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TAUBERIAN COMPARISON THEOREMS AND HYPERBOLIC
OPERATORS WITH CONSTANT COEFFICIENTS

YU.N. DROZHZHINOV, |B.I. ZAVIALOV |

Abstract. As Tauberian comparison theorems one usually means theorems which by a
prescribed asymptotic behavior of the ratio of some integral transforms of two (generalized)
functions make a conclusion on asymptotic behavior of other integral transformations of
these functions. In the work we prove the comparison Tauberian function for the generalized
functions whose Laplace transform have a bounded argument. In particular, examples of
these functions are the kernels and the fundamental solutions of differential operators with
constant coefficients hyperbolic w.r.t. a cone.

Keywords: generalized functions, Tauberian theorems, quasi-asymptotics, operators
hyperbolic w.r.t. a cone.

1. INTRODUCTION

Theorems of Tauberian type are the theorems relating asymptotic behavior of a function
(generally speaking, a generalized one) at infinity (or at zero) with the asymptotic behavior of
their Laplace transform, Fourier transform or other integral transforms, of generating functions,
etc., in the vicinity of zero (or of infinity). Theorems inverse to Tauberian theorems are called
Abelian.

By Tauberian comparison theorems one means the theorems in which by a prescribed
asymptotic behavior of quotient of integral transform for two (generalized) functions an
asymptotic behavior of quotient of two other integral transforms is described. As one of the
comparison function, in such theorems a so-called “admissible” generalized function is used.
A typical one-dimensional Tauberian comparison theorem for the measures is the Tauberian
theorem by M.V. Keldysh. We provide it in the formulation of work [I].

Theorem 1.1 (M.V. Keldysh (1951)). Let u(&) and v(§) be positive increasing functions
defined on the half-line (0, 4+00) vanishing in the vicinity of zero. Suppose that u is differentiable
and satisfies the conditinos

Jm () = o0, a< ()

[ du(t) dv(t)
[reom~ [ aram v

then w(€) ~v(§) as & — +oo. Here [5] is the integer part of (.

<p, (1.1)

where 0 < B < a+ 1. If
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Condition ({1.1)) called “M.V. Keldysh Tauberian condition” belongs to admissible conditions
to be satisfied by one of the functions involving in a Tauberian comparison theorem. In
monograph [2] a Tauberian comparison theorem was proven for generalized functions whose
Laplace transform have a non-negative real part.

On basis of a multi-dimensional generalization of a notion of regularly varying function,
in works [2], [3], [4] there was proven a series of multi-dimensional Tauberian theorems in the
asymptotic scale of regularly varying functions; it included also comparison theorems. The scale
of regularly varying functions was expounded in [7]. These theorems had numerous applications
in spectral theory, probability theory and various models of mathematical physics [2], [8], [9].
The present paper is the continuation of work [5]. We show that a generalized function whose
Laplace transform has a bounded argument is admissible. In particular, such functions are
the kernels of operators hyperbolic w.r.t. a cone. We prove a Tauberian comparison theorem,
in which as compared generalized functions we choose kernels and fundamental solutions of
operators hyperbolic w.r.t. homogeneous cones.

2. BASIC NOTATIONS AND SOME DEFINITIONS

Let I" be a closed acute regular bodily homogeneous cone in R™ with the vertex at 0,
=yeR": (y,t)>0,tel], C=intl™
be the dual cone. Among such cones there is, for instance, the light cone of future
[ =VF=[t=(to,t) € R"™ : t5 > |{]]
and the positive quadrantal cone
R ={teR":t; >0,j=1,...,n}.

These two cones are self-adjoint.
By S’(I") we denote the space of tempered functions with supports in cone I'. The Laplace
transform of generalized functions f(t) € S'(I") defined by the formula

Lf()) = f(z) = (f(t),e"™)), z=a+iy, z€R", yeC,

makes an isomorphism of convolution algebra S’(I') onto algebra H(TC) of functions
holomorphic in the tubular domain 7¢ = R” + iC with the polynomial rate of growth at
the boundary:

> (1+2])° , c
fOl<M——F—, z=x+iyeTl"”,
TN 5w)

for some M, a, b depending on f Here Ac(y) is the distance from y to the boundary of cone

C'. Generalized function f(t) € S'(I") is called spectral function for f(z).
The Cauchy kernel of tubular domain 7 is introduced by the formula

Keo(2) = L[Or(t)](2) for ze€TC,

where Or(t) is the characteristic function of cone I'. By the regularity of I', Cauchy kernel is
the divisor of unity in algebra H(T¢). This is why generalized functions ©%(t) defined by the
formula

Ké&(2) = LIOL(t)], —oo < a < oo,
form convolution Abelian group: @%*@? = @?+B . Generalized function (=) = ©¢x f is called
primitive (or derivative for a < 0) of a generalized function f € S’(I") of order a w.r.t. cone I'.
In particular, u(t) = f( du(t) is the primitive of measure du(t) w.r.t. cone I'. And the half

t—T)NT
derivative a = —% w.r.t. the cone of future is the D’Alambert operator
_1
O3 (t) = const(95 — A)d(t), t = (to,t1,12,t3),

+
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By A(T") we denote the set of proper linear automorphisms of cone I' so that
Ue ATl): Ur'cT, detU=.J>0.

Respectively, operator V = (U?)~! defines an automorphism of cone I'* and hence V' C A(T*).
We note that

OX(Ut) = J*1Ox(t).

It is easy to see for the light cone of future V¥ we have @“’/n+ (t) e LY*aso>1— n%l Similarly,

for the positive octant R’} as o > % we have @‘{Ri € Lkc. Suppose we are given a family

{Ux € A(I"), k € I}, where the +oo is the accumulation potin for the set of indices I.
Definition. A complex-valued generalized function u(t) € S'(I') is called g-completely
admissible for family {U, € A(I"), k € I} if

1. u=9(¢t) is locally integrable function;
2. There exists tg € intl" such that
(—q)(U t) teK
U k
Op(t) = ———= t), k— , 2.1

where K is an arbitrary compact in intI', and function ~,(¢) # 0 is continuous in int I';
3. There exists ko such that |y (¢)] < ¢(t) as k > ko and t € int I, where () is a tempered

function in I'.

Definition 2.1. A generalized function u(t) € S’(I') is called g-admissible for cone I' if for
cach family {Uy € A(T"), k € I} there exists a subsequence {Uy,,, m — 00, k,,, € I}, w.r.t. which
generalized function u(t) is g-completely admissible.

We observe that if function wu(t) is g-admissible, it is also (¢ + n)-admissible n = 1,2,....

In works [2],[3], [4], [5] admissible and completely admissible functions were introduced,
the examples were given, and some sufficient condition for g-admissibility were provided.
Such functions cover an important class of functions whose Laplace transform has a bounded
argument. In particular, the kernels of passive operators (their Laplace transform have a non-
negative real part) belong to this class.

Definition 2.2. We shall say that a complex-valued continuously differentiable function
u(t) € S'(T') satisfies generalized Keldysh condition if there exists a set of vectors O C T

U0 c0O, VUeAI); Lin0O)=R"

such that the set
D = {5 cC. ¢ = LA eradu(t))
u(t)

is bounded and D C {¢ € C: Re{ > —1}.

, teintl, ]6\:1,660}

It was shown in work [5] that functions satisfying generalized Keldysh condition are zero-
admissible for cone I' if ' is a positive quadrantal angle or the light cone of future. The following
theorem was proven.

Theorem 2.1. Let u(t) € S'(I") be real and
|arg u(z)| < %m, ze T,

where m is an integer. If
O%(t) € LY,
then u(t) is [(2 4+ o)m]-admissible for T
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3. TAUBERIAN COMPARISON THEOREMS

In work [9], a rather general Tauberian theorem for holomorphic functions of bounded
argument was proven.

Theorem 3.1. Let f(t) € S'(I') and |arg f(2)] < Zm, z € T. Suppose also that we are
given a sequence of numbers {px,r € I} and a family {U, € A(I'),k € I}. If there exists a
domain Q0 C C' such that

1 ~ ~
T f(Vey) — hly), k—oo, ye,
kPk
then for each q¢ > (2 + o)m, where o is such that ©% € LY,
1 teK
T JTO(U) = (), k= oo, (3.1)
JiPr

where v, is continuous, and K is an arbitrary compact set in intI'. Moreover, 7,(iy) =
h(iy)KE(iy) and the estimate

holds true for some ko, where 1¥(t) has a polynomial growth in T.

FENUD] <o), k> ko,

JiPr

We note that in accordance with Theorem [2.1] function ~,(¢) coincides with the function
determined by the condition of ¢g-complete admissibility, see . The proof employs essentially
the general Tauberian theorem of work [2] and a special estimate of Cauchy kernel for an acute
regular cone [6]. We note that in the application it is usually assumed that family {Uy, k > 0} is a
real continuous multiplicative group of linear automorphisms of cone I' such that {U(t), k > 0}
defines phase trajectories of a simplest dynamical system, the real parts of all the eigenvalues
of the generator for this group are of the same sign [10, [11].

The main aim of this work is to prove Tauberian comparison theorem for holomorphic
functions of bounded argument.

Theorem 3.2. Let f(t) € S'(T'), |argf(z)] < ZIm as z € T, and function u(t) is q-
admissible for T, at that, ¢ > (2 + o)m and O% € LY, while {Uy, k € I} is a given family of
linear automorphisms of cone I'. If there exists a domain Q2 C C' such that

f(Viy)
u(Viy)

—ply), k—ookel, yeQ, (3.2)

then
. k— o0, (3.3)

FDUt) 1 2yft) = pl0)
ul=9 (Ujt) a(t)
where K is arbitrary compact set in int,I', p(z) = Lip(t)], and function ~,(t) is defined by

formula .

Jloxazameavcmeo. Suppose that condition (3.2)) is satisfied, while (3.3)) is not, i.e., for some
numbers myg, eo > 0 there exists a subsequence

{Uy,, C AT), kn€l, m— oo}
and a sequence of points {t,, € K} such that

FEDUktm) — (t) % p(t)

u=D(Uy, t) Yq(t)

> €9, M >my. (34)

t=tm
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Letting pp = %u(_Q)(U;{to), in view of g-admissibility of function wu(t) for some subsequence
k
{Us; ,m' — oo} we have

1 u(_q)(Uk t) teK
—_— t — 00. 3.5
i Pl D Trly) Talt), o0 (835)

Here we have omitted primes for m that does not spoils the generality in the proof. Moreover,
for y € Q we have

w9 (Ukmt) _

Vi F(Viy) Ji (v, o
];(k k;;y) B ggvl,:zi k;(g: ::)y) = Bly)KE ™ (iy)g(iy). (3.6)

Here we have taken into consideration that by (3.2) the first fact in the left hand side tends to
p(iy), while, by Lemma 1 in [2] Sect. 5.2|, the second tends to IC(qu) (iy)Y4(7y). In accordance
with Tauberian theorem B.1] for m — oo we have

1 fED(Ut) uD(U, t) tek

T, 1) = £)7q(t). 3.7
J;Z’mpkmf (U uD (Ugt) u=D Uy, to) = p(t)74(t) (3.7)

Comparing relations (3.5)), (3.7), and (3.4), we arrive at the contradiction that completes the
proof. O]

Theorem [3.I] and Theorem [3.2] allow us to study the quasi-asymptotic of the kernels
of differential operators with constant coefficients hyperbolic w.r.t. cone C' and of their
fundamental solutions.

Let U = {Ug, k > 0} be a multiplicative one-parametric group of linear automorphisms of
cone I' so that Uy € A(T"). At that, we assume that {Uit,k > 0,¢ € I'} define phase trajectories
of the dynamical system

dt(r)
dr
in which all the eigenvalues of matrix A being the generator of this group are positive. We recall
the definition of quasi-asymptotics of a generalized function in the scale of regularly varying
functions.

Let f(t) € S'(I') and p(k) be a regularly varying function. We shall say that f possesses a
quasi-asymptotics at zero (at infinity) w.r.t. p(k) by group U, € A(T) if for each test function
Y(t) € S(T') and some g € S'(T'), g £ 0,

1 1
SEU@0) o 0.00) (S 00) o 60.00)) . 68)

for details see [11].
We consider a differential operator with constant coefficients of m-th order

Q) = ) aad”, > laal #0.

|a|<m |a|=m

=At, T=Ink,

Operator Q(0) is called hyperbolic w.r.t. cone C' if there exists a point yo € R™ such that
Qyo —iz) # 0, 2 € TC. We let P(9) = Q(yo + ) so that P(—iz) = Q(yo — iz) # 0 and
therefore, it is a hyperbolic polynomial.

Lemma 3.1. A hyperbolic polynomial P(—iz) non-zero in TC has a bounded argument there.

The proof was provided in [2].
Let P;(0), i = 1,2, by operators hyperbolic w.r.t. C' and &;(t) € S’(T") be their fundamental
solutions so that for the Laplace transform we have

Pi(—i2)&(—iz) =1, i=1,2, zeTC. (3.9)
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In particular, it implies that the Laplace transform of fundamental solutions for hyperbolic
operators have a bounded argument in 7¢ and moreover, for the group {V; € A(C),k > 0}
(more precisely, for the phase trajectories defined by this group),

E(Viy) _ Po(Viy)
gg(ka) P (Viy)’

Employing now Theorem [3.2] we obtain the following Tauberian comparison theorem for the
fundamental solutions of hyperbolic operators.

y e C. (3.10)

Theorem 3.3. Let P;(0), i = 1,2, by operators hyperbolic w.r.t. cone C' = int I'* and E(t) €
S'(T') be their fundamental solutions. Let also o be such that O%(t) € LY. If for some domain
Qe C and group {V; € A(C),k > 0}

Py(Viy) v
Pr(Vey) ply), k= oo, (3.11)

then for some q
EL 7 (Ust) 1<K (1) % p(1)
XU Yt)
Here K is an arbitrary compact set in intI', p(z) = L[p(t)], and function v,(t) is defined by

formula (3.1), in which u(t) should be replaced by Pi(t). At that, ¢ > (24 o)m, where m is
determined by Theorem[2.1]

k — 0. (3.12)

Example. We consider differential operators hyperbolic w.r.t. cone ]R%r

0? 0? 0? 0?
P (0) = ——(ty,t P0)=(=—=+2———+ — | 0(ty,t )
1(0) Ot 0ty (s t2), 2(9) (815% T onot +8t§> (. t2) %
In 7¢ = R? + i]Ri, the Laplace transform of their kernels reads as ﬁl(—iz) = —2z129 and

Py(—iz) = —(22 + 22125 + 22) does not vanish (here m = 4). We have

Pi(y) = piys, () =Ora (1), Paly) = i + 2y190 + 13,

where @Ri (t) is a fundamental solution of operator P, up to a multiplicative constant. As phase
trajectories we use the rays leaving the origin,

1
Ut = kt, ka:Ey, j—f_:Et, T=Ink,

i.e., the generator of the group is the unit matrix. By relation (3.12)) (up to a constant) we have
1= 052@){252(5(151) + 25(t1, t2> + tl(s(tg)]

We observe that this relation is formal since one can not to divide the unit by the factor
from the left, one first should take appropriate primitive w.r.t. cone ]R%r. In accordance with
the theorem, it is sufficient to take the ninth primitive (in fact, the third is enough). Other
numerous applications of Tauberian theorems can be found in Chapter IV of monograph [2].
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