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ON PERTURBATION OF SCHRODINGER OPERATOR
ON AXIS BY NARROW POTENTIALS

A.R. BIKMETOV, V.F. VI’ DANOVA, I.KH. KHUSNULLIN

Abstract. We consider a Schrodinger operator on the axis with two complex-valued po-
tentials depending on two small parameters. One of these parameters describes the length
of the supports of the potentials, while the other corresponds to the maximal values of the
absolute values of the potentials. We obtain the sufficient condition ensuring the emergence
of an eigenvalues from the threshold of the essential spectrum. The asymptotics for this
eigenvalue is constructed.
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1. PROBLEM AN MAIN RESULTS

Let Vi(x) and Va(z) be complex-valued functions in C3°(R), x1, x9 be arbitrary numbers
(x1 < x9), parameters 0 < pu,e < 1 satisfy the relation

ept = o(1). (1)

In the work we consider the operator

d? T —x T —x
/Ha# = —w—FM_I <Vi< - 1)"“/2( - 2)), r1 < To (2)

in Ly(R) on domain WZ(R).

It is well-known (see, for instance, [I, Ch. V]) that operator H, := —dTQQ in Ly(R) on
domain WZ(R) is self-adjoint, its discrete spectrum is empty, and the continuous spectrum
coincides with the semi-axis [0,400). Since functions V; are compactly supported, by [I, Ch.
IV, Thms. 1.1, 5.35]) continuous spectrum of operator H. , is the semi-axis [0,4o00) (for the
case of complex-valued functions see, for instance, [2]).

In [3]-[6] the effect of new eigenvalues emerging from the thresholds of the continuous spec-
trum for the operator Hy + W (z) was studied, where W(z) is a real-valued potential de-
caying sufficiently fast at infinity. In [3] the case when function W (z) satisfies the condition
Jo W (@)|(1 + 2%)dz < oo was considered. It was shown that if [, W (t)dt < 0, operator
Ho + W (x) had the unique eigenvalue. In [4] a wider class of functions W (x) was considered,
for which [ [W(z)|(1 + 2%)dx = co. Three cases were treated when W (x) behaves as —az ™"
for # — oo. It was shown that as 2 < < 3, the results obtained in [3] remained true. In
[5] there was proven the existence of the eigenvalue for the operator Ho + eW (z), when W (z)
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obeys the conditions [, |[W(z)|(1 + |z[)dz < co and [ W (t)dt < 0. It was also proved there
that once [, W (t)dt > 0, there is no such eigenvalue.

In [7] the operator Hy — L. was considered, where 0 < ¢ < 1, L. : W3, .(R) = La(R; Q) is
an arbitrary linear operator satisfying uniform in ¢ inequality

| Leullm) < Cllullweg) (3)

for a finite interval @ in the axis; constant C' is independent of &, Lo(R; @) is the subset
of functions Ly(R) with supports in Q, VV22 oe(R) is the set of functions defined on space R,
whose restriction on each bounded set D C R belongs to W3 (D). Sufficient conditions for the
existence of small eigenvalues of the considered operator were obtained. In the case of existence,
the asymptotics for the eigenvalues were constructed.

In [8], the effect of the emergence of eigenvalues from a threshold of the essential spectrum was
studied for operators with narrow potentials. A particular case of such operator was operator
([2). On the basis of the results obtained in [7], there were found sufficient conditions ensuring
the emergence of eigenvalues from the threshold of continuous spectrum under the assumption
that there exists a number v > 0 such that u~'e'/2 = o(£7).

On the other hand, in view of the results obtained in [9], [10], it is natural to expect that the
results of [§] on perturbing discrete spectrum of Schrodginer operators with narrow potentials
are valid for a wider class of parameters ¢, 1 satisfying condition . In the present work we
employ the approach proposed in [I1] to show that this conjecture is true and we establish
sufficient conditions for the emergence of the eigenvalues from the threshold of the essential
spectrum under condition (|1)).

Suppose that segment ) = [a, b] is such that z; € @ and suppV;(z) C @, j = 1,2. We denote

@wzég@ﬁ

Our main result is the following theorem.

Theorem 1. Suppose that condition holds true. If
Re (1) + (12)) > 0, (4)

then there exists the unique eigenvalue ., of operator H., tending to zero as € — 0. This
eigenvalue 1s simple and its asymptotics reads as

Ao = — (en™)? (Vi) + (1)) 40 (7). (5)

If
Re ((V1) + (V2)) <0, (6)

then operator H., has no eigenvalues converging to zero as € — 0.

2.  AUXILIARY STATEMENTS

It is easy to see that the function

W) =5 [ €=tV

solves the equation
W) =V;(§), j=1.2 (7)

T—x1

Since x1 < 3, then suppVi(*=%) N suppVa(*—2) = & for sufficiently small e. This is why
there exist fixed intervals @ C @ and Q2 C @ such that suppV;(*==2) C @y, 7 = 1,2 and

€
(1 N Q2 = @. We choose cut-off functions y;(x) satistying the following conditions: functions

x;j(x) are equal to one as x € @;, respectively, vanish as z ¢ (); and x1(x)xa(x) = 0.
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We follow the approach proposed [11]. We let
r—x rT—x
pople)i= 1 (o (S20) s (252, 0

9 9

We denote by U, , the operator of multiplication by function ¢, ,(x):

Ue ulv] := @e ()0, (9)
Operator U, , makes one-to-one correspondence of Ly(R) onto itself. Hence, eigenvalues of
operator H. , coincides with the eigenvalues of operator U, ,}Hs,ng,M-

Lemma 1. Suppose that condition is satisfied. Then operator U, satisfy the estimates

U ]| <Gy weq, (10)
-1 -1
U] =14 0@, weQ. (11)
Proof. Estimate ([10]) is implied immediately by the definition of functions y;, W; and , @
It follows from (9) that
1
U] = = Qe ().
A= = B

We expand function @, ,(z) into a series in the vicinity of zero:

Gep() = Pep(0) + &L (c)z, O<c<uz, x€Q,
where
ep~t
@2 (@)
&= (v —xy)e .
The definition of function ¢, ,(z) yields

- 1
Peu(0) “1rq

) == S (o (52) vty (<52 12
- 25 (v (S20) o (2)).
o= (o (22 +aoms (2.

By , and the definition of functions y;, W, we obtain the estimates
gl <1, lecu(9l < Ca

Peplr) = (Xl(ﬂf)W{ (&1) + xa2(2)W3 (&2) + & (X1 (@)W1 (&) + X5 (2) Wa (52)))7

where

These estimates and yield
Pen(0) =1+0(q) =1+ 0(1"),  &L,(c)=O0(en™).
The latter estimates imply . The proof is complete. O]
Lemma 2. Suppose that condition 15 satisfied. Then the representation
Uy HepwUep = Ho+ e Ley, (13)

holds true, where L., is a second order differential operator with bounded compactly supported
coefficients satisfying the estimate

1£e pull omy < Csllullwz ) (14)

constant C'3 is independent of €.
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Proof. By and @ we get
HeplUep = (Ho + 17" (Vi(&1) + Va(&2))) [1 + 27 () Wi(&) + X2(93)W2(52))]

=U.u[UHo + 17" (Vi(&1) +Va(&)) + 2t (Xl(l’)Ho [Wi(&1)] + X2(I)7{0[W2(52)]>

+wﬁz( (€)Ml (@)] = 2D )] Vi &)

- W) @~ 2ol W) )

+ €2M72<V1(§1)W1(51) + Va(&)Wa(&2) + Vi(&)xa(z)Wa(&2) + V2(€2)X1($)W1(€1))-
By , the definition of operator Hy and function x; it implies
Pt (Vi) + Va(&2)) +2%u" O (@) Ho[Wi(€n)] + xa (@) Ho[Wa(E2)])
= (Vi(&) + Va(&2)) + 2™ (Ho[Wh(&)] + Ho[Wa(&2)])

=y~ (Vi(&) + Va(&2)) — n™" (Vil&) + Va(&)) = 0
It follows from the definition of x; that

Vi(&1)xa(z)Wa(&s) = 0, Va(&)x1(z)Wh(€) =0

In view of these identities we obtain that

Moo =V l1Ha + 2000 S (W6 Mol 0] 2 )] 6

7j=1

_ 2Wj(5j)%[xy’($)]% - QXJ(JC)%[W <§”)]ddx>

e (VileWal) + V2<52>W2<52>) .
This identity and @ lead us to identity (13|, where

S (o gmmnzémmgm@%

d d d 15
AW (€)) e  0) e — 2, W5 6] )+ 1
+—zz;ﬁ[uéui—l(xa<s¢>vva<sl>+—ve<sg>vv5<sg>)'
Let us prove that operator L., satisfies estimate . It follows from that
2
d
el QQE(M@mmmmb 2 T ho@ L]+
du d 16
b, o @ nmieng], O+ 09

+ep' Oy (H‘/l(fl)Wl(fl)“ LQ(R)) '

Now we estimate each term in the right hand side of the latter inequality. By the definition of
functions x; we have

W&ol @)

L (R) + HV2(€2)W2(52)U

La(R) ‘ (&) () L2 (Q) illulza) 4||UHW22(Q)
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where CJ = max(|Wj(fj)X;/($)|)v
d

| @ i@, =W, < Clulue <l
where C§ = max(|x; ()1}())]),
d du du || du ;
(&) — x4 — — < C} 2
e R OV o < Uz
where Cf = maX(IWj(ﬁj)X;(w)D,
o], . = @], <%, . <l
’ ’ L2(R) Dzl S dx @
where Cf = max(x;(x) W (&)
[vitenmsenm|, . =|viermien|,  <Clulie < Gl
where C = maéc(|Vj(£j)Wj(§j)|). These estimate and imply . O
xEe

3. PROOF OF THE THEOREM

We introduce the notations

m) 1—/ Lo de,  m) = / L., U |z — t|£g,u[1]dt} dz,
L e EE (17)
ke p. :Ie’uTmSBL + (5M2 ) mgi)t.
Since operator L. , satisfies inequality , Theorem 1 in work [7] implies that once
key = 5,u_101 + (5M_1)202 +0 ((éu_l)S) , (1,Cy = const, (18)

a sufficient condition for the existence of an eigenvalue converging to zero as ¢ — 0 of the
operator (Ho —ep 'L, ,,) is the inequality

Re(e; +eutey) <0, (19)
while a sufficient condition for the absence of such eigenvalue is the inequality
Re(c; +eptey) > 0. (20)

If is satisfied, then operator (Ho —eu~*L. ) has the unique eigenvalue converging to zero.
This eigenvalue is simple and has the asymptotics

Aep=— (ep™ e + (5,u_1)202)2 + O (cr(lep ™)  + (en™)%). (21)
It follows from that

[ £ealiiae == [ U0 (Wil6) Mol &)~ 2k 0] 6 )
: (22)
+ep /]R U1 <V1 (E)Wi(&1) + Vz(fz)WQ(fé))dx

Changing the variable, we obtain the estimate

L () w (P2 ) =< [ vowioa = o)
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This estimate and yield
ot [ (VM) + Vil Wil ) do = O,
The definition of operator Hy and (22)) imply
d d
o [ (WMl - 2@l ) do
R (23)
=< [ (W& ) -2 @W(6) da

Integrating twice by parts, by the latter identity, , the definition of functions y;(z) we obtain

- /R (=W)X} (@) = 257X (@) WH(E,)) dw = — /Rxé-@)Wf(fﬂdx

(24)
=t [ @i = [ vigas = [ v
R R R
It follows from , , and that
[ £eulllde = (V) + (V) + Oen™). )
R
Let us prove the estimate
m& = O0(1). (26)
By we get
m?}l = / L., {/ |z — t\ﬁw[l]dt] dr = / Le,|f(x)|dx,
R R R
where

:/ |z — t| L., [1)dt. (27)

The definition of operator L., and yield

/ |x—t|£5,u[1]dt' _ ’/ |x—t|ﬁg7u[1]dt‘ < Co ‘/ Ea,u[l]dt‘ <Gy
R Q Q

as r € ), where Cg = max |x — t|. Therefore,
Q z,teQ

f(@)| < Co, 7 €Q. (28)
Estimate yields

‘/ L., [f (2)]do <gc1 /’W (€)X ‘dx+2€ 1/
R

xj<x>W;<£j>f'<x>\dx)+ (29)

(@)W (&) f (@) |da+

+2 / ’V‘/j(ﬁj)x}(:v)f’(x) o+ 2277

+ep! (/ ‘Vl E)Wi(&)f ‘dI+/ ‘Vz §2)Wa(&2) (m))dx) :
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Since functions x; V; are compactly supported, by we arrive at the estimates

R
It follows from that

LIm@ia@ el = [ W@ el < e
W) )]s = | x;<x>w;<fj>f<x>\d:c <Cu, (30)
Vi(&)W;(&) f(z)|dx :/Q %(fy)%(fg)f(x)‘dfﬂ < Cha.

f'(x) :/x Egvu[l]dt—k/gC L., [1]dt. (31)

—00 400
We denote
fOx) =X ()W), [P(x) = X (@)W;(&).
By the inequality
f9(x) /Jeﬂ dt‘d:z:

/ 0 (z) / £ (1)t +
R —00 R 400

holds true. Switching the integration order in the second integral, we rewrite the latter inequal-
ity as
[ 10w @l <z [ |96 [ L
R R —00
By we have
Lo | comia= [ |19 [ e
< [ 1@l [ 2-dae

dx</}f<ﬂ |‘/ e 1]t
/cw dt‘ i,
This inequality and implies that
/ | f9) () \dx 201,

This inequality and (29)), (30) yield estimate
It follows from (L7)), (25)), (26) that
o = S5 (V) + (V) + 0 (207%).

2
Thus, inequality holds true once

= Wgﬂ, o =0(1). (33)

It follows from and that the sufficient condition for the existence of an eigenvalue
converging to zero as ¢ — 0 for the operator (Ho + eu~'L.,) is the inequality

19@) ()] do <

£

dz. (32)

dx

dr < O,

Re(c; +eptey) > 0, (34)
while the sufficient condition for the absence of such eigenvalue is the inequality
Re(c; +eptey) < 0. (35)

It follows from (1)) and (33) that for ufﬁeiently small &, p the sign of Re(c; +ep™ cg) coincides
with the sign of Re(¢y). Therefore by (34] and ( . we arrive at inequalities () and ().

Asymptotics is implied by (21) and ( )
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4. (CONCLUDING REMARKS

It follows from Theorem 1 in work [7] that apart of the eigenvalue converging to zero, all
other eigenvalues of operator H. , (if they exist) tend to infinity as ¢ — 0.
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