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ON SPECTRAL PROPERTIES OF STURM-LIOUVILLE
OPERATOR WITH MATRIX POTENTIAL

N.B. USKOVA

Abstract. In the work we obtain asymptotic estimates for the eigenvalues, eigenvectors
and spectral projectors of a Sturm-Liouville operator with a matrix potential subject to
quasi-periodic boundary conditions. The matrix potential is formed by functions square
summable on the segment [0, 1] and the matrix of the means of the functions have simple
eigenvalues. We consider also the case when the matrix of the means has a simple structure.
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1. INTRODUCTION

f functions measurable and square integrable on [0, 1].

We consider Hilbert space L]0, 1] o
Let H = Ly([0,1],C™) = L3[0,1] = Lo[0,1] x --- x L0, 1] be the Hilbert space of functions
m tTmes

with values in C™ measurable and square integrable on [0, 1]. The scalar product in L5*[0, 1] is
defined by the formula

(fag):Z(fz’gz)7 f:(f17f27~--7fm)GLT;[O?”? 92(917927‘--79’0@)€L72n[071]7

=1

(fir9:) fo fi(x da: is the scalar product in space Ls[0, 1] of complex-valued functions

and the norm
m 1
=3 / fula) 2 da
=1

is generated by this scalar product.
In space L3'[0, 1] we consider the differential operator L generated by the differential expres-

sion

(Ly)(t) = —=y"(t) + Q[)y(), (1)

and the quasiperiodic boundary condtions
y'(1) =4 (0)e”,  y(1) = y(0)e”, (2)
g € (0, ) 6 # m. It is a Sturm-Liouville operator with matrix potential Q(t) = {b;;(¢)},
i,j = 1,...,m, and b;; € Ls[0, 1] are complex-valued functions. By the symbol Qo = (by;;),
i j = 1, 2 ,m, we denote the matrix formed by the mean values of functions b;;, i.e., by;; =

fo (1) dt. In what follows we study the spectral characteristics of operator L with square
mtegrable functions b;; in the case when @)y is a normal matrix of simple structure.

N.B. Uskova, ON SPECTRAL PROPERTIES OF STURM-LIOUVILLE OPERATOR WITH MATRIX POTENTIAL.

(© Uskova N.B. 2015.
The research is supported by the grant of Russian Scientific Foundation, project no. 14-21-00066.

Submitted February 22, 2015.

84


http://dx.doi.org/10.13108/2015-7-3-84

ON SPECTRAL PROPERTIES OF STURM-LIOUVILLE OPERATOR ... 85

We note that in this case matrix )y is similar to the diagonal matrix having eigenvalues
1, b2, - - - fm, o0 the diagonal and the basis in space C™ is formed by the associated (orthog-
onal) eigenvectors of matrix ()p. This is why without loss of generality we can assume that
matrix @) is diagonal and the corresponding basis is formed by its orthonormalized eigenvectors

fis fo, ooy fn. We also assume that numbers g, po, .. ., jt, are taken in the ascending order,
Le, pr < p2 <00 < e
We consider operator Lg such that Loy = —y” with the domain coinciding with the domain

of operator L. In what follows operator Ly plays the role of an unperturbed one. It is known
that its eigenvalues are the numbers

M=M= 02mn+0)? neZ, j=1,2,...,m,

and the associated eigenvectors are the functions e, ;(t) = ei(sz’a)tfj, ne,;j=12....m.
The multiplicity of such eigenvalue is equal to m.

Operators of such class were considered by O.A. Veliev in [I] under the condition b;; € L]0, 1],
1 =1,2,...,m. In that work and under the same assumptions for # the Riesz basis property
was proven for the root functions of operator L in the case of simple eigenvalues of matrix Q).
Estimates for the eigenvalues and eigenvectors of operator L were obtained (see [I, Thm. 2]):

B N N ‘ In |k
My = 27k +0) + p; + O( n/l |>’ er,j(x) = eZ(%He)mfj * O( n/l |)

In the considered case (b;; € L1[0, 1]), it is possible to improve the asymptotics of the eigenvalues
and eigenvectors of operator L and to obtain also the estimates of equiconvergence of the
corresponding spectral resolutions. We note that in work [I], there were not considered the
estimates for the weighted mean in the case of multiple eigenvalues of matrix )y, deviation
of spectral projectors and the equiconvergence. The main result of the work is the following
theorems.

Theorem 1. There exists a natural number | such that the spectrum o(L) of operator L is

represented as
o(L) =5 ( U 5k), (3)

|k|>1

where oy s a finite set of at most 2lm +m eigenvalues, oy, = {Xm, :\/k’g, . ,Xhm}. In the
case of simple eigenvalues p; of matriz Qo the estimates (|k| > 1)

Moy = 2k +0)2 + 5, + O(KI™Y), j=1,2,...,m, (4)
gk’,j _ ei(27rk+9)xfj + O(|k’|_1> (5)

hold true. If eigenvalues p; are semi-simple, the formula
1 <~ 1 _
— D Mg = (2rk +0) Y+ Ok (6)
j=1 j=1

holds true. The spectral projectors P, = P(oy, Ly) and b, = P(o, L) satisfy the asymptotic
representation (|k| > 1)

1P — Pell2 = O(JK[Y),
and

D P = Pell3 < oo (7)
|k|>1

Corollary 1. Operator L is spectral in the sense of Dunford [2] w.r.t. resolution (@
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Theorem 2. The estimate for uniform absolute equiconvergence of spectral resolutions
~ _1
| P(2) — P(Q)]|2 < const O(k, 2),

where P(Q) = . Py, P(Q) = . Py, Q= {i € Z,]i| > 1}, ko = min |k|.
keQ keQ keQ

We note that since projectors P(€2) and P() are similar, the series S P, converges abso-
ke
lutely.

2. ON SIMILAR OPERATORS METHODS

We introduce first the following spaces of operators. By End ‘H we denote the Banach algebra
of operators acting in H with the norm | X||,. Hereafter by A we denote a closed linear
operator acting in H with a domain D(A), a spectrum o(A) and a resolvent set p(A). Operator
A plays a role of an unperturbed operator whose spectral properties are well-studied. By the
symbol £4(#H) we denote the space of operators acting in H and relatively bounded w.r.t.
operator A, i.e., B € £4(H) if D(B) D D(A) and there exists a constant C' > 0 such that
|Bz|| < C(||z|| + ||Az]|), z € D(A). The norm in £4(#) is introduced by the formula || B||4 =
inf{C' > 0 : ||Bz|| < C(||z]| + ||Az||),x € D(A)}. We observe that B € £4(#) means that
there exists g € p(A) such that || B(A—X\oI)™?| is finite. For the considered operator, without
loss of generality we can assume that D(A) = D(B).

Definition 1 ([6]). Two linear operators A; : D(A;)) CH — H, i = 1,2, are called similar
if there exists a continuously invertible operator U € End H, such that UD(Ay) = D(A;) and
AUz =UAyz, x € D(As). Operator U is called operator of transforming operator Ay into As.

As a method of studying operator , , the similar operators method will serve. The main
ideas of the similar operators method are presented in the chronological order in works [3]-[7].
We shall follow work [6]. We note that by means of the similar operators method, the spectral
properties of various differential operators were studied, for instance, in works [§]-[11], [16]. To
operator L with a matrix potential and quasiperiodic boundary conditions this method was not
applied before.

In accordance with the terminology of M.G. Krein, an operator acting in the space of oper-
ators will be called transformer.

One of important notions in the similar operators method is that of admissible triple which
is to satisfy certain condition to make the method applicable.

Definition 2 ([0]). Let M C £4(H) be a linear subspace of operators and J : M — M,
[': M — EndH are transformers. The triple (M, J,T') is called admissible triple for operator
A and M is an admissible perturbation space if the following conditions hold true:

1) M is a Banach space with a norm || - ||a continuously embedded in £4(H), i.c., there
exists a constant C' > 0 such that || X||4 < C||X||m for each X € L4(H);

2) J and T are continuous transformers and J is a projector, i.e., J* = J;

3) TX)D(A) ¢ D(A), ATX —(I'X)A =X —JX, VX € M and Y =T'X is the unique
solution to the equation AY — Y A =X — JX satisfying the condition JY = 0;

4) X(TY), (TX)Y e M, VXY € M, and there exists a constant v > 0 such that

T <, and - max{[|XTY [lag [TXY [ a} < AIX Nl [Y g

5) for each X € M and each € > 0 there exists a number \. € p(A) such that || X (A —
M) < e

Let (M, J,T') be an admissible triple for operator A. We perturbed operator A by some
operator B in the space of admissible perturbations M.
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Theorem 3 ([6]). Suppose that the condition 4||B||pmy < 1 is satisfied. Then operators
A— B and A — JX are similar, i.e.,

(A-B)(I+TX)=(I+TX)(A—-JX),
where operator X € M solves the nonlinear operator equation
X =Br'X — (I'X)(JB) — (I'X)J(BT'X) + B, (8)

and it can be found by method of successive approximations using operator B as the first ap-
porximation.

Sometimes it is difficult to choose a space of admissible perturbations M such that operator
B belongs to M and this space is convenient for further studies. This is why sometimes it is
convenient to make a preliminary similarity transformation of operator A — B into operator
A — B, where Be M (B ¢ M).

Continuations of transformers J and I' on space £4(#) are denoted by the same symbols
and is made by as follows (see [6]). Let \g € p(A) and

JX = J(X(A= D) WA= XI), X €LAH), (9)
TX =T(X(A=XI) NA=XI), X€LAH). (10)

These continuations are well-defined, i.e., they are independent of choice of number Ay € p(A).
If © € D(A), it follows from (9] and that the action of operators JX and I'X on a vector
x is introduced in the same way as in Definition [2| and they are used in Theorem

Such transformation is possible under the validity of the following assumption [6], [12].

Assumption 1. Operators I'B, JB, B satisfy the following conditions:

1)TB € EndH and |I'B|| < 1;

2) ('B)D(A) C D(A) and (AI'B)x — (I'BA)x = Bx — (JB)z, Vo € D(A);

3) BUB, (IB)JB € M;

4) for each number e > 0 there exists a number \. € p(A) such that |B(A — A1) < €.

Theorem 4 ([6], [12]). Suppose Assumption|[1], then operator A— B is similar to an operator
A — B being
A—JB—(I+TB)"Y(BI'B—(I'B)JB) = A— B,

and operator I +'B serves as the operator of transforming A — B into operator A — B.

3. CONSTRUCTION OF ADMISSIBLE TRIPLE FOR AN OPERATOR CLOSE TO Ly

We begin with the following remark. As 6 # 0 and 6 # 7, the eigenvalue A, of operator Lg
has multiplicity m, but as # — 0 and # — 7, the distance between the pairs of corresponding
eigenvalues A, and A_, (§ — 0) or A, and A_(,11) (f — 7) tends to zero. This is why, if we
consider only the case of simple eigenvalues of operator L, then 6 € [e1, 7 — ] U [m+€9, 21 — 3],
where g1, €9, €3 are non-zero small quantities. Under this condition all the estimated obtained
in what follows are uniform in # in the considered segment. In what follows we deal with such
6 only.

Let A: D(A) C ‘H — H be a normal linear unbounded operator having semi-simple eigen-
values

)\n,i:(an+9)2+:ui7 izlv"'7m7 TLEZ,

where a, 6 are constants, 0 € [e1,m — &3] U [m + 9,271 — &3], 11 < po < -+ < fi, and the
associated eigenvectors e, ; form an orthonormalized basis in H. Let P, = P(0,, A) be the
Riesz projectors constructed by spectral set o, = { A1, An2, ..., Aum } of operator A. To each

operator X € End #H, we associate two matrices: operator one X = (X;;), where X;; = P, XP;,
i,j € Z, and a scalar one X = (Zyx,;), where z,,1;, = (Xex,, en,), 0,k € Z, 1 < 4,5 <m.
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By the symbol G5(H) we denote Hilbert-Schmidt ideal of operators in End H. Since projec-
tors P,, n € Z, are orthoprojectors, then the norm in G5(?) can be defined by the formula

IX[5 =D IPXPl5, VX € &a(H), i.jeZ.
,J
In what follows we shall also employ the notation X, for p-th diagonal of operator matrix of
operator X, i.e., X, = > X;;. It is obvious that HXH2 = Z 1X,113, X € Ga(H).

1—j=p
As the space of admissible perturbation we choose space 62(7-[) and we perturb operator A
by an operator B € Go(H). We define a family of transformers by the formula

X = QuXQr+ Y BXP, X €6y(H),

|i]| >k
where Q) = Y P;j and JoX = > P,XP,. It is obvious that ||J;|| = 1 since
i<k i€Z
16 X135 < 1@k X Qx5+ D IPXP3 < || XI5
i>k

On the other hand, if X = ) P, XP,, i.e., matrix of operator X is diagonal, then J, X = X

and [|JpX[l2 = [[ X[

We proceed to constructing of transformer I'y : S3(H) — EndH. First we define it on
operator blocks X;; = P,XP;, where X € G3(H) (and X;; € &3(H)). For each X;;, i # j, we
let I'yX;; = Yi;, where Yj; is a solution to the equation

AYj; —YijA= Xy, i#]j, 1,j€D,
and Y;; = 0. We observe that the latter equation can be rewritten as
AiYi; — YiAj = Xy, (11)
A; = A}Hi’ H; = Ran P,. Since 0(A4;) No(A;) = &, equations are solvable [13], [14] and

const|| X2

Wil < Git(or, )

It follows from [I5] that const can be assumed to be one.
We recover operator I'g.X by operator blocks Y;; = (I'’X);;: T'oX = > (I'X);;, and
]

15115 _
X8 = S IR0 < 3 golsf s < dp Il < a2
0.j i#j v i#]

Thus, operator I'oX belongs to the space Gy(H) and ||To|| < dy', where the symbol dy stands
for rg&ljn dist(oy, 0;).
We define the family of transformers 'y, X by the formula

TwX = DoX — To(QrX Q1) = ToX — QuloX Q. (12)

It follows from this identity that
dy, =dist(on, oxy1) = [(a(k + 1) +0)* + piy, — (ak + 0)* — 4
=[2a*k + 2a6 + p, — 11| = O(k),
Le.,
const

TR X115 < — 5= 11X 13- (13)
It implies that Condition 4 of Definition |2 holds true with 7 of order k7.
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Let us chech other conditions in Definition [2| concerning transformer I". We consider operator
AQ,I'X A~ and represent it as (z € H)

AQ, T XA 'w = QT Xx +Qu(X — JX)A™ 2, z€H.

Since Q,I'X — I'Xx, Q,(X — JX)A 'z — (X — JX)A™ 'z as n — oo, then AQ, [ XA 'z —
Yo € H. Let Q,I' XA 'z — 2y = TXA ', then due to the closedness of operator A we have
zo € D(A) and Axy = yo, where yp = lim y,,.

n—oo

Condition 5) is obvious since
IX(A=AD)THE < X - 1A = AD) ™ loo

at that, the first factor is finite and the other can be chosen arbitrarily small.
Thus, we have proven

Theorem 5. For each k > 0 the triple (&o(H), Ji, ['k) is admissible for operator A.
Theorem [5| and estimate ((13) imply

Theorem 6. There exists a number | > 0 such that operator A — B is similar to the block-
diagonal operator

A= QXQi =) PXP,
i]>1
where X solves nonlinear operator equation (@ with Ty and J;. The operator of transforming

15 the operator I + I'/X an the first approzimation for solution X in the iteration method is
operator B.

Lemma 1. Let X € Gy(H). Then operator TpyX € Go(H) can be represented as
X =YA 2 =A"27, where Z,Y € &5(H).

The proof follows from the matrix representation of operator I'y X, k > 0.

The operator A~z in Lemma |1|is defined on basis vectors as follows: if z = 3 (2, e;0)ein
|
and Ae;r, = \; k€ x, then A=sg = S )\z_k% (z,e;x)€i k-
=
Lemma 2. Under the assumptions of Theorem [, we haveX — B € &1(H) and
IP(X — B)R| <o, i>1, (14)

where {a;} € 1.
Proof. By we have
X — B=BIX —T\XJB - T,XJ(BL,X); J(X — B) = Ji(B[\X) = J(BY A™%)
and J;(X — B) € 6&(H), since the product of two Hilbert-Schmidt operators is a nuclear
_1

operator. Then P;(X — B)P, = PBYA 3P, = Zii\; *, where Z = BY € 6, and Z;; = P,ZP,.
The proof is complete. O

Assume that Theorem [6] holds true. Then the similarity of operators A — B and A — J; X
yields O’(A — B) = O'(A — JZX) = U(A(l)) U ( U|i\>l Az), where A(l) = (A — QZXQZ)‘,HU),
Huy = Ran @ and A; = (P,A — P,X)|H;. Since operator X is unknown and we know only the

first approximation (the second approximation is in fact not used because it is too bulky), then

A; = (P,A— P,B— P(X — B))|H; and the first two operators are known, while for the third
operator we known only estimate from Lemma

The similarity of operators A — B and A — J; X implies also the following representations of
the projectors (U = I +I'/X)

Q =U"'QU, P =U"'PRU,
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where @l is the projector on the space U~'H ), and 151 is the projector on U~'H;. It implies
immediately the formulae

Q= Q= XQ - QUX) U™ P~ P =(XP—PIX)U ™
By Lemmata 1| and [2[ for |i| > [ we obtain
Hﬁz — Py||2 < const &;i

where 9; € [, and
|P, — P, — T\BP; — PT',B||, < const 8/i 2,
where 9§ € l.

4. SIMILARITY TRANSFORMATION OF OPERATOR L

We return back to operator , . We recall that as the unperturbed operator we choose
operator (Ay)(t) = —y"(t), while the perturbation is the operator of multiplication by matrix
potential (By)(t) = —Q(t)y(t). It is obvious that operator matrix consists of the entries
P.BP; = B;_j = (bii—;), 1 < I,k < m, i,j € Z (respectively, scalar matrix reads as (bjz;—;)).
The operators on the diagonals of matrix B;; parallel to the main one are same and on the
main diagonal we have blocks By consisting of matrices By = (o), 1 < [,k < m, where

biko = fol bir(t) dt. Since all the functions by, belong to Ls[0, 1], they are represented by the
Fourier series b (t) = > b e®™™ and Y [bim|? < 00. We note that the convergence of Fourier

m m
series for the perturbation does not ensure the conditionB € Go(H). This is why we first have

to make the preliminary similarity transformation of operator A — B into the operator A — B,
where B € Gy(H).
We define transformer JyB by the formula

JoB=>_P,BP,

nez

where the series > P,BP, converges and its sum is equal to By, i.e., transformer J; is well-
neZ
defined. We note that JoB ¢ Sy(H).

We proceed to operator I'gB. Employing Condition 1 of Assumption [T first we introduce
operator I'0B;; = I''P,BP; = P,I'yBP;, i,j € Z, as a solution Y;; € EndH of the operator
equation
satisfying the condition Y;; = 0. Equations are solvable and each of them has solution [13],
[14]. Since this equation is rewritten as

AiYy; —YijAj = By — JoBij,
where A; = A|H;, H; = Ran P;, A; P, = \; P;, then ([13]-][15])
const|| B ||

A=Al

We recover operator I'gB by operator blocks I'gB;;, i # j, and let us show that I'gB € Go(H).
Indeed,

1Yl <

B,l3 1B, I3 1
FBQZ FBl2: HPQ g pll2
1T Byl @-Zj:p“ oBillz Zj Am?p?(2m(p + 2j) + 20)? 47r2p22j:(27r(p+2j)+29)2’
p#0
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WA
p2

I

the latter series converges and ||ToB,l|3 < cons

9 _ 9 _ [EZAE
[T Bz = ; IToByllz = COHStzp: T

Thus, TyB € &5(H). It is obvious that I'yB € End H and I'yB can be represented as CyA~",
where § < %, since I'yB = I'yBA?A~? and for the operator Cy = I'\BA”, B < % we have

>

A

PBAﬁQZ ||p2 '

IPBA%I; =252 L oy
J

p#0 P

Here the internal series converges if 25 < 1.
We consider operator Bl'yB:

2
150081 = 3|5 BBl < 3 (S 18008, 4l )
P k P k

and two sequences: the sequence &1 = || Bi||oo, by the assumption, &, € lo, and the sequence
B 1
&k = [ToByll2 < ! ;”2(; Gro)? € b

The convolution of two sequences & in ls and & in [y is an element [y, i.e.,

Z(z 61’652([)—]6))2 < Q. ThIlS, BF()B - 62(%)
p k
We consider operator (['oB).JyB. By similar arguments:

> ITeB)JoBl3 <D 1Y (CoB)k(JoB)p-rlly = D IIToB), Boll3
p

P k#0 p#0
<[ Boll% ZH ToB),ll5 < oo,

1.e., (FoB)J(]B € 62(%)
Together with operators I'y and Jy we consider also operators I',, and J,, defined by the
identities:

=QnBQn+ > PuBP;; (16)
|k|>n
I',B =T¢B—Ty(Q,BQ,) =IyB— Q.'\BQ,. (17)

These identities imply that I',,B € Sy(H) for each n. Moreover,
lim |0, B3 = lim [ToB — To(@QuBQn)|3 =0,

and hence, we can choose sufficiently large n such that ||I', B2 < 1.
Lemma 3. Operators I',B, J,B, B satisfy Assumption[]]

Proof. The validity of Conditions 1 and 3 was proven above. Consider Condition 4. Since
B € £4(H) and
IB(A=AD = [BA™2| - A2 (A= AD) 7',

and the last fact can be made arbitrarily small by an appropriate choice of number ..
The inclusion (I'B)D(A) C D(A) is proven in the same way as in Theorem [f| The proof is
complete. 0
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Theorem 7. There exists a number n such that the operator A— B is similar to the operator
A—J,B—(I+T,B)"Bl,B—-T,BJ,B)=A— B,

where A = A — JoB and B = (I + T,B)"Y(BT',B — I',BJ,B) — JoB + J,B € &3(H). The
operator of transforming operator A — B into operator A — B is the operator I + 1", B, where
I',B € Gy(H).

Now it is convenient to choose operator A as the unperturbed operator, and operator B €

G2(H) as the perturbation. We note that JoB, J,B ¢ G3(H) and JoB = > Byly, where the
kez

symbol [ stands for an operator such that Pyl = [P, = Py, [P, = P I, =0 as | # k, i.e.,
operator JyB is formed by the blocks By on the main diagonal, while all other elements of its
operator matrix are zero. Operator J, B — JyB is finite-dimensional and hence, it belongs also
to G2(H), and S;(H). Moreover, the main diagonal of its operator matrix is zero.

We apply Theorem @ to operator A — B and arrive at

Theorem 8. There exists a number | € Z (I > n) such that the operator A — B is similar

to the block-diagonal operator A — J; X, i.e.,
(A—B)I+D)X) = (I +T,X)(A— JX),

where X € G(H) is a solution in the space S2(H) of nonlinear operator equation (§) with the
perturbing operator B and operators I'; and J, defined by formulae (@ and (.)

Theorem [§ implies

Theorem 9. There exist natural numbers n and [ (I > n) such that operator L defined by
identities , (@) 18 similar to an operator block-diagonal w.r.t. the system of projectors Py

d2
— 5 = QuBQ, — Y PBP—QXQ,— Y _ PXP, (18)

dt?
|k|>n |k|>1
where X € Gqo(H) is a solution to nonlinear equation (@ with J; and 'y, X — B ¢ Si1(H),
operator B is from Theorem@ and PyBP, = Qol;. Operator of transforming is
V=I+T,B+0,X+T,B0)X =1+Y", (19)
where Y™ € Gy(H).
Proof of Theorem[1. Theorem [9] yields that

o(L) =o(A-J,B—JX) =5y ( U 5k>,
|k|>1
where 5]€ = O'(Apk — Pk‘B|’Hk — PkX|’Hk>’ APk = )\kPk and O'(PkBPk) = O'(Bo) are known.

We represent operator B as

B=BI,B-T,BJ,B+Y (-1)'I\,B(BT,B —TI,BJ,B) = BT',B —T',BJ,B +T,
k=1
where T} € &;(H). Hence,

DB = Ji(BU,B) + Ty = Y PuBU,BP, + QBT BQ, + JiTi,
|k|>1

Bk] jk
'\,
J#k
éconst|k|_1, |l€|>l.

|| P BT, BPyl||2 =

(ZHanQ) <§%>

J#k
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Thus, if eigenvalues u;, i = 1,2,...,m, of matrix )y are simple, formula holds true, while
if they are semi-simple, formula @ is valid.

__The similarity of operators L and A — B imply that spectral projectors P, of operator A and
Py of operator L are similar and P, can be represented as

Po=(I+Y"P(I+Y™)",
or N
P, — P, = (Y"P, — P,Y"™)(I +Y")~L.
It is obvious that ﬁk — P, € G5(H). We estimate quantites Y™ P, P,Y™ in the norm of
space Gy(H). Taking into account that I X = YA_%, Ir,BI'hX = I‘nBYA_% = ZA_%, where

Y € Gy(H), Z € &,(H), we have
| Bixll3 )é ( 1 )
g — ) +0|(—+—). 20
iz N Aw)? [k 2

Since B = (b;;), i =1,2,...,m, and b;; € Ly[0,1], then sup >_ || Bi||3 < oo is bounded in k and
I

(TwB +T1X + T, BLX) Pelf < (

therefore, [|[Y™ Pg|ls = O(7%). Then

|k
1P~ il =0( ).
||
i.e., formula is true.

The similarity of operator L = A — B defined by formulae , to operator implies
the identity (in the case of simple eigenvalues of matrix Q)

~ l
erj=Verj=er;+Y"er;, |kl >1,

where operator V' is defined by formula (19). In order to prove identity , it remains to
estimate quantity Y”le;w-, and thus, estimate is implied by the estimate

IBal3 \? _ 1 : .
ITnBep,jll2 = (Zm < Tl Z |Birll3 ] = const |k| ™!,

i+k i+k
and the representation of I'X and I',BI'X, X € Gy(H) as YA“3, ZA2, Y € Ga(H),
Z € &1(H). The proof is complete. ]
We recall

Definition 3 ([2]). Let C' : D(C) C H — H be a linear operator whose spectrum can be
represented as the union

o) =Jow, T={N2z}, (21)
kel

of mutually disjoint sets oy, k € J. Let Py be the Riesz projector constructed by set op. Operator
C' s called spectral w.r.t. the resolution (or generalized spectral) if the series ), ; Ppw
converges absolutely for each vector x in H.

Theorem [I] implies immediately Corollary [I}
Proof of Theorem[J. Under the assumptions of Theorem [I] the formula
P(Q) — P(Q) = (Y"P(Q) — P(QY™)(I + Y™
holds true, and hence,

IP(Q) = P(Q)]|2 < const (Y P(Q)l|z + [ PQ)Y™]l5).
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Counsider the former of the norms. Since

Y™ P(Q)]l2 =|TwBP(Q) + T.X P(Q) + T, BT, X P(Q)[|2 < [T, BP(9)]|2
+[[YAT2P(Q) + ZAT2 P(Q)2 < [T BP(Q)]|2 + O(lko| ),

we need to estimate only the quantity ||, BP()]|.

_1
Reproducing the arguments for , we obtain ||[I', BP(Q)[|2 < O(ky ?). The estimate for

the second norm is similar. The proof is complete. O]

1

10.

11.

12.

13.

14.

15.

16.

In conclusion we mention that in work [I] the estimates for the spectral projectors (Theorems
were not considered.

BIBLIOGRAPHY

. O.A. Veliev. Non-self-adjoint sturm-liouville operators with matriz potentials // Matem. Zametki.

81:4, 496-506 (2007). [Math. Notes. 81:4, 440-448 (2007).]

. N. Dunford, J.T. Schwartz. Linear operators. Part III: Spectral operators. Pure and Applied Math-

ematics. VII. Wiley- Interscience, New York (1971).
A.G. Baskakov. Methods of abstract harmonic analysis in the perturbation of linear operators //
Sibir. Matem. Zhurn. 24:1, 21-39 (1983). [Siber. Math. J. 24:1, 17-32 (1983).]

. A.G. Baskakov. A theorem on splitting an operator, and some related questions in the analytic

theory of perturbations // Izv. AN SSSR. Ser. Matem. 50:4, 435-457 (1986). [Math. USSR. Izv.
28:3, 421-444 (1987)]

. A.G. Baskakov. Spectral analysis of perturbed nonquasianalytic and spectral operators // Izv. RAN.

Ser. Matem. 58:4, 3-32 (1994). [Izv. Math. 45:1, 1-31 (1995).]

A.G. Baskakov, A.V. Derbushev, A.O. Shcherbakov. The method of similar operators in the spectral
analysis of non-self-adjoint Dirac operators with non-smooth potentials // 1zv. RAN. Ser. Matem.
75:3, 3-28 (2011). [Izv. Math. 75:3, 445-469 (2011).]

A.G. Baskakov, [.A. Krishtal. On completeness of spectral subspaces of linear relations and ordered
pairs of linear operators // J. Math. Anal. and Appl. 407:1, 157178 (2013).

N.B. Uskova. On estimates for spectral projections of perturbed selfadjoint operators // Sibir.
Matem. Zhurn. 41:3, 712-721 (2000). [Siber. Math. J. 41:3, 592-600 (2000).]

N.B. Uskova. On the spectrum of some classes of differential operators // Differ. Uravn. 30:2,
350-352 (1994). [Diff. Equat. 30:2, 328-330 (1994).]

D.M. Polyakov. Spectral analysis of a fourth-order nonselfadjoint operator with nonsmooth coeffi-
cients // Sibir. Matem. Zhurn. 56:1, 165-184 (2015). [Siber. Math. J. 56:1, 138-154 (2015).]
A.V. Karpikova. Asymptotics for eigenvalues of Sturm-Liouville operator with periodic boundary
conditions // Ufimskij Matem. Zhurn. 6:3, 28-34 (2014). [Ufa Math. J. 6:3, 28-34 (2014)]

T.V. Azarnova, N.B. Uskova. On similarity transformation of operators // Vestnik VGU. Ser. Fiz.
Matem. 2, 121-126 (2007). (in Russian).

Yu.L. Daletskii, M.G. Krein. Stability of solutions of differential equations in Banach space. Nauka,
Moscow (1970). (in Russian).

A.G. Baskakov, V.V. Yurgelas. Indefinite dissipaticity and invertibility of linear differential oper-
ators // Ukr. Matem. Zhurn. 41:12, 1613-1614 (1989). (in Russian).

R. Bhatia, P. Rosental. How and why to solve the operator equation AX — XB =Y // Bull.
London. Math. 29:1, 1-21 (1997).

A.G. Baskakov. Fstimates for the Green’s function and parameters of exponential dichotomy of
a hyperbolic operator semigroup and linear relations // Matem. Sborn. 206:8, 23-62 (2015). [Sb.
Math. 206:8, 1049-1086 (2015).]

Natalia Borisovna Uskova,

Voronezh State Technical University,
Moskovskii av. 14,

394016, Voronezh, Russia

E-mail: nat-uskova@mail.ru



	to1. Introduction
	to2. On similar operators methods
	to3. Construction of admissible triple for an operator close to L0
	to4. Similarity transformation of operator L
	 References

