plane are independent of upper
averaged p-density. It is implied immediately by Theorems 1, 2.

Theorem 1. Let p > 0. For each fixed numbers o > 0 and * > o* the identities
s'e(a’; p) = s"gla”, 5% p) =
hold true. For each value 3* = o there exists a sequence A C C with averaged p-densities
A" (A) =a* and A;(A) = [3*, on which the lower bounds are attained.

Theorem 2. Let p € (0,1). For each fized numbers o > 0 and beta® > o* the identities

'7TP o
sin p

s'g, (0% p) = s"g, (a", B p) =
hold true. For each value 5* > o there exists an increasing sequence AcC R, with averaged
p-densities A" (A) = o and Z;(A) = [5*, on which the lower bounds are attained.

In Section 3 we solve extremal problems , , which imply that, as for usual p-densities,
the greatest possible lower p-type of an entire function is independent of zeroes distribution in
the plane, but depend on both averaged p-densities. Here we prove the following theorem.

Theorem 3. For each p € (0,1) and each fized numbers a* = 0 and * > o* the identities

S*e(a™, 8% p) = S, (a", 8% p) = p B ( T sup <I>(b)>

sinp b>0

hold true, where

1 1

b ba,lp baLl_E
TP —asb™" TP —a;b”" / 1. TH1
d(b) = —d ——d7r = | d
©) / T 1 T+/ e e N
_1 b _1
bay P bay ©

e
and ay, ay are the roots of the equation aln — = o/ " (0 < a3 <1 < ay < e). The upper
a _ L
bound are attained on some increasing sequence A such that A*,(A) = a* and A (A) = p*.
In the last section we analyze extremal quantity in Theorem |3| and provide simple two-sided
estimate of this quantity. We also establish that it is impossible to obtain an upper bound of
lower p-type of a function just in terms of lower averaged p-density of its zeroes.

2. LOWER BOUND FOR LOWER p-TYPE OF ENTIRE FUNCTION

Proof of Theorem 1. Let p > 0, a* > 0 and f* > «o* be fixed numbers and f(z) be an entire
function of order p with arbitrarily located in complex plane zeroes Ay = A of averaged p-
densities A" (A) = o, Z;(A) < f*. Classical Jensen formula implies the inequality

2
1

1%gWM>%/mWWWW=Mm-
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We divide it by r” and pass to the limit as » — +o00 to obtain the estimate
a,(f) 2 ALA) =a". (21)

To complete the proof of the theorem, for all values of parameters p >0, §* > 0 and
o € [0, 3] we need to construct an entire function f(z), whose lower p-type should satisfy
identity gp(f) =’

If a* = 0, by the known inequality A (A)/p < A% (A) = a* =0, we have A (A) = 0. But
as it was shown in work [26], each entire function with zero lower p-density of zeroes has a zero
lower p-type.

Suppose that o* > 0. It follows from Theorem 2.1 in work by A.Yu. Popov [6] that for
each p > 0 and k € (0,1] there exists an entire function fy(z) with zero set Ay satisfying the

conditions

% k — ek_l
A =%, Bt = .

Moreover, it was shown in the proof of this theorem (see [0, Eq.(2.23)]) that an unbounded set
of values r, satisfy the relation

In max | fo(2)] i

=— 4+ o(1), rs — 400.
p

z|=rs

T8
By (21)) it implies the identity o ,(fy) = —.
p
z—1
Since on the segment (0, 1] function decreases from +oo to 1, we find k& € (0, 1] by the
T
o ek—l 6* Oé*p . ‘ 5
restriction = T o For the number ¢ = L We consider the function f(2) = fo(¢/?z). Its
a*

zero set A = ¢~/? Ay has the averaged counting function Ni(r) = Na, (ql/f’r). This is why the
identities

AR =gast) =gt =0 B =aBy M) =g =g E el
hold true. It is easy to calculate also lower p-type of function f (2):
k
Qp(f) =q0, (fo) —‘J; =
Summarizing, we conclude that function f (z) has the growth characteristics
ANy =a, A N)=p g ()=,
i.e., this function is extremal for problems , . The proof is complete. O

Proof of Theorem 2. We fix numbers p € (0,1), a* > 0 and * > o*. Suppose that an entire
function f(z) has a lower p-type o ,(f) and positive roots Ay = A with averaged p-densities
AV(A) =a", A (A) < B

We first prove the inequality

MRS (22)
sin p

a,(f) =

We shall make use of the following representation obtained in [I5]:

+oo

= In max | f(2 )|—/ ()(Ldt, (23)

|z|=r 1+ t)
0
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N A (Tt)
(rt)?
sequence A that ¢, (t) is bounded and there exists a number ¢ > 0 such that for all ¢ > £ the

r

where @,.(t) := . We fix ¢ > 0. It follows from the definition of averaged p-densities for

*
*

o
inequality @,.(t) > af := = is satisfied. We rewrite and estimate the integral in the right
€

hand side of :

e 1o 2 1o o P
() ——=dt > a ——dt (1) —af) ———dt
/90()(1+t)2 =z O, /(1+t)2 +/(90<> ae)<1+t)2
0 0 0
+oo 0
mp
ot | a4 oo(1) = “ 1 oo(1), 1 — oo,
0t [ gt o) = il D), T

Here we have used the known identity (see [29, Subsect. 2.29, no. 24])

+o00 i
"
(1+1)2 sinm p
0
Thus, by and the proven inequalities we obtain

r~?Ilnmax|f(z)| > P
|z|=r sm7mp

aX + o(l), r— 4oo.

Passing to the lower limit as » — 400, and then as € — 0, we arrive at inequality .

Let us show that there exists a function f (z) with positive zeroes Ay = A realizing the
identity in (22). In order to do it, for any p € (0,1), 5* > 0 and a* € [0, 8*] it is sufficient
to construct an averaged counting function Nj(r) uniquely determining the sequence of zeroes

such that
- - s TP

ALN)=a" A MN)=5 0 g,

=p —p

*

Q.

sint p
In work [16], there was constructed an example of an entire function with zeroes of prescribed
averaged p-densities located in the angle 20 and having the least possible p-type. As 6 = 0, the
zeroes of such function are located at a ray. Let us show that in this case it provides not only
the least possible p-type, but also the least possible lower p-type. Let us describe the main idea
of constructing counting function Nj(r) for sequence of zeroes A in work [I6], Sect. 3] (another
approach for constructing such examples was employed earlier in [12], [15]).

Let &, be a sequence of positive numbers obeying the condition

§n = 0(£n+1)7 n — +0o0, (24)
and a1, ay are the roots of the equation aln & = /B (0 <a; <1< ay <e) On each
a

segment [§,ay e , £nafl/ ?], the quantity Nj(¢) is determined by the formulae

t _ _
Ni(t) =B +pfein—,  telbay’ &ar’?), neN,

while outside these segments it is a continuous function quite fast approaching function y =
a*t?, t > 0, and satisfying the estimate

Ni(t) <otr,  t¢ | Jl€ay ", uar ).

nelN



SHARP BOUNDS OF LOWER TYPE FOR ENTIRE FUNCTION ... 39

We denote
aa;/p
B*a=P —a*t™r
= d > 0.
o= [ FS an
aai/p

It is easy to show that function ¢(a) possesses the properties

©(04) = ¢(400) = 0. (25)
a(r) :=r~? Inmax

N RS g

was obtained, which is valid for r € [, {,41], n — oo. As opposed to the estimate in work
[16], here we let r =1, = \/&, Enya that implies

o(rn) < p <S?no;p + ( 5?1) + ¢ < ;Zl)> + o(1), n — oo.

Employing properties , , we obtain
f) < lim 6(r,) < -
o,(f) < lim 3(r,) < T2
These estimate and inequality valid for each entire function f(z) with positive zeroes
Ay = A of averaged p-densities A’ (A) = o, Z: (A) < p* lead us to the desired result
( 3 Tp *
a = a’.
-r sinmp

In [16, Sect. 3] the relation

P o

The proof is complete. O

3. UPPER BOUNDS FOR LOWER p-TYPE OF AN ENTIRE FUNCTION

Proof of Theorem 3. We begin by proving the first statement of the theorem. We take numbers
€ (0,1), a* > 0 and * > o*. Inequality

S*ela”, B p) = S, (o, 8% p), or
sup o, () 1 Ay = A C € AN =a*, B j(A) < 5

>sup{o,(f): Ay = A C Ry, As(A) = ", Ky(A) < 5

is obvious since the set of the functions over which we take the first supremum is wider than
that for the second supremum. Let us check the opposite inequality. Each entire function f(z)
of order p € (0, 1), whose zero set coincides with A = (\,);~, = Ay C C\ {0}, is represented

by the infinite product
H (1 — —) z € C.

n=1

We denote |A] = (|A,]), and fi(z) = 10_0{ (

n=1

) . Then

[An

max 1 <1—|— 12 ) = max | f(2)].

maX ’f |z|=r ’)\n| |z|=r
n=1

It yields

o, (f) = lim rInmax|f(z)] < lm rInmax|fy (=) = o,(f:),
r—+400 |z|=r r—+00 |z|=r
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and

Al C Ry, ALA) =A%(AD), A (A) =24 (|A).
Hence,

S*cla”, 8% p) < S'g, (a7, 8% p),

and the desired identity S*¢(a*, 8", p) = S™g, (@, 8%, p) is proved. The first statement of the
theorem reduces the issue on finding the most possible lower p-type of an entire function of order
less than one by its upper and lower averaged p-density of its roots distributed arbitrarily in C
to the case of its distribution in a single ray. The common value of these extremal quantities
will be denoted briefly by

S*(a”, 8% p) = S cla”, B p) = S (", B p).
To find this extremal quantity, let us prove first for each 5* > 0 and o* € [0, *] lower p-type

of each entire function f(z) of order less than one with zeroes Ay = A of averaged p-densities
A% (A) = a7, Z:(A) < [* satisfy inequality

o ,(f) < pb" (

— sup (ID(b)) , (26)

SINTP b0

where
b bal_l/p
P — qob—P P — q,b—P
B(b) = / T 79 g / T =% g
T+ 1 T+1
ba;l/p b

and aq, ay are the roots of equation ([13]).
Let us consider three cases 1) a* = 0; 2) a* = *; 3) a* € (0, 5*). In the first case the roots
of equation are numbers a; = 0, as = e and estimate becomes

b +o0

T TP —eb? TP
<pB* — L
o,(f) <o supd [ T [ T

SINTP b0 T
be—1/p b
+o00 b J
—p
=pB* | = T sup / T dr —ebr / T
SINTP  b>0 T+1 T+1
be—1/p be—1/p
be=1/p
TP 1+5b
=p (" inf d bPln ——
PP b / T+1 The n1+be*1/p
0
be—1/pr
TP 1+5b
<pB i dr+ebPln——0 | =
sp o7 limy / et e [ =0

0
Thus, in the case a* = 0 we need to prove that gp(f) = 0. But the implication

a'=0 = g,(f)=0
was proved in Theorem [1}
We proceed to the second case a* = [3*, when the sequence of zeroes of an entire function is
measurable. Now both roots a; and ay of equation (|13)) coincides with one and the integrals in
the definition of function ®(b) disappear. Relation ([26]) is reduced to the inequality

LT
o,(f) < Simpﬁ : (27)
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which is contained in known estimate . At that, if sequence A is measurable, has averaged
p-density A} and is located at a single ray, then, as it is known, the identity

. _ TP *
Qp(f) = Up(f) - sinp Ap

holds true. Thus, as a* = #* the proof of Theorem |3|is complete. n

It should be also mentioned that if a measurable sequence of zeroes of an entire function is
located arbitrarily in the complex plane, then inequality (27]) can be strict. We are convinced
of this fact by the example of function fy(z) in Theorem [l where for a* = §* we have k = 1
and

o, (fo) = 0,(fo) = B < B —L

sinp
It remains to consider the central case of the theorem, when sequence of zeroes Ay = A
with averaged counting function N, (r) = N(r) is such that 0 < o* < g*. It follows from the
definition of averaged p-densities of A that for an arbitrary € > 0 there exists a number ¢ > 0
such that for all values r > ¢ the inequalities

af(l—e)rP < N(r)< f*(1+e)r
hold true, and for some sequence r, " 400 we have
N(ry) < a*(1+e)rt.

It is more convenient to pass to the counting functions n(x) := n(e*) and Nyi(z) := N(e®). Tt
is obvious that N;(x) satisfies the relations

a*(l—¢e)e’® < Ny(z) < 8" (1 +¢) e, x> lne, (28)
Ni(zy) < a*(1+¢)ei’™, ke, x = Inry. (29)
For further estimates it is convenient to denote A = a*(1+¢), B = f*(1 +¢), ya(z) = Ae’?,

yp(x) = Be”” and to employ the following auxiliary statement.

Lemma 1. Let A < B and we draw the tangent lines to the graph of function yg(x) to the
left and to the right of the point (xo, AeP™). Then the abscissas of the left and right tangency
points x; and x, are given by the formulae

1 1
=29+ —Inay, xz,=x9+ —1Inas, (30)
p P

where a; and ay are the roots of equatz'on.

Proof. To find the required points, we calculate slopes for the tangent lines to the graph of Gg
passing through the point (g, eA%). For instance, for the right tangency point (for the left
point the calculations are similar)

BeP®r — AeP®0

= Bpel'.

Ty — Zo

P Tr
We divide this identity by P and we denote y, = x, — rg. We obtain 1 — %e*p = py,,

r &0

or (1 —py,)e’¥ =4, that can be written as

eﬂyr € — é — a_*
eryr B fp*

In view of the relation y, = x, — xg > 0 we conclude that e’¥" = ao, i.e. ¥y, = x, — x5 = %ln as,

where ay € (1,e). Finally x, =z + %ln as and it completes the proof. O
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We continue estimating averaged counting function Nj(x) taking as xy any of points xy
appearing in . Taking relation into consideration, we can state that the graph of Ny(x)
on the segment [z, | does not intersect the right tangent line since otherwise it would intersect
also the graph of the function yp(z) = Be”®, while in accordance with it is located below
this graph. We write the equation of the considered tangent line as y = Be”*" + pBef*r (z — x,.)
to obtain that

Ni(z) < Be?™ + pBe* (x — x,), x € [xo, x,].
Since all what was said above is true for the left tangent line as well, we also have the inequality
Ni(z) < Be’® + pBef™ (x — 1), x € [z, o).

We denote yy = €™, y; = €, y, = €. By Lemma 1 we have y; = yoai/p, Yp = yoaé/p. Returning
back to the original counting function N(y) = Ni(lny), we write inequalities obtained for
function Np(z) as

(

y
By (1+ p(lny — Iny,)) = Byfa, (1 +pln 1/p> .y € lwoar’”, wol,
Yol

Yoo
1 1
\ Bypa Yy ¢ [yoal/p7 Yoy

We recall that here a; < 1 < as are roots of equation and as xg we choose an arbitrary
point zy in . We fix numbers b > 0, k£ € IN, and in the previous inequalities we let y = 7,7,
rry = byo = be™. Then

y 1
Byfas (1 +pln 1/,;) ; Y € [yo, yoaz”’),

/p], y > c.

( [ 1/p 1]
7K\ P (br)P a;’’ 1
B<b> a1(1+ln &1), TE AR
rE\ P (bT)P (1 b7
N(r7) < 3(3) a (1+ln . ) re | 2|, (31)
[ 1/p _1/p
a a c
B P 72 _.
\ (TkT) Y T ¢ b Y b ] bl T > rk

Taking into consideration that a; and ay are roots of equation , we rewrite

br)P A
a; (1 +1In ﬂ) =q lni + a; In(br)? = 5 + a; In(b1)?, i=1,2.

a'L (3
. N(rr) , )
Now by formula for the function ¢, (1) = (rry we obtain the estimate
T
( [ 1o 1]
A 1
B(7b)~* (E + a; ln(bT)p) , TE GIT, AR
A 1 ab?]
o) < 010) = £ B0 (G4 amry ), 7|5 % (32
i 1/p I/,o
a,’’ a
B a2
\ ) T ¢ b ) b ]

as T > i Employing the first part of the theorem, we assume that all the zeroes of the function
are positive and we use representation once again not for all » > 0 but only for the values
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r=rg, k=1,2,..., (see (31)). As a result we get

—+00

o) = mmax FG) = [ on0) s 0= [ o)

|zl=r

.y ; .y
/% - ))m T+/(¢rk(7)—¢(7))m
’ T
+oo +oo
/ BTpd+B/ " _drrom S
< — S -
< | W) ) (1+7)2 ! (14 7)2 ’ T
0 0
y In(b P
_5 / +a1 n(T))—T i
sin 7rp (14 7)2
b—laé/P (A )
b=" (45 + axIn(br)?) — 77 P
B L d 1) =B I+ I 1).
+ / +7) T+ o(1) Sinﬂ'p+ 1+ I | + o(1)
p—1
Thus, the inequality
o(r )<B< L +11+12)+o(1), k- oo. (33)
sinp
holds true. We simplify integrals I; and I integrating by parts. For I; we have
b1 bt
I - b—* (% + ay ln(br)”) — 7P +p / ab=P — 1P dr.
(1+7)2 b1/ (T 4+ 1)
ay bflai//?

In the integral we make the change of variable 7 = ¢t~!, while the calculation of the off-integral
term leads us to the expression

b”——l b (4 +a;lna; —ay bp——l
+ 4 =

b1 +1 b1 +1 b1 +1
Finally we obtain
ba;l/p
b (4 —1) arb™ —t=°
L =——28 7 — dt. 34
! et 7 / [+1 (34)
b
Similar calculations for integral Iy give
b
bh=P (_ _ 1) agh=P — ="
Ih=—""%>2>—2~ —dt. 35
2T Tpir1 / [+1 (35)

bagl/p
Taking into consideration (33)—(35)), as & — oo we can write

ba;l/ﬂ b

T ab=P —t=° / ash™ —t=°

<B ——dt —dt 1).

o () P sinmp * / t+1 * t+1 +o(l)
b ba2_1/P
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Changing signs in the integrands and passing to the lower limit as k — oo, we get

b bafl/p
T t7P — asb™" t™P —ab="
<B - — —dt —dt
g”<f> P sin7p / t+1 + / t+1
ba_l/P b

2

The estimate is valid for each ¢ > 0 and b > 0. Letting € to tend to zero and taking the
supremum over b > 0, we finally obtain

b bal_l/P

T tP — asb™" t7P —ab="
< pF — ——dt ——dt
o, (f) < B sinp S,,Eg / t+1 + / t+1

bagl//) b

In order to complete the proof of the theorem, given numbers p € (0,1), 5* > 0 and a* €
[0, 5*], we need to find an entire function f(z) providing the identity in the obtained estimate

for the lower type and having positive zeroes Ay = A of averaged p-densities A’ (A) = o,

Z;([\) < B*. Let us construct the averaged counting function Nj(r) =: N(r) for such extremal
sequence of zeroes. We order the terms of the required sequence in the ascending order:

A=), 0< A= =X, <A1 ==y < Apg1 = .. (36)

n=1~>

Asr € [)\nk, )\nk+1), for the counting function we have nj(r) = n(r) = ny, while the averaged
counting function N(r) reads as

N@:N@@+mm;, ke

Nk

It is again convenient to pass to the exponential independent variable. We consider the functions
w(z) :=n(e), Qz) :== N(e”).

The graph of the function Q(z) = [w(t) dt is a polyline, each segment of which is described by

0
a linear equation with a natural slope:

Qz) =Q(InA,,) + ng(x —In A,,), reln,, Ink,, ) kel

As opposed to the above consideration, we denote A = o*, B = 8* and consider the function
yp(r) = Be’®, x > 0. We consider tangent lines [; to the graph Gp of this function with
the slopes being equal to successive natural numbers 7 € IN. The abscissas x; of the tangency
points can be easily calculated:
L. J .
r;=—In— N.
J ) va J €

Let y = Qy(z) be the equation of the polyline, whose j-th segment is the segment of tangent
line /; containing the tangency point (z;, Be?®/). By the convexity of function yz(z), the graph
of this polyline is located below graph G . Moreover, by Lemma in book [I1], on each segment
[z;,%j41], J = 00, we have the relation

1 1. j+1 1 B
< —Q S (@ —zj)= —In—— < — = 7).
Thus,
0<yp(z)—U%(x) = 0, z— +o0.

It follows that there exists the limit

~ B. (38)
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We modify polyline y = Qy(z). In order to do it, we choose a strictly increasing sequence of
natural numbers m,, satisfying the condition

Mp41

400, n — oo. (39)

my
For each j = m,, n € IN, we extend segment [, of polyline y = Q;(x) until it touches graph
G4 of function yu(z) = Aef® at the point (fj,Aepfﬂ'). Then from this point we draw the
tangent line I’ to G at the point (g;, Be? @). In accordance with Lemma , the abscissas of

the mentioned points are given by the formulae

1 1 1. a
& =x; — —Inay, f}zfj—i——lnaz:a:j—i——lnﬁ, j=m,, nelN,
p p p a1
where ay, as are the roots of equation .
1
We denote {xmn, T, + w2 = I,,n e N. If %j € N, then on each segment [, we
P aq a1

assume that new polyline y = Q(z) is defined by the equations of the above described semi-
tangent lines (j = m,,):

Qz) = Be”™ + pBe? (v — x;) = Be™ (1 — p(x — z3)), @ € [z, ], (40)
Qz) = BeSi + pBef (x — 5;) = BelS (1 — p(x — 5’4)) , T € |:§j, 5;] . (41)

J

On the set R\ |J I, =: J we keep polyline y = Q;(x) unchanged, i.e., we let Q(x) = Q;(z),
n=1

x € J.
If %j ¢ IN, then we draw the right tangent line with the slope {%j} (square brackets stand
aq a1

for the integer part). It intersects the left tangent line not at a point of graph G4, but at some
point, which we denote by (&;, €(;)). This point is located above this graph. Not complicated
but careful calculations show that the condition

Q(&)

holds true. Moreover, since on set J we have let Q(z) = Qy(z), relation holds true for
x € J, e,

im0 _p (43)

Joz—+o0 eP¥

In view of conditions , we conclude that the limiting relations
Q — Q
lim (z) =A, lim ﬁ =

z—+too €EPT z—+oo eP¥

(44)

hold true. The formula N(e®) = Q(x) determines the averaged counting function of sequence
A like (36) as follows: the abscissas of the vertices of the constructed polyline (more precisely,
their logarithms) define the terms of the sequences, each of them appears A with the multiplicity
being equal to the difference of the slope of the segments having a joint vertex. Let us prove
that the constructed sequence is extremal. Indeed, conditions mean that

A*(R) = lim N _ oy 80y AN(R) = Tm N _ oy 80 _

rotoo TP z—+too €PF r—+4oo TP z—+oo eP¥

Letting

My

1/p A
r =1Int, Cn:efm”:( ) , ts):Cnag/p, n € NN,

pBa,
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in , , we obtain

_Ber b Y geawm e (Y ()
N(t) = Bhar | 14+ pIn— | = Bl n- , telty), Gl (45)
naq 1 n

_Ber L DO LA (2)
N(t)=B¢ay [ 1+pln 7, | = BCrazIn , te G, ] (46)
Cnay” @2 \6n
Bt* > N(t) =Bt — O(t"), t¢ | Jil tP] =T (47)

n=1

For the logarithm of the maximal absolute value of the canonical product f(z) constructed by
sequence A we again employ representation (23)):

+o0

)| = [ et (48)

o(r)=r"In 1|(n‘zix flz

1+1)

(1t
where @,.(t) := A(rp). According to ([45)—(47), we have

. tr\” G
Ba1<<—t) In 3(?) T L
r n

[ (2)
©r(t) = ¢ Bay (%) ln3 (?) te &, fn” , neN, (49)

¢

B — O ((tr)~%), t¢ T =D, t).

\ n=1

We rewrite the integrals in the right hand side of as follows

—+o00 —+oo

tP t*
o(r) =B / mdt — / (B — (1)) mdt

0 0
tP

TP tP
=By / (B—%(t))mdt—T/(B—@r(t))mdt

R \T

=B~ — (L(r) + L(r)).

As r — 400, integral I1(r) can be simply estimated:

Y dt N
W0=007) [ Gy <00 [ g =06,

R \T 0

Calculation of integral I5(r) requires much more efforts. Employing two first lines in (49)), we
have
t(2)/7‘
P

1) = [ (B =ar(0) e Z/ - rlt) T

T t(l)/r
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Tl

- G\ e [tr\’ tr
B2 / (B_B“I (7) ma_l(c_n))umzdt

/7“
tn /r
- G\ e [tr\’ tr
B—-B = In—(— =B
+Zl /( a2<rt na2 . (1+t)2dt S(r),
" Gy

i.e., Iy(r) = B S(r), where we denote S(r) = i Sp(r) and
n=1

1+1t)2 (1+1¢)?

Cn/T tr P tsf)/T (n \P e tr P
P —a In = tP—ag (22) In& (£
Sn(r) = / 1<( r <C”> dt + / () In g <<"> dt.
t(l)/ Cn/T

A preliminary result of transformations of the integral in is the asymptotic identity

o(r) =

ZS r — +00. (50)

sm TP

Our next task is to estimate the sum in this formula. We integrate by parts in each term:

N e ()T Cn/r
o G Fentr,
e (1+1) ’ HE+ 1)
tg)/r tgll)/r
(2)
A\ P e . pitn /T t'g)/'f
S LS9 R Y T O
(T+1 ’ HE+ 1)
Cn/r Cn/’r
Cn/r tg)/r
Y EETO N
P tHt+ 1) P tt+1)
tS)/r Cn/r

While calculating off-integral terms, we have used that aq, ay are the roots of equation .
Hence,

Cn /T t§>/r
Su(r) = / r-o (%)pdt + / - (%)pdt (51)
= p tt+1) P 1)

1)/ Cn/"'

We fix j € N and estimate S, (r) for r € [(;, (j+1]. Neglecting negative terms, we obtain two
estimates

tg) /r t,(f) /r

0 dt ) AN AN ¢\’
Sa(r) < p / ey <P /t” 1dt=<7> —<7> < (C_) (a2 —a1), (52)
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) . (2) /. _ _
tyn/ 0 dt tn’/ P t(2) p—1 t(l) p—1
&m<p/’ <p/ﬁp%t=——— e e
tt+1) p—1 r r
Cn/"" t»(,zl)/r (53)
1-p
P Cjt+1 1-1 1—-1
ngp (é—n) (a r— Qg /p)'
It follows from condition that
) ) 1/p
Gt — (Tt — 00, J — o00. (54)
G m;

It implies easily that the identities

i1 x©
> > ¢
. n=1 - . n=j+
i S =0, Jim
J J+1

hold true (see [16] Sect. 3]). Now by means and we obtain that the relations
j-1
j-1 j-1 p > ¢
Cn o n=1 .
Y S <(aa—a)) () =(a2—a) =~ —0, j— o0, (55)

=0

n=1 n=1 Cj Cj
& Y 1-1/ 1-1/ & Cjt1 e
> s - 3 (42)
n=j+2 P n=j+2 "
> o o0
< (ai P — a7y —n:jf_l — 0, j— 0.
L—=p €j+1

hold true uniformly in r € [(;, j41]-
Thus, we have established that for sufficiently large j, the main terms in the sum

S(r) = Su(r) =Y Salr) + Y Sulr) +[8;(r) + Sy (r)]

n=j+2
are those with indices 7 and j + 1. More precisely, the identity
S(r) = o(1) + [Sj1(r) + Sja(r)l,  J = o0, (57)

holds true uniformly in r € [(j, (j41]. Let us transform the sum in the square brackets. In
order to do it we make the change of variables t = 1/7 in formula expressing S, (r):

Cn/r tglz)/r
s()_!/thwd%yﬁ+-!/thmﬂ%yﬁ
) =P tt+1) P tt+1)
tsll)/T' Cn/""

alfl/f’ " —p r/Cn —p
=p / dr + p / d
r/Cn a5 /71 /Gn
We write the obtained identity as
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where the function

bal_l/p b
P _ a1 b P P _ qobP
B(b) = / T =% g+ / T =% gr b0,
T+1 T+1
b bagl/P
is the same as in formula . We represent it as
balzl/p
P _ b P
O(b) = @1(b) — By(b), where Bx(b) = / ey k=1
T

b
We shall need some properties of function ®(b). Let us show first that

®(0+4) = (+00) = 0. (59)
It is sufficient to check that each function ®(b), k = 1, 2, satisfies these conditions. We integrate
by parts to obtain

ba, L

In(b+ 1) / In(7+1)
iy | =L

(I)k<b> = (ak - 1) be P T, k= 1, 2.

b

In(b+1)

Let us make sure that here each term satisfies . Indeed, the quantity - m
zero both as b — 0+ and as b — +o00. Then

tends to

ba /P ba /P
y In(t + 1) y

/ ——=dT ~ / T_”dT:O(bl_”)—H), b — 0+,
b b

balzl/p balzl/p

1 1 1 1
/Mchw/ DT g <—<ln2ba,:1/p—ln2b>—>0, b — +00.

-
an TPl =20
b b

Thus, is satisfied. Since ®(b) can have positive values for some b > 0 (we shall check this
fact in order not to interrupt the proof here), we can state that a continuous on R, function
®(b) attains its maximum at some point by, i.e.,

max ®(b) = ®(by) > 0. (60)

b>0

By (57), we obtain the uniform in r € [(;, (j11] relation
S(r) = 8;(r) + Sy (r) +o(1) = p [cp (1> 4+ (L)] +o(1), j— 0. (61)
G Gt
Let us estimate S(r) from above. Suppose first that r € [(;, \/(;(j+1]. Then by we have

o (<—> < ®(by), j € N. Since

thanks to we find that

r .
max P (—) — 0, J — 0.
<</ CiCi+1 Cj+1
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Suppose now that r € [\/(;(j11, (j+1]. Then @ ( - ) < O(by). Since

G+

- = St — 00, J — 00,

G G
again by we have

max @(ﬁ) 50, j— oo

/€CiCi+1<r<¢1 C]'
In both cases we obtain
S(r) < p®(by) + o(1), r — +00. (62)

Moreover, if by > 1, then letting r = p; = by (; in , by conditions we obtain that

) = |8 00) & (22| o) = ) o). G .

If by < 1, then letting r = p; = by(j41 in , again by we obtain
bo(; .
S = [0 (P22) 40 )] o) = p@ () + o), G
J
In both case we have
S(pj) =p @ (bo) +o(1),  j— o0 (63)

It follows from , that
lim S(r) = p®(bo).

r—+00
In its turn, by it implies

Tp

oo sinwp  r—o+oo sinp

lim o(r) = B — Tim S(T):Bp( u —cp(bo)).

Summarizing, we conclude that in accordance with [{8), (50), (57), (62), (63), function f(z)

with constructed zero set A satisfy the identities

o(f) = n_ma<r>=8p(.”

r—-+00

All the cases have been considered. Function f(z) is extremal since it provides the identity in
(26]). To complete the proof let us show that the second form of function ®(b) is obtained from
the first one by integration by parts:

b ba;l/p
S ) P _ P
o(h) = / %dT + / %dT
T T
ba2_1//’ b
[ In(1+7)
_ o\ (b n(l+7
:ln(l—|—7‘) (7‘ P — aqgb p)‘bagup—l—p / TdT
bagl/p
bal_l/p

b TP+l

w1/ In(1
+ In(1+7) (T_p — alb_”) b +p / —n( +7) dr
b
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bafl/p
In(1+7) - -
—p / —r dr + (L4 b) (1 — )b + In(1+b)(ar — 1)o7
bagl/p
bal—l/p bal_%
In(1+ 7) B In(t+1) —In(b+1)
o [ M sy ap = e
ba; /P 7
2 bay ©

The proof is complete.

4. TWO-SIDED ESTIMATE FOR EXTREMAL QUANTITY S*(a*, 8*; p)

Let us prove first relation announced in the proof of Theorem [3[in the case a* < *. In
order to do it, we estimate function ®(b) for sufficiently large independent variable taking into
consideration that the roots of equation are related by strict inequalities a; < 1 < as. We
write ®(b) as

b bafl/p
=P — b P =P — a b P
B(b) = / T~ i+ / e
T+1 T+1
ba;l/p b
bafl/p 1/p
- b+ 1 1+ ba,
T+ 1 1+ bay '/* 1+
baz_l/p
We consider the first term:
ba /P ba /P _ _
1 - 1 L 1 i baj 1/p -1 ba; 1/p
dr > T° l1——)dr=— +
T+ 1 T =P lpg=t/e P11
bagl/p baQ_I/p : :
b—* b=r-1
=— (a2 —a1) — (a;rl/p - G}H/p) :
P p+1
Applying inequalities x — %2 < In(l + z) < x, we estimate remaining terms
1+0 b(1+1/b
agb_p ln;_l/p ZQQb_p In 1 ( i / ) 1
1+ ba, bay ? (1+1/ba; /p>
1/p 2/p
<agb™? llnaQ + <5_7+§b_2)]
b—r 2/p
:an Inay + ab™ " [(1 - a;/’)> + (122—19

or, similarly,

1+ ba; '/* _ b
1+5b p

Gathering the obtained estimates, we can write

hr
O(b) >— (ag —a; —aglnas + a;lnay)
p

a1b™?1n

1
Ina, +a b=t (a}/” -1+ —) )
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- (a;rl/p _ a}ﬂ/p) . a;-‘,—Q/p 1 a
L A - (‘ *7) (@™ -+ )
The first term disappears since the expression in the brackets is equal to
aglni—allni = a_*_a_* =0

as ap  pr B*

because a; and as are roots of equation (13]). Thus, we have

1
®(b) > b {(aéﬂ/p - Q}H/p) ﬁ — (ag —ay) — % <a1 + a§+2/p>} ,

or, denoting 1 + 1/p=v (v > 2),

b=t 1
d(b) > ” {ag—alf—y(ag—al) -0 (g)} ,  b— 4o0.

Let us prove that ¢ (v) = a4 — a¥ — v(as — ay) > 0 for each v > 1. We have

V' (V) =aylnay —alna; — (ag — ay), V" (v) = a5 1n ay — a¥ In’ a;.

Function 9" (v) is increasing since the first term in its definition increases w.r.t. v, while the
second term decreases. Then for v > 1 we have

"' (V) =¢"(1) = agln®ay — a;In® a; = as(In®ay — 1) + ay —ay(In®a; — 1) — ay
=(azlnas —ag)(Inag + 1) — (a1 Ina; —ay)(Ina; + 1) + ag — ay = —%IH% +ay — ay.
1
Here we again employed the fact that a; and ay are roots of equation . We employ a
parametric representation of the roots of this equation found in work [31]:

a1:63ﬁ7 CLQZSal:Si, s> 1.
We obtain e a u
"(1) = ay — g —ay In —In =2 = —2 s—1)2 —sln’s| > 0.
V(1) =as—a1 —a o o 8_1[( ) ]

The positivity of the expression in square brackets is implied by its monotonic increasing that
can be checked by usual methods of analysis. The proven positivity of /" (v) on [1, +00) implies
the increasing of ¢/(v) on this segment. Therefore,
(V) > ' (1) =aglnay —aylna; — (ag — a1) =0, v>1.
In its turn, it yields the increasing of function ¢ (v) that for v > 1 implies the inequality
Y(v) > Y(1) =ay —ar —az +a; = 0.

Hence, relation is proven.

We proceed to studying the quantity S*(a*, f*; p) and we obtain first simple estimates for
the integral involved in the definition of function ®(b). Since on the integration interval we
have 7 > b, the inequality —b~" < —7~* holds true and estimating ®(b), we can write

bafl/p bafl/p
TP —ab” T7P(1 — ay)
(b)) < Py(b) = ——dr < —dr.
() < 1(0) / T+l / r+1
b b
Thus, the estimate
bal_l/p

B(b) < (1 — a) / ::1 dr (64)
b
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is true. Enlarging the integration interval leads us to the inequality

—+00

B(b) < (1—ay) /

0

—P
T dr=(-a)——\, b>0

T+1 sin p

It follows that

s 50 = 50 (G —swa®)) 257 (T - e ) = T

SINTpP b0 sinm p sinm p sinwp

Employing also , we finally arrive at the two-sided estimate

mpp* mpp*
sinm p sinwp

a < S (a”, B p) < (65)
This simple estimate characterizes S*(a*, 8*; p), when the smaller root a; of equation is
equal or close to one, i.e., when §* coincides or differs just a little from «*. But this estimate
is completely non-informative for small values of root a;, when 5* exceeds essentially a*. The

next result covers this problem.

Theorem 4. For each p € (0,1), a* >0, 5* > o* the inequalities

Taj 1—
* * *, > * p _
S*(a”, %5 p) = B7p {Smm + a; (1 al)Ap] , (66)
x( % % * may 1-p €
L) < 1—a) | B,ln—
S*(a*, B%; p) 5p[simp+ a; "( al)( pna1+e)] (67)

hold true, where A, = min{1/2; p}, and B, = (p(1 — p))~".
Proof. We specify by estimating the quantity
_ §*(Oé*, 6*7 p) Tay

S — .
B*p sinm p
By means of inequality we obtain
S=(1- — (b
( @) sinp rglgg( (b)
bafl/p
1 1 =1 b
>(1-— - (1- =(1- i -
Plmm) i — Amepex [ dr = (- a) gl n)
b
bal_l/p
-pP
As it was shown in Theorem 4 in work [26], the function 7(b) = — T / T dr satisfies
SInp T+1

b
the lower estimate

n(b) > Aay”, A, =min{1/2;p}.
Applying of this estimate leads us to the inequality
S > Ay "(1— )

for each p € (0,1) that implies immediately (66]).
More efforts are needed for an upper estimate of S. To obtain such estimate, as in work [26],
we replace the maximal value of function ®(b) by its value at point b = a;:

max O(b) = P(ay) = Pi(ay) — Pa(ay).
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Let us estimate each term:

a1’ = Ve Q11
Py (ay) / %cﬁ = (1—a) / TT—l_—pl dr + aq / TT:)I dr —a'’In
a g J
“ —p 14 g Ve
>(1—ay) / T:L 1d7‘ — a1 —a) lnTi—lal
a1
al -1/

T F _
>(1—ay) / T+1dr+ai ’(1—ai)Ina;’”.

al

1+a7Y7
At the last step we have employed that % < ay L, Thus, the inequality
a1

1-1/p
ay

Py(ar) = (1 —an) / T

P 1d7’ + a1 —a)) lnal”

ai

holds true. Then

—1/p
a1ay ,
TP —asa
(I)Q((ll) = / TildT
al
—1/p —1/p
aia, aia, 1y
TF TP . 1+aay '’
=(1— dr + dr — Pln ——M8M—
(1=a) / T T / e
ai ai
aia; 1/
TF _ 1+ alaf r
<(1—ay) / — 1dT + a;”(ay — az)lnTa?1
a1
alagl/l’

T F 1—p
<(1 —ay) T+1d7’ + a; “(ag — ay).

ai

Here we have used the inequality

1
ln¢ <In(l+ay) < a5.
1 —-1/p
We finally have the estimate

-1
aia, /p

@2(a1)<(1—a1)/ T’

T+1

dr + a; "(az — ay).
al
Taking into consideration both estimate and , we obtain
<I>(a1) :(I)l<(l1) — <I>2(a1)

1+a

1-1/p
1

1—|—a1

(69)

(68)
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1-1/p
ay

-p
>(1—ay) / T dr + al (1 —a))Ina’?

T+1
al
a1a2—1/ﬂ
—p
T 1—
— (1 —ay dr — a; ?(as — ay
R R
ai
aifl/P

T+ 1

-1
ara; /p

—p
=(1—a) / T _dr + al (1= a))Inal’” — aP(ay — ay).

We return back to the estimate for S:

T
S=(1- — ®(b) < (1— -
( al)sinﬂp r?>ag< (b) < ( al)sinwp (@)
a1a2—1/ﬂ 1o
TP TF _ _
=(1 —ay) / T+1d7’—|— / T—l—ldT — a1 —a)nal’” + al " (ay — ay).

The expression in

0 aifl/P

the square brackets does not exceed

—1/p

aiag +oo

0

1—p —p
<a1a2—1/0> (ai—l/p>
/ T Pdr + / TP dr = +

L—p P
alme
1

1-1/p 1—
N IR I
l—p p)  p(l—0p)
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It is easy to show (geometrically it is almost evident) that roots aj, as of equation ([13]) (0 <
a; < 1 < ap < e) satisfy the condition

as —ay; < e(l—ay).

Finally we can write

1 1
S <a; (1 —ay) (——;lnal + e)

1—(1—p)l In =
=a; (1 —ay) ( U=pna + e) <a; (1 —a) (—p( b

p(L—p)

p(1—p) 1—

that is equivalent to (67)). The proof is complete.

]

If lower averaged p-density of roots a* of an entire function is zero, as we have mentioned
in the proof of Theorem [I} its lower p-type is independent of the upper averaged p-density 5*
of the roots and is equal to zero. Therefore, S*(0, 5*; p) = 0 for each finite 5*. The situation
changes essentially if a* > 0. In this case it is impossible to estimate from above the lower
p-type of an entire function in terms of lower averaged p-density of its zeroes. It is stated by
the following result being the corollary of Theorem [4]

Theorem 5. L

holds true.

et p€(0,1) and a* > 0. The identity
sup S*(a”, B%; p) = 400

5*20&*
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Proof. We fix a* > 0. If 8* — 400, then lower root a; of equation

*

e «
aln— =

a B

tends to zero, while greater root as tends to e. At that, in accordance with , we have

10.

11.

12.

13.

14.

15.

16.

* 1—p
e i _ a*pa 1—a1)A
§ (avﬁap) 25 pa% p<1_a1)AP: & la/*(/ﬂ* 1) s

1—p
a
=a*pA,(1- L =a"pA,(1- — +00.
ap P( al)allni ap P( al)ai)lni o0
]
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