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MODIFIED RIEMANN-LIOUVILLE INTEGRO-DIFFERENTIAL
OPERATORS IN THE CLASS OF HARMONIC FUNCTIONS
AND THEIR APPLICATIONS

B. T. TOREBEK

Abstract. In this work we study the properties of some modified Riemann-Liouville
integro-differential operators. As an application of the properties of these operators, we
consider some local and nonlocal boundary value problems for Laplace equation in a ball.
We prove existence and uniqueness for the studied problems. These problems generalize
known Dirichlet and Bitsadze-Samarski problems.
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1. INTRODUCTION

Let Q = {x € R": |z| < 1} be the unit ball, n > 2, 00 = {z € R" : |x| = 1} be the unit
sphere. Let u(x) be a harmonic function in domain 2, r = |z|, § = ra7- The operators

I“u](x) = ﬁ / (r — T)O‘_l u(r)dr,

0

D%u)(x) = difl_a [u] (),0 < a < 1,

where 88 = % Z Tjs— a are called the operators of integration and differentiation of order ao > 0

in the sense of Rlemann Liouville [I]. Since I*[u](z) — u(x) a.e. as a — 0 (see [1]), we can let
I°[u](z) = u(z). Then D*[u(z) = F!(x).
In work [2], there were introduced the following operators
BYu] (x) =r*D* [u] (), 0<a<1l, (1)

in the class of harmonic functions. In works by L.I. Bavrin [4], there were studied the properties
of operators

d
5u1—7‘d +/J1,

S d+ d+ d—l—
p Tdr H1 Tdr 222 I rdr Hm |
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1

0, [u] (z) = m—1)!

p

/t‘“_l (1—8)" " (ta)dt

in the class of functions harmonic in a ball, where p; > 0, p; = +m—1,7=1,2,...,m.

Since (m — 1)! = T' (m), in view of the construction of operator ™ we see that this operator
is defined also for the fractional values of parameter m. Then a natural question appear on
defining the inverse operator for ;™ in the case of fractional values of parameter m. Following
work [3], we introduce the modification of operator

0y [u] (x) =r "B [r"u] (z), p>0, 0<a<l

In the present work we construct fractional analogues of operators 5™, 07" and we show that
the results of work [4] are valid for the general case as well.

Let u(x) be a function harmonic in domain 2, o and p be nonnegative real numbers and
pt1=p.

We consider the operators

B,*" [u] (2) = o] Ofl (1-— s)a_l sy (sr)ds, o >0,
u(z), a=0,
B [u] () =4 07 [u](z), 0<a<l, (2)

o [0 [u]] (x), m<a<m+1l, m=12,...

If «a =m and p > 0, for we obtain Bavrin operator B = d,,, while if ¢ = 0 and
0 < o < 1, then Bf coincides with operator .

2. PROPERTIES OF OPERATORS Bg AND B;a

Let Hy(z) be a homogeneous harmonic polynomial of degree k € Ny = {0,1,...}. Then
employing the identities Hy(x) = Hy (r0) = r*H (), one can prove easily the following lemma.

Lemma 1. Let « > 0, > 0 and Hy(z) be a homogeneous harmonic polynomial of degree
ke No=1{0,1,...}. Then the identities
F'(k+m+p+1)
H 3
F'(k+m—a+pu+1) (), 3)
F'k+m—-—a+pu+1)
Fk+m+u+1)

Bﬁ [Hy] (z) =

B, " [Hy] (v) = Hy(z) (4)

hold true.

Theorem 1. Letm < a<m+1, >0 and a function u(x) be harmonic in Q. Then the
functions B [u](z) and B, *[u](z) are harmonic in domain ().

Proof. Since function u(x) is harmonic in ball Q, as |z| < p < 1 it is expanded into the series

[5]

oo hg

u(r) =N u H (@), (5)

k=0 i=1
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where {H ,gi)(x), i =1,...,h} is the complete system of homogeneous harmonic polynomials
of degree k and ug) are coefficients of expansion . Applying formally operator By} to series
and taking into consideration identity , we obtain

oo hg

Pk+m+p+1)
=2 w1 (). (6)

= (k+m—a+p+1)

By the asymptotic estimate for Gamma function it is easy to show that

. (/ T (k+m+p-+1)

koo \| D(k4+m—a+p+1) -

Then the convergence radius of series @ coincides with the convergence radius of series
and thus, its sum is a function harmonic in 2.

Similarly, employing , one can prove that the function B, [u](x) is harmonic. The proof
is complete. O

Theorem 2. Let a function u(x) be harmonic in ball Q). Then for each x € Q) the identities

u(z) = ﬁ / (1—s)*" st B [u] (sz) ds (7)

hold true.

Proof. We represent function u(x) harmonic in ball € as series and transform it as follows:

o~ h
Zi (k+m—a+p+1) Tk+m+p+1) W 9 (1) @)
D(k+m+upu+1) Dh+m—a+p+1) " F 7

k=0 =1

Taking into consideration identities , and the uniform convergence of series in x as
|z| < p < 1, we obtain

Ol |
s /(1 — )Tttt e [H,gl)] (sz)ds
oY
0

Z Z uy, ] )ds = /%s‘”m_anj [u] (sz)ds.

The proof is complete. n
Theorem 3. Let function u(z) be harmonic in domain Q and B [u] (z) € C(Q). Then for
each m < f < o, 1 = 0 the derivative B [u] (x) exists and the formula
1
Bf [u] (x) = m / (1-— s)a_ﬁ_ls”“er_o‘B;v [u] (sz)ds 9)
0
holds true.

Proof. Employing representation @, we rewrite function B [u] () as follows:
oo hyg

L(k+m+pu+1 i) (i
=335 L @)

F'k+m—-0+pu+1)
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T(k+m+p+1) Th+m—atp+1) o, 0
— Z uy” Hy' ()
T (k+m—at+p+ )T (k+m—F+p+1)

k=0 i=
o h O

:Z - _ Uk /(1 — s)a_ﬁ_ls“+m_a33 [H,gi)] (sx)ds
k=0 i=1 o —6)

0
The proof is complete. 0

Theorem 4. Let function u(x) be harmonic in domain Q. Then for each x € §) the identities

B, [By[u]] (z) = By [B,"[u]] (z) = u(x) (10)
hold true.

Proof. We apply operator B, to the function Bj[u](z). By the definition of operator B, * w

have
1

B, [B;u]] / ) MO B ) () ds.

By identity the latter expression is equal to u(z). The first identity in is proven. To
the prover the other, we apply operator By to the function B, “[u](z):

B, [Bi[u]] (x) :ﬁBﬁ /(1 — 5)* sty (s) ds

o [ s d / ma
= / I'(a) T(m+1-a)dr (r—r7) THu (s70) drds.
0

It is easy to make sure that the identities

ro—m—p i
F'(m+1—a)dr

Y ()

i
_ (7"5>amu d / £)™ " thu (t0) dt = B [u] (sz)

and rd% = (rs) ﬁ hold true, where we have taken into consideration that 6 = é—‘ = é—i‘
Hence, we have
1
1
BY [B,*[u]] (z) = (o) / (1—s)* ! s* T B2 u] (sz) ds.
0
The proof is complete. n

Thus, it follows from Theorem |4 that operators B} and B, are mutually inverse in the class
of harmonic functions in ball €.
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3. LOCAL PROBLEM

We consider the following problem.

Problem L. Find a function u(x) harmonic in ball X such that function Bf[u](z) is contin-
wous in Q and satisfies the identity Bi[ul(z) = f(z), x € 0Q, on sphere OS).

We note that similar problems with boundary operators of integer high order were considered
in works [4], [6]-]9], and fractional order operators were studied in works [2], [10]-[14].

Let v(x) be a classical solution to the Dirichlet problem in ball 2

Av(z) =0, z€Q
{ (@) = f(z), €0 (11)

The following statements are true.

Theorem 5. Let f(z) € C(0N2). Then problem L is uniquely solvable and is represented as
u(r) = B, [v] (2),

I

where v(z) solves problem (11]).

Proof. Suppose that Problem L is solvable and a solution is u(z). We apply operator B} to
u(z) and denote B [u](x) = v(z). Since BY [u] (z) € C (), then v(z) € C (Q). Since u(x) is
harmonic in €2, in view of Theorem [l| function v(z) is also harmonic in ball 2 and

(@) oo = By [u] () oo = f(z) .
Thus, function v(z) solves Dirichlet problem (11). At that, if f(z) € C (99), then this problem

is uniquely solvable and v(z) € C' (2) . We apply operator B, to the identity B[u](z) = v(z).

Since the integrals
1

/(1 — )ity () dr
0
have weak singularities at 7 = 0amd 7 =1 asa € [m,m+1), up > 0, p +m — a # 0, such

functions are continuous in z € { once v(z) € C (ﬁ) Hence, we can apply operator B, to
the functions in C' (ﬁ) By the first identity in 1} we obtain identity , ie.,

B, *[v](z) = B, [Bﬁ‘ [uﬂ (x) = u(x).

n
Vice versa, suppose that function v(z) solves Dirichlet problem for f(z) € C(092). It
is clear that v(z) € C' (). We consider function u(z) = B, *[v](x). By the second identity in
(10) we shall have
By [u](x) = By [B;O‘[U]] (x) = v(x).
Therefore, function u(z) is harmonic in §2 and

Bilu] oo = v]aa = f(x).
The proof is complete. O

4. NONLOCAL PROBLEM WHEN THE SUPPORT OF DATA
DO NOT INTERSECT THE BOUNDARY OF DOMAIN

In this section we study the solvability of a nonlocal problem with operator B}, when the
supports of data do not intersect the boundary of domain. Suppose that we are given the

sequences of numbers d; and a;, j = 1,2,. .., satisfying the conditions

0<5j<b<1, Z’j’<00.
j=1
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Consider the following problem. B
Problem N. Find a function u(z) €2 (Q) N (Q) harmonic in ball Q, for which function

B [u] (z) € (Q) satisfies the condition
B2 [u] (z) — ZajBﬁ [u] (6;2) = f(z), x €N (12)

Nonlocal boundary value problems are rather interesting generalizations of classical prob-
lems appearing at the same time in mathematical models for real processes and phenomena in
physics, engineering, sociology, ecology, etc. During several last decades, in mathematical liter-
ature there appeared a series of works devoted to nonlocal problems for differential equations.
One of the first papers was by A.V. Bitsadze and A.A. Samarskii [15], in which new formula-
tions of problems for elliptic equations were proposed and which served as a starting point for
most part of studies in this direction. The considered problem is the simplest generalization
of Bitsadze-Samarskii problem for boundary operators of non-integer order. We note that in
the case a = =0, i.e., as B = Bﬁ = [ is the identity mapping, in the one-dimensional case
similar problems were studied in work [I6], while the case n > 2 was considered in works [17],
[18], [19]. We note also that similar nonlocal problems for boundary operators of fractional
order were studied in works [2], [20], [21], [22].

To study problem N, we shall make use of the following auxiliary theorem.

Theorem 6. Suppose that 0 < 6; <b<1,7=1,2,..., f(x) € C(0Q) and the inequality

= L'(m—pB+4+p+1)
Sl < p=o e 1
j=1 p+1)
holds true. Then
1) if the condition
= L(m—pF+p+1)
14
Zaﬁér(m—aﬂwl) (14)

18 satisfied, then the problem
Av(z) =0,2 € Q
v(@) = 30 ;B ] (6;2) = f(x), = €0Q (15)
1

18 uniquely solvable;
2) if the condition

o0

s T T (m—a+p+1)

holds true, then problem 15 solvable if and only if

/ f(2)ds, = 0; (17)
o0

(16)

3) if the solution exists, then under condition it is unique and under condition (@ it
18 unique up an additive constant.

Proof. Let us study the uniqueness of solution to problem . Suppose that function v(x)
solves problem as f(z) = 0. We denote

M = max [v(x)| = [v(zo)|, 0 € OS2
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If v(x) # const, then the maximum principle for harmonic functions we have |v(z)| < M
for each x € . By the assumption of problem (15) and the definition of operator Bff*a for
f(z) = 0 we obtain

- 1
= |2_ 4B [v] (8;20) Zr'(i / J*h S v (s0;0) | s,
Jj=1 0
Since 0 < 0; < b < 1,57 =1,2,..., then §;z9 € 2 and for each s € [0, 1] the points sd;x, also

belong ball €2. Hence, for each sé;zq € Q2 we have |v (sd;z)| < M and therefore,

= B T (m—a+pu+1)
MY ol BE o] (3j00)] < MO TR ZM
j=1

'(m—pB+pu+1)

If holds true, we obtain the contradiction M < M. Hence, if condltlon holds true,
we necessarily have v(x) = const. Substituting in this case v(z) = C into the formulation of
problem , we have C' = 0, or identity . Thus, under conditions and we get
v(x) =0. If holds true, then an arbitrary constant also solves homogeneous problem ([15).
Indeed, if v(x) = C, substituting in into the formulation of problem ((15)), we have C'— C' = 0.
The uniqueness is proven.

We proceed to studying the existence of solution to problem ([15)). We denote by u(x) =
v(z)| 5 the trace of an unknown harmonic function v(z) on 0€2. We seek a solution to problem
as the Poisson integral

o(z) = / P, y)uly)dS,. (18)

o0N

where P(z,y) = |m y|n is the Poisson kernel for Dirichlet problem . Substituting function
into the formulatlon of problem ([15)), we obtain the following integral equation

Zag/ (1—s)2" g1 ghtm—a /P(S5jx,y),u(y)dsy ds = f(x), €09, (19)
)

for unknown function p(x).
Switching the integration order in the left hand side of identity , we obtain

Z / o5 (052, y)u(y)dS, = f(x),r € 09,

where
1

1 _ —
aﬁ 5 i L y / F S H—l—m—aP (S(ij’y) ds.
0

We denote N
- Z%’Paﬂ (0,x,y), x,y € 0.

Then equation is represented as

/ny (y)dS, = f(x), =z € 0. (20)

We observe that for each z,y € 9Q and 0 < §; <b< 1, j =1,2,..., the conditions
0z —yl=ly—djz| =>1—-0,>21—-0b>0, (21)
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and
62— yI* = |6,y — 2| (22)
hold true. Then it is easy to show that by condition (21), kernel K(z,y) is continuous on
0 x 0f), and by condition it is symmetric, i.e., K(x,y) = K(y,x). Therefore, Fredholm
theorems [23] are applicable to integral equation . It implies easily the statement of the
theorem. Indeed, if conditions and are satisfied, homogeneous problem ((15)) and there-
fore, the homogeneous problem associated with are uniquely solvable. Then by Fredholm
theorem [23] integral equation is solvable for each f(z) € C(092) and therefore, function
is the unique solution to problem ([15). If conditions and are satisfied, then a
constant solves homogeneous problem ([15)). Therefore, in this case the homogeneous integral
equation corresponding to has one linearly independent solution and this solution is the
function p(z) = C, where C' is an arbitrary constant. Since K*(z,y) = K(y,x) = K(x,y), the
dual equation corresponding to also has the solution p*(z) = C.
Then by Fredholm theorem, integral equation is solvable if and only if conditions
are satisfied. Thus, if condition is satisfied, function is also the solution to problem
(15). The proof is complete. [

We proceed to the main problem. The following statement holds true.

Theorem 7. Suppose that 0 < 6; < b<1,j=1,2,..., f(z) € C(0Q) and inequality
holds true. Then

if condition 15 satisfied, then Problem N s uniquely solvable;

if condition 15 satisfied, then Problem N is solvable if and only if condition 18
satisfied; at that, the solution to the problem is unique up an additive constant;

if Problem N s solvable, it is represented as

u(r) = B, [v](x),

o

where v(z) solves problem (15).

Proof. Let u(x) be a solution to Problem N. We apply operator B to function u(x) and denote
Bylu](r) = v(x). By Theorem [2 I for each = € 2 identity @ is true Employing formula @ we

have
By [u] (§;2) = By °[v] (8;2) .

Since u(x) is harmonic in Q by Theorem [1] functlon v(x) is also harmonic in ball © and the
assumption of problem ((15)) are satlsﬁed Thus 1f u(:v) solves Problem N, function v(z) solves
problem . Suppose that conditions and are satisfied. Then by Theorem @ for each
f(x) € C (09) problem is uniquely Solvable and v(z) € C (Q). If we apply operator B~
to the identity B;[u](x) = v(z) by the first identity, Theorem {| implies u(z) = B, [v] (z) for
each z € Q. The harmonicity of this function follows from Theorem [I} while the assumption

of problem is checked straightforwardly:

B lu)(x) — Z ang [u] (6;2) = v(z) — Zang_a ] (0;x) =f(x), =€ 0.
j=1 j=1
The first part of the theorem is proved.
Suppose now that condition is satisfied. Then the identity u(0) = C for the function

w(z) = B [u] (x) = ) a;B

Jj=1

we obtain

w (0) = BY [u] (0) — Z a; B2 [u] (0) =0.



MODIFIED INTEGRO-DIFFERENTIAL OPERATORS ... 81

And since function w(x) solves Dirichlet problem (11]), under the condition w(0) = 0 we arrive
at necessary condition . This, condition ([17)) is necessary for solvability of problem N under
condition . Let us show that condition ((17)) is necessary and sufficient for the solvability
of Problem N under condition (16]). By Theorem |§|, under conditions and , problem
is uniquely solvable up to an additive constant and v(z) € C (ﬁ) Then the function

u(r) = B, *[v](v) satisfies all the assumptions of the theorem. The proof is complete. O

5. NONLOCAL PROBLEM WHEN THE SUPPORTS OF DATA
INTERSECT WITH THE BOUNDARY OF DOMAIN

We consider Problem N when the sequence of numbers §; satisfy the conditions: 0 < §; < 1,
j=12,...,and 6; = 1 as j — oo. The following statement holds true.

Lemma 2. Let f(x) € 002 and

o |a,]
; (1—19;)
Then
1) if conditions (13)—(14) are satisfied, then problem (15 (.) 15 uniquely solvable;
2) if conditions E 10) are satisfied, then problem 1s solvable up to an additive
constant if and only if condition (ﬂ) is satisfied.

Lemma |2 I 2| can be proven in the same way as Theorem |§| At that, by conditions , the
kernel of integral equation (20| is symmetric and bounded.
The main result of this section is the following statement.

Theorem 8. Suppose that 0 < §; <1, j =1,2,..., lim J; =1, f(z) € C(0N) and is
]*)OO

true. Then

1) if conditions - are satisfied, then Problem N is uniquely solvable;

2) if conditions 10) are satisfied, then Problem N is solvable if and only if condition
is satisfied; at that, the solution to the problem is unique up to an additive constant;

3) if Problem N is solvable, then its solution is represented as

u(r) = B, [v](x),
where v(z) solves problem (15).

Proof of Theorem [§]is almost literally reproduces the proof of Theorem [7], where one should
use Lemma [2] instead of Theorem [6l

6. EXAMPLES

Example 1. Let n = 2,0 < « < 1 and g = 0. By Theorem [f the unique solution to Problem
L reads as
1

u(r, ) =B, [v] (r,¢) = % / (1—s)""s™u(rs, p)ds

(07

B / (1—s)*"s [ 1—(rs)’ .
_0/ [(a) 27 [ 1 —2rscos(p—0)+ (Ts)gf (0)d6 o d

_1 /“‘SYH (o) £(0)d6.

() 1—2rscos(p—0)+ (rs)’
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The following identity

1

0

1 _ gyt ~a (1 _ 2 cos [(1 —a) arctgiiTT
/ (1—3) s (1= (rs)”) ds = 20 (1 — o) T—rcos(p—0)| 1

(p—0)

['(a) 1—2rscos(p—0)+ (rs) (1—2rcos(p—0)+r2) 2 2

was proven in [24]. Then finally we obtain

u(z) = = — = ¢ f(0)do.

2

T rsin(p—6)
I(1—a) / coS [(1 — ) arCtg—l—rcoéo(¢—0):| 1
T

(1 —2rcos(p—0)+1r2)>

Example 2. Let a; #0 and a; =0, j =2,3,...
We consider a homogeneous harmonic polynomial of degree p

up(x) = Z cgr - alal
18|=p

We consider the action of operator By on function u,(z). By identity ,

Fip+m+p+1)
F'p+m—a+p+1

By [up] (x) = )up(fv)-

Since wu,(d12) = 0ju,(x), then

Bfi [up] (z) — alBﬁ [up) (017) =

F'(p+m+p+1) Cp+m+p+1)

F@+m—a+u+0%@ﬂ_MF@+m—5+u+D1%@)
F'(p+m+p+1) Fp+m+p+1)

_(F(p+m—a+u+1)_C”F(p+m—ﬁ+u+1> 1) pl0)

Therefore, harmonic polynomial u,(z) is a solution to homogeneous Problem N corresponding

to

r — 1
a; = (ptm=ftpt )(51_p>1.
F'p+m—a+p+1)

We also note that for n = 3, the number of homogeneous harmonic polynomials of degree p is
equal to 2p + 1.
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