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BOUNDARY VALUE PROBLEM
FOR PARTIAL DIFFERENTIAL EQUATION
WITH FRACTIONAL RIEMANN-LIOUVILLE DERIVATIVE

O.A. REPIN

Abstract. For a differential equation involving a fractional order diffusion equations, we
study a non-local problem in an unbounded domain, where the boundary condition involves
a linear combination of generalized operators of a fractional integro-differentiation.

For various values of the parameters of these operators by Tricomi method we prove the
uniqueness of solution to the considered problem. The existence of solution is obtained
in the closed form as a solution to the appropriate equation with fractional derivative of
various order.

Keywords: boundary value problem, generalized operator of fractional integro-
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1. FORMULATION OF PROBLEM
We consider the second order partial differential equation

Ugz — Diyy yu =0, (y>0,0<a<l), (1)
(—y) ™ Ugy — Uy, =0, (m >0,y <0),

where D, , is the Riemann-Liouville fractional derivative of order a of function u(x,y) w.r.t.
the second variable [1]

N 0 1 / u(x, t)dt
(Phe) 00 = 35 5y | T

O<a<l1l,y>0)
in a domain € being the union of the upper half-plane Q" = {(z,y) : —co < & < 400,y > 0}
and domain Q™ lying in the lower half-plane (y < 0) and bounded by the characteristics

2 m+2 2 m+2

AC:fzx—m—H(—y) =0, BC’:nzx-l-m—(_y)

=1

and the segment [0, 1] in the axis y = 0.
We introduce the notation. Let I = (0,1) be the unit interval in the axis y = 0,

1
points (z,0) (z € I) with characteristics AC'.

_2_
Oo(z) =5 —i M} ™ is the intersection of the characteristics of equation leaving
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By I&’f "I we denote the operator of generalized fractional integro-differentiating with Gauss
hypergeometric function F'(a, b; ¢; z) introduced in [2] (see also [1], [3], [4], [5]). For real «, 3,
n and x > 0 it reads as

(1275 (@) = T @ -0 ot f—masl = (Bt (o> 0), o

e (1) (@) (0 <0, =[=a] + 1),

In particular,
(1o2"f) () = f(2), (I ™" f) () = (L5 S) (@), (L") () = (DG f) (), (3)

where I3 and Dg, are the operators of fractional integration and differentiation of order o > 0

[1].
We study a boundary value problem for equation : find a solution u(x,y) to equation (/1)
in domain € satisfying the conditions:

y' g =0 (—oo<2<0, 1<7<00), (4)
A (17 ulOo(®)]) (@) + B (L7 0, (1,0)) (@) = gla), @weD) ()

and the conjugation conditions

. 11— ERT -

Jm oy u(z,y) = lim u(z,y), (@ €)), (6)
: l—-a/, 1—« I 1

yli%L Y (y U(l‘, y))y - yli%l, uy($7 y): (I € ]) (7)

Here § = 5=, a and b are real numbers, at that, a > max{—p,5 — 1}, A and B are real

constants of opposite signs, g(x) is a given function such that g(z) € C*(I) N C*(I).
We shall seek solution u(z,y) of the formulated problem in the class of twice differentiable
functions in domain 2 such that

u(z,y) tends to zero as (2 +y*) — oo,
y' (e, y) € C(QF),  u(z,y) € C(),
vy )y € C(QT U{(ay)  0<z <1,y =0}),
U €EC(QATUQT), uy, € C(Q7).
We note that in papers [6], [7] we studied nonlocal boundary value problems for equation
. This work is a continuation of the mentioned study and is its generalization.

2.  UNIQUENESS OF SOLUTION TO PROBLEM

Suppose that there exists a solution to the formulated problem.
We introduce the notations

. 11—« o . o

Jim y " u(z,y) = (), Jim u(z,y) = (), (8)
: l—-a/, 11—« o : o

Jim = (y " u(z, )y = ni(@), Jim uy(z,y) = e(z), (v €1). (9)

It is known (see, for instance, [6]) that solutions to equation in the half-plane y > 0
satisfying condition (4)) and

lim yl_o‘u(m,y) =m7(x), (zel), (10)
y—0+
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are given by the formula

1
u(z,y) = / Gla,y. t)m (£)dt, (11)
0
where
CKx,yJ>==£%?2y31ei§(—¢x—-ﬂy3)
and

Zn

1,6 _
cas(?) ; T(an + w6 — Bn)’
is a Wright type function [8]. It is also known [9] that a functional relation between 7 (z) and
v1(z) moved from domain QF on the line y = 0 reads as

1 "

v(x) = mﬁ (x). (12)

Let us find a functional relation between 73(z) and v»(x) moved on the line y = 0 from
hyperbolic part 2~ of domain 2.

Employing the solution to the Cauchy problem for equation as y < 0, in work [10] there
was found u[O(z)]. It reads as

ulO0(2)] = n(8) (L7 () (2) = %P1 = ) (157 () (@), (13)

a>p,a>0

where

_T(28) 1 4 \¥1ra-2p)
N TeE)y T2 \mr2) T-5)
Substituting into , taking into consideration —@ and applying the relation [1]

(rprmgiens) @) = (BE) @) (> 0), (14)
we obtain
K <féliﬂ’b’ﬁ_1_a72(t)) (%) + ko (fgil_ﬁ’bwﬂ_l’ﬂ_a_l’/z(U) (z)
(15)
+ B (I (1) (1) = (),
where
k‘l = A’er(ﬁ), ]{?2 = —A’YQF(]. — ﬁ)
We apply the operator Io_f_ﬁ’_b’%_l to the both sides of relation ([15).
Straightforward calculating with employing formulae ((14)) and show that
_ _ 1 /o a B b2
ra(2) = —ks (B770a(0) (@) = ka (B70a() @)+ — (L2777 9(0) (@), (16)
1
where (1-p) B
Yo\l —
ks = ————=, ki=——. 17
S ) I AN () "

Let us estimate the integral
1

I= /TQ(Q’J)I/Q(ZE)d!E.
0
By conjugation conditions @, and relation (12)), we have
1
1
[ / o (2)7 (2)da.

I'l+a) /
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Integrating by parts and taking into account that 71(0) = 7 (1) = 0, we obtain

1 / 2
I /[Tl(x)] iz < 0. (18)

Let us find the lower estimate for integral I.
As g(z) = 0, identity becomes

To(2) = — ks (13;2%@)) () — ka (1(};%@)) ()

x

B ks -
_—mo/l/g(t)(m—t) 25dt— 0/u2 )(z — )",

and therefore,
1 x 1 x
_ 28 ol -8
I=-— 1—25 0/’/2 dl'o/(i’/’ )" iy (t)dt T(1—3) O/Vz(l‘)dxo/(x ) Pia(t)dt.

We employ the known formula for Gamma-function I'(x) [11]

(e o]

_ () T3
p—l = Lk
/s cos(ks)ds o C08 < 5 ) (k>0,0<pu<l).

0

Letting k = |x — t|, u = 23, we obtain

oo 1
— 72 = — z
|z — t| T(25) coswﬁ/ cos(s|z — t])ds <0<6<2>.
0

As k = |z —t|, p = 5, we have

o0

; "L eos(slx — S
(e | ° el

0

|z — t|’ﬁ =

Applying these formulae and Dirichlet formula for switching the order of integration in an
iterated integral, we arrive at the identity

o0 1 2 1 2
b s
I=-— M/swl /yg(x) cos(sx)dx | + /yg(sc) sin(sx)dx ds
7r
0 0 0
00 1 2 1 2 (19)
/{Z4 sin (ﬁ>
- —2/351 /ug(:c) cos(sz)dx | + /Vg(:c) sin(sz)dx ds > 0.
T
0 0 0

It follows from and that I = 0 and hence, in accordance with ,

1
/ 2alal:—O
0

By the identities 71(0) = 71(1) = 0 it implies 71(z) = 0 for each z € I.
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In accordance with formula (L1),

1
/ny, )dt,
0

and it allows to state that u(z,y) = 0 in domain Q.

By conjugation conditions (§), T2(z) = 71 (), and hence, 72(z) = 0. By (9) and it yields
vo(z) = 0. And since u(x,y) = 0 also in domain ©Q~ as the solution to the Cauchy problem
with zero data, it proves the uniqueness of a solution to the original problem.

3. EXISTENCE OF SOLUTION TO PROBLEM

According to , to prove the existence of solution to the studied problem it is sufficient to
find vy (z).
We differentiate twice w.r.t. z

o) = ks (157200 (2) — by (B7P0)) (@) +
kldd_< b B,—b,26—1 t)) ([L’)
or, letting 71(z) = mo(r) = 7(x), 1(z) = va(z) = v(2),
(D520) (2) = A (D30 (@) = () = 1 (@), (20)
where
\__B___ B _ T+a)  wl(l+a)T(5)
__k_Q—A’ygF(l—ﬁ)’ =" ks  pl(1-p) 7
1

—a—f—2,2—b,142
(1277227 %(1)) (a).
In monograph [12] there was considered the equation with fractional derivatives

(Dgyy) (@) = A (D) (@) = py(e) = f(), (21)

where © > 0, « > 6 >0, A\, u € R, f(x) is defined on R, = [0,00). It solution was written as
follows:

)= g

T

@) = [ (o= 0" Gl ~ 011 (0)1

0
Az“'B] ,

(k€ Ny ={0,1,...}),

Here

(n+1,1)
(an+ a,a — B)

- ?_ T(a; + aik) 1
Uy(z) = E 2", o= == —
P — IT5_,L'(b; + B;k) F!

Zvaiabj € (Du aluﬁ] € Ra { :ma .] :m
Famous mathematicians Fox C. [13], [14] and Wright E.M. [15], [16], [17] devoted their works
to these functions.
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Equation is a particular case of equation (21)), and this is why its solution is given by

the formula

T

V() = / (2 — )P Grsnssgon (@ — D)gu(1)dt,
0

(n+1,1)

oo /I/n n
Pz —1)a+28m g (1+28)n—+1+28,5)

Griogatpau(c —t) = o

Mz — t)B] :

n=0

that completes the proof of the existence of solution to the original problem.
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