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PRELIMINARY GROUP CLASSIFICATION OF

(2 + 1)-DIMENSIONAL LINEAR ULTRAPARABOLIC

KOLMOGOROV–FOKKER–PLANCK EQUATIONS
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Abstract. We make a preliminary group classification of a class of (2 + 1)-dimensional
ultraparabolic equations invariant under low-dimensional solvable Lie algebras. It is shown
that there exist one, six and four non-equivalent ultraparabolic equations admitting two-,
three-, and four-dimensional solvable Lie algebras, respectively.
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1. Introduction

Let us consider the class of (2 + 1)-dimensional linear ultraparabolic Kolmogorov–Fokker–
Planck equations:

𝑢𝑡 = 𝐴(𝑡, 𝑥, 𝑦)𝑢𝑥𝑥 +𝐵(𝑡, 𝑥, 𝑦)𝑢𝑥 + 𝐶(𝑡, 𝑥, 𝑦)𝑢𝑦 +𝐷(𝑡, 𝑥, 𝑦)𝑢, (1)

where 𝐴, 𝐵, 𝐶 and 𝐷 are arbitrary smooth functions in some domain in R3, 𝐴𝐶 ̸= 0.
The equations from class (1) are widely used for describing various processes in physics and

in mathematical computations in economics [1], [2], [3], [4], [5]. In particular, among famous
equations in class (1) one should mention the following ones:
Kramers equation [1]

𝑢𝑡 = −(𝑥𝑢)𝑦 + (𝑉 ′(𝑦)𝑢)𝑥 + 𝛾(𝑥𝑢+ 𝑢𝑥)𝑥, (2)

which described a particle motion in a fluctuating media, here function 𝑢 = 𝑢(𝑡, 𝑥, 𝑦) is the
probability density, function 𝑉 (𝑦) is an external potential, 𝛾 is a constant;
for calculating Asian option [5] the equation

𝑢𝑡 = −1

2
𝜎2𝑥2 𝑢𝑥𝑥 − 𝑟𝑥 𝑢𝑥 + log 𝑥𝑢𝑦 + 𝑟 𝑢, (3)

or

𝑢𝑡 = −1

2
𝜎2𝑥2 𝑢𝑥𝑥 − 𝑟𝑥 𝑢𝑥 +

𝑥

𝑡0 − 𝑇
𝑢𝑦 + 𝑟 𝑢, (4)

is used, where 𝑢(𝑡, 𝑥, 𝑦) is the value of Asian option depending on a stock rate (variable 𝑥) at
time 𝑡, 𝑦 is the mean stock rate, 𝑇 is the period of a contract, 𝑡0 is the beginning of the contract
(one usually let 𝑡0 = 0), 𝑟 is the interest rate, 𝜎 is the volatility.
As of today, symmetry properties of some sublcasses of class (1) were studied in works [6]–[9].

In particular, in work [7], a group classification of equations in class (2) was made. It was shown
in paper [10] that (3) and (4) are reduced respectively to the equations

𝑢𝑡 = 𝑢𝑥𝑥 − 𝑥𝑢𝑦 (5)
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and
𝑢𝑡 = 𝑢𝑥𝑥 + 𝑒𝑥𝑢𝑦. (6)

We note that for equation (5) obtained by Kolmogorov in 1934, the fundamental solution is
known [2]. Moreover, maximal invariance algebras (MIA) were found for equations (5) and (6)
[8], [9].

Since each equation in class (1) is linear, for fixed values of functions 𝐴, 𝐵, 𝐶, and 𝐷 its
MIA are infinite-dimensional with an operator 𝑝 𝜕𝑢, where function 𝑝 (𝑡, 𝑥, 𝑦) is an arbitrary
smooth solution to equation (1). Thus, in preliminary group classification we exclude from
the consideration operators 𝑝 𝜕𝑢, i.e., we shall seek only finite-dimensional parts of MIA for
equation in class (1). In particular, the aim of the work is to find equations (1), whose MIA
are solvable and have the dimension at most 4.

In studying symmetry properties of class (1), it is impossible to employ the classical Lie-
Ovsyannikov method. The reason is that arbitrary elements 𝐴, 𝐵, 𝐶, and 𝐷 of the studied
class depend on variables 𝑡, 𝑥, and 𝑦. This is why for the preliminary group classification we
shall make use of the method by Zhdanov-Lahno proposed in work [11] (for more details see
[12]). As of today, the mentioned method is employed in considering wide classes of differential
equations [13]–[17].

2. Equivalence transformation and invariance operator for class of
equations (1)

An important role in studying of symmetry properties of a class of differential equations by the
Zhdanov-Lahno method is played by equivalence transformations (point transforms reducing
an arbitrary equation in a chosen class to another equation in the same class). In particular,
Zhdanov-Lahno method is effective in studying classes of differential equations admitting a
wide group of equivalence transformations.

Theorem 1. Equivalence transformations for class of equations (1) read as

𝑡 = 𝑇 (𝑡, 𝑦), 𝑥̄ = 𝑋(𝑡, 𝑥, 𝑦), 𝑦 = 𝑌 (𝑡, 𝑦), 𝑣 = 𝜙(𝑡, 𝑥, 𝑦)𝑢, (7)

where 𝑇 , 𝑋, 𝑌 and 𝜙 are arbitrary smooth functions, 𝜙𝑋𝑥(𝑇𝑡𝑌𝑦 − 𝑇𝑦𝑌𝑡) ̸= 0. They transform
an arbitrary equation in class (1) into another equation reading as

𝑣𝑡 = ̃︀𝐴(𝑡, 𝑥̄, 𝑦)𝑣𝑥̄𝑥̄ + ̃︀𝐵(𝑡, 𝑥̄, 𝑦)𝑣𝑥̄ + ̃︀𝐶(𝑡, 𝑥̄, 𝑦)𝑣𝑦 + ̃︀𝐷(𝑡, 𝑥̄, 𝑦)𝑣, (8)

where functions ̃︀𝐴, ̃︀𝐵, ̃︀𝐶, ̃︀𝐷 are determined by the conditions:

(𝑇𝑡 − 𝐶𝑇𝑦) ̃︀𝐴 = 𝑋2
𝑥𝐴, (9)

(𝑇𝑡 − 𝐶𝑇𝑦) ̃︀𝐵 = 𝑋𝑦𝐶 −𝑋𝑡 +

(︂
𝑋𝑥𝑥 − 2

𝜙𝑥

𝜙
𝑋𝑥

)︂
𝐴+𝑋𝑥𝐵, (10)

(𝑇𝑡 − 𝐶𝑇𝑦) ̃︀𝐶 = 𝑌𝑦𝐶 − 𝑌𝑡, (11)

(𝑇𝑡 − 𝐶𝑇𝑦) ̃︀𝐷 = 𝐷 − 𝜙𝑦

𝜙
𝐶 +

𝜙𝑡

𝜙
+

(︂
2
𝜙2
𝑥

𝜙2
− 𝜙𝑥𝑥

𝜙

)︂
𝐴− 𝜙𝑥

𝜙
𝐵. (12)

The proof of the theorem is based on a direct method of constructing equivalence transfor-
mations, see, for instance, [11].

Remark 1. Equivalence transformations (7) allow us to simplify class (1), for instance, to
let 𝐵 = 𝐷 = 0. However, in preliminary group classification we shall consider exactly equations
(1). It is due to the features of the method employed in the work.

Remark 2. In the case 𝐶𝑥 = 0 there exists a transform reducing equation (1) to the equation
with 𝐶 = 0 that is implied by relation (11)). Thus, we shall consider only the case 𝐶𝑥 ̸= 0.

Before proceeding to applying Zhdanov-Lahno method, let us find the general form of Lie
symmetry operator which is admitted by class of equations (1).
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Theorem 2. Invariance operator of class of equations (1) reads as

𝑋 = 𝜏(𝑡, 𝑦) 𝜕𝑡 + 𝜉1(𝑡, 𝑥, 𝑦) 𝜕𝑥 + 𝜉2(𝑡, 𝑦) 𝜕𝑦 + (𝑟(𝑡, 𝑥, 𝑦)𝑢+ 𝑝(𝑡, 𝑥, 𝑦)) 𝜕𝑢, (13)

where 𝜏 , 𝜉1, 𝜉2, 𝑟 and 𝑝 are unknown smooth functions determined by the system of determining
equations (SDE)

𝐴𝑥 𝜉
1 + 𝐴𝑦 𝜉

2 + 𝐴𝑡 𝜏 + 𝐴
(︀
𝜏𝑡 − 2 𝜉1𝑥 − 𝐶𝜏𝑦

)︀
= 0, (14)

𝐵𝑥 𝜉
1 +𝐵𝑦 𝜉

2 +𝐵𝑡 𝜏 +𝐵
(︀
𝜏𝑡 − 𝜉1𝑥 − 𝐶𝜏𝑦

)︀
+ 𝐴

(︀
2𝑟𝑥 − 𝜉1𝑥𝑥

)︀
− 𝐶𝜉1𝑦 + 𝜉1𝑡 = 0, (15)

𝐶𝑥 𝜉
1 + 𝐶𝑦 𝜉

2 + 𝐶𝑡 𝜏 + 𝐶
(︀
𝜏𝑡 − 𝜉2𝑦 − 𝐶𝜏𝑦

)︀
+ 𝜉2𝑡 = 0, (16)

𝐷𝑥 𝜉
1 +𝐷𝑦 𝜉

2 +𝐷𝑡 𝜏 +𝐷 (𝜏𝑡 − 𝐶𝜏𝑦) + 𝐴𝑟𝑥𝑥 +𝐵𝑟𝑥 + 𝐶𝑟𝑦 − 𝑟𝑡 = 0, (17)

𝑝𝑡 = 𝐴𝑝𝑥𝑥 +𝐵𝑝𝑥 + 𝐶𝑝𝑦 +𝐷𝑝. (18)

The proof of the theorem is based on applying the invariance criterion for differential equa-
tions (see, for instance, monogrpahs [12], [18], [19], [20], [21]).

In view of the fact that we exclude operators 𝑝 𝜕𝑢 responsible for an infinite-dimensional part
of MIA for equation (1), the sought Lie symmetry operator (13) becomes

𝑋 = 𝜏(𝑡, 𝑦) 𝜕𝑡 + 𝜉1(𝑡, 𝑥, 𝑦) 𝜕𝑥 + 𝜉2(𝑡, 𝑦) 𝜕𝑦 + 𝑟(𝑡, 𝑥, 𝑦)𝑢 𝜕𝑢. (19)

3. Low-dimensional solvable Lie algebras for class of equations (1)

It follows from SDE (14)–(17) that for arbitrary values of functions 𝐴, 𝐵, 𝐶 and 𝐷, the
invariance algebra of equation (1) is one-dimensional with the basis operator 𝑢𝜕𝑢. Since this
operator commutes with operators (19), then among two-dimensional algebras only Abelian
algebra [22]

2𝑔1 : [𝑒1, 𝑒2] = 0

can be Lie algebra for equation (1).
In order to construct all possible non-equivalent realization of algebra 2𝑔1, we apply trans-

formations (7) to operator (19):

𝑋̄ =
(︀
𝜏𝑇𝑡 + 𝜉2𝑇𝑦

)︀
𝜕𝑡 +

(︀
𝜏𝑋𝑡 + 𝜉1𝑋𝑥 + 𝜉2𝑇𝑦

)︀
𝜕𝑥̄

+
(︀
𝜏𝑌𝑡 + 𝜉2𝑌𝑦

)︀
𝜕𝑦 +

(︀
𝜏𝜙𝑡 + 𝜉1𝜙𝑥 + 𝜉2𝜙𝑦 + 𝜙 𝑟

)︀
𝑢𝜕𝑣.

(20)

It follows from (20) that in the case (𝜏)2+(𝜉2)2 ̸= 0 there exist transformations which reduces
an arbitrary operator (19) to the operator 𝜕𝑡. In particular, these transformations can be found
by solving the equations

𝜏𝑇𝑡 + 𝜉2𝑇𝑦 = 1, 𝜏𝑋𝑡 + 𝜉1𝑋𝑥 + 𝜉2𝑇𝑦 = 0, 𝜏𝑌𝑡 + 𝜉2𝑌𝑦 = 0, 𝜏𝜙𝑡 + 𝜉1𝜙𝑥 + 𝜉2𝜙𝑦 + 𝜙 𝑟 = 0.

In the case 𝜏 = 𝜉2 = 0, 𝜉1 ̸= 0 we obtain operator 𝜕𝑥̄. If 𝜏 = 𝜉2 = 𝜉1 = 0, then operator (20)
reads as 𝑟𝑣𝜕𝑣 and is reduced to one of the operators:

𝑥̄𝑣𝜕𝑣 (𝑟𝑥 ̸= 0), 𝑡 𝑣𝜕𝑣
(︀
(𝑟𝑡)

2 + (𝑟𝑦)
2 ̸= 0

)︀
, 𝛼𝑣𝜕𝑣 (𝑟 = 𝛼 = 𝑐𝑜𝑛𝑠𝑡).

Therefore, the following theorem holds true.

Theorem 3. An arbitrary operator (19) can be reduced to one of the operators

𝜕𝑡, 𝜕𝑥, 𝑢𝜕𝑢, 𝑡𝑢𝜕𝑢, 𝑥𝑢𝜕𝑢 (21)

up transformations (7) and a non-zero multiplicative constant.

Among operators (21), only the operators 𝜕𝑡, 𝜕𝑥 and 𝑢𝜕𝑢 satisfy SDE (14)–(17). However,
operator 𝜕𝑥 leads us to the condition 𝐶𝑥 = 0 and is excluded from the consideration. Thus, we
obtain one two-dimensional Lie algebra admitting equation (1).
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Theorem 4. Up to equivalence transformations (7), there exists the unique class of equations

𝑢𝑡 = 𝐴(𝑥, 𝑦)𝑢𝑥𝑥 +𝐵(𝑥, 𝑦)𝑢𝑥 + 𝐶(𝑥, 𝑦)𝑢𝑦 +𝐷(𝑥, 𝑦)𝑢 (22)

admitting two-dimensional Lie algebra of symmetry operators (19), namely,

2𝑔1
1 =< 𝜕𝑡, 𝑢𝜕𝑢 > .

For arbitrary values of functions 𝐴, 𝐵, 𝐶 and 𝐷 this algebra is MIA for class of equations (22).

In constructing three-dimensional solvable invariance algebras for class of equations (1), it is
sufficient to add one operator (19) to the operators in algebra 2𝑔11 and to find all possible non-
equivalent realizations satisfying the corresponding commutation conditions and SDE (14)–(17).
At that, we shall make use the transformation

𝑡 = 𝑡+ 𝑇 (𝑦), 𝑥̄ = 𝑋(𝑥, 𝑦), 𝑦 = 𝑌 (𝑦), 𝑣 = 𝜙(𝑥, 𝑦)𝑢 (23)

preserving the form of operator 𝜕𝑡.
In accordance with Mubarakzyanov’s classification [22], there exists 7 non-isomorphic three-

dimensional solvable Lie algebras. However, we need to consider only those which can contain
operator 𝑢𝜕𝑢, namely,

3𝑔1 : [𝑒𝑖, 𝑒𝑗] = 0 (𝑖, 𝑗 = 1, 2, 3); 𝑔2 ⊕ 𝑔1 : [𝑒1, 𝑒2] = 𝑒2; 𝑔3.1 : [𝑒2, 𝑒3] = 𝑒1.

Since constructing of realizations for each of the mentioned algebras is almost the same, we
consider only algebra 3𝑔1 with basis operators:

𝑒1 = 𝜕𝑡, 𝑒2 = 𝑢𝜕𝑢, 𝑒3 = 𝑋,

where 𝑋 is an arbitrary operator (19).
By the condition [𝜕𝑡, 𝑋] = 0 we obtain:

𝑋 = 𝜏(𝑦) 𝜕𝑡 + 𝜉1(𝑥, 𝑦) 𝜕𝑥 + 𝜉2(𝑦) 𝜕𝑦 + 𝑟(𝑥, 𝑦)𝑢 𝜕𝑢.

Applying transformations (23) to operator 𝑋, we have

𝑋̄ =
(︀
𝜏 + 𝜉2𝑇𝑦

)︀
𝜕𝑡 +

(︀
𝜉1𝑋𝑥 + 𝜉2𝑇𝑦

)︀
𝜕𝑥̄ + 𝜉2𝑌𝑦 𝜕𝑦 +

(︀
𝜉1𝜙𝑥 + 𝜉2𝜙𝑦 + 𝜙 𝑟

)︀
𝑢𝜕𝑣. (24)

Making calculations similar to ones in Theorem 3, we obtain the operators:

𝜕𝑥, 𝜕𝑦, 𝑦𝜕𝑡, 𝑦𝜕𝑡 + 𝜕𝑥, 𝑥𝑢𝜕𝑢, 𝑦𝑢𝜕𝑢, 𝑦𝜕𝑡 + 𝑥𝑢𝜕𝑢, 𝑦𝜕𝑡 + 𝑟(𝑦)𝑢𝜕𝑢 (𝑟′ ̸= 0). (25)

Substituting each of operators (25) into SDE (14)–(17) with functions 𝐴, 𝐵, 𝐶 and 𝐷 de-
pending only on variables 𝑥 and 𝑦, we establish that only two realizations of three-dimensional
algebra 3𝑔1 satisfy the assumption of the problem, namely,

3𝑔1
1 =< 𝜕𝑡, 𝑢𝜕𝑢, 𝜕𝑦 >, 𝑢𝑡 = 𝐴(𝑥)𝑢𝑥𝑥 +𝐵(𝑥)𝑢𝑥 + 𝐶(𝑥)𝑢𝑦 +𝐷(𝑥)𝑢;

3𝑔1
2 =< 𝜕𝑡, 𝑢𝜕𝑢, 𝑦𝜕𝑡 + 𝜕𝑥 >, 𝑢𝑡 = 𝑥−1 (𝐴(𝑦)𝑢𝑥𝑥 +𝐵(𝑦)𝑢𝑥 − 𝑢𝑦 +𝐷(𝑦)𝑢) .

Considering algebra 𝑔2⊕𝑔1, we obtain the following four non-equivalent (up to transformations
(23)) realizations

𝑔2 ⊕ 𝑔1
1 =< 𝜕𝑡, 𝑒𝑡𝜕𝑦, 𝑢𝜕𝑢, >, 𝑔2 ⊕ 𝑔1

2 =< −𝑡𝜕𝑡 + 𝜕𝑥, 𝜕𝑡, 𝑢𝜕𝑢 >,

𝑔2 ⊕ 𝑔1
3 =< −𝑡𝜕𝑡 + 𝜕𝑦, 𝜕𝑡, 𝑢𝜕𝑢 >, 𝑔2 ⊕ 𝑔1

4 =< 𝜕𝑡, 𝑒𝑡(𝑦𝜕𝑡 + 𝜕𝑥), 𝑢𝜕𝑢, >

satisfying the assumption of the problem.
However, among the mentioned realizations there are equivalent up to transformations (7).

Indeed, the changes

𝑡 = 𝑦, 𝑦 = 𝑡𝑒𝑦 and 𝑡 = −𝑦−1𝑒−𝑡, 𝑥̄ = 𝑡− 𝑥𝑦

reduce respectively 𝑔2 ⊕ 𝑔1
3 to 𝑔2 ⊕ 𝑔1

1 and 𝑔2 ⊕ 𝑔1
4 to 𝑔2 ⊕ 𝑔1

2.
Thus, we obtain two non-equivalent (up to transformations (7)) realizations of algebra 𝑔2⊕𝑔1

and corresponding classes of equations

𝑔2 ⊕ 𝑔1
1 =< 𝜕𝑡, 𝑒𝑡𝜕𝑦, 𝑢𝜕𝑢, >, 𝑢𝑡 = 𝐴(𝑥)𝑢𝑥𝑥 +𝐵(𝑥)𝑢𝑥 + (𝐶(𝑥)− 𝑦)𝑢𝑦 +𝐷(𝑥)𝑢;
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𝑔2 ⊕ 𝑔1
2 =< −𝑡𝜕𝑡 + 𝜕𝑥, 𝜕𝑡, 𝑢𝜕𝑢 >, 𝑢𝑡 = 𝑒𝑥 (𝐴(𝑦)𝑢𝑥𝑥 +𝐵(𝑦)𝑢𝑥 + 𝐶(𝑦)𝑢𝑦 +𝐷(𝑦)𝑢) .

While considering algebra 𝑔3.1 we also obtain two non-equivalent (up to transformations (7))
realizations and the corresponding classes of equations

𝑔3.1
1 =< 𝑢𝜕𝑢, 𝜕𝑡, 𝜕𝑦 + 𝑡𝑢𝜕𝑢 >, 𝑢𝑡 = 𝐴(𝑥)𝑢𝑥𝑥 +𝐵(𝑥)𝑢𝑥 + 𝐶(𝑥)𝑢𝑦 + (𝐷(𝑥) + 𝑦)𝑢;

𝑔3.1
2 =< 𝑢𝜕𝑢, 𝜕𝑡, 𝑦𝜕𝑡 + 𝜕𝑥 + 𝑡𝑢𝜕𝑢 >, 𝑢𝑡 = 𝑥−1

(︂
𝐴(𝑦)𝑢𝑥𝑥 +𝐵(𝑦)𝑢𝑥 − 𝑢𝑦 +

(︂
𝐷(𝑦) +

𝑥2

2

)︂
𝑢

)︂
.

Combining the obtained results, we arrive at the theorem.

Theorem 5. Up to equivalence transformations (7) there exist six classes of equations (1)
admitting three-dimensional solvable Lie algebras of symmetry operators (19), namely,

3𝑔1
1 =< 𝜕𝑡, 𝑢𝜕𝑢, 𝜕𝑦 >,

𝑢𝑡 = 𝐴(𝑥)𝑢𝑥𝑥 +𝐵(𝑥)𝑢𝑥 + 𝐶(𝑥)𝑢𝑦 +𝐷(𝑥)𝑢; (26)

3𝑔1
2 =< 𝜕𝑡, 𝑢𝜕𝑢, 𝑦𝜕𝑡 + 𝜕𝑥 >,

𝑢𝑡 = 𝑥−1 (𝐴(𝑦)𝑢𝑥𝑥 +𝐵(𝑦)𝑢𝑥 − 𝑢𝑦 +𝐷(𝑦)𝑢) ; (27)

𝑔2 ⊕ 𝑔1
1 =< 𝜕𝑡, 𝑒𝑡𝜕𝑦, 𝑢𝜕𝑢 >,

𝑢𝑡 = 𝐴(𝑥)𝑢𝑥𝑥 +𝐵(𝑥)𝑢𝑥 + (𝐶(𝑥)− 𝑦)𝑢𝑦 +𝐷(𝑥)𝑢; (28)

𝑔2 ⊕ 𝑔1
2 =< −𝑡𝜕𝑡 + 𝜕𝑥, 𝜕𝑡, 𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑒𝑥 (𝐴(𝑦)𝑢𝑥𝑥 +𝐵(𝑦)𝑢𝑥 + 𝐶(𝑦)𝑢𝑦 +𝐷(𝑦)𝑢) ; (29)

𝑔3.1
1 =< 𝑢𝜕𝑢, 𝜕𝑡, 𝜕𝑦 + 𝑡𝑢𝜕𝑢 >,

𝑢𝑡 = 𝐴(𝑥)𝑢𝑥𝑥 +𝐵(𝑥)𝑢𝑥 + 𝐶(𝑥)𝑢𝑦 + (𝐷(𝑥) + 𝑦)𝑢; (30)

𝑔3.1
2 =< 𝑢𝜕𝑢, 𝜕𝑡, 𝑦𝜕𝑡 + 𝜕𝑥 + 𝑡𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑥−1

(︂
𝐴(𝑦)𝑢𝑥𝑥 +𝐵(𝑦)𝑢𝑥 − 𝑢𝑦 +

(︂
𝐷(𝑦) +

𝑥2

2

)︂
𝑢

)︂
. (31)

For arbitrary values of functions 𝐴, 𝐵, 𝐶, and 𝐷 each of the obtained algebras is MIA for the
corresponding class of equations.

4. 4-dimensional solvable Lie algebra of symmetry operators (19) for class
of equations (1)

Before proceeding to constructing 4-dimensional solvable Lie algebras for class of equations
(1), we observe that for some fixed values of functions 𝐴, 𝐵 and 𝐷 equations (27) and (31)
admit algebras of dimension 5 and higher. We exclude such equations from our study. We also
note for class of equations (29) it is more effective to employ the direct method of constructing
MIA instead of Zhdanov-Lahno method. In particular, applying the transformations

𝑡 = −
∫︁

exp
(︀
−
∫︀

𝐵
𝐶
𝑑𝑦

)︀
𝐶

𝑑𝑦, 𝑦 = −𝑡, 𝑥̄ = −𝑥+

∫︁
𝐵

𝐶
𝑑𝑦, 𝑣 = exp

(︂∫︁
𝐷

𝐶
𝑑𝑦

)︂
𝑢

to (29), we obtain

𝑢𝑡 = 𝐴(𝑡)𝑢𝑥𝑥 + 𝑒𝑥𝑢𝑦. (32)

Theorem 6. For arbitrary value of function 𝐴(𝑡), class of equations (32) admit 3-
dimensional MIA of symmetry operators (19):

< 𝜕𝑦, 𝜕𝑥 + 𝑦𝜕𝑦, 𝑢𝜕𝑢 > . (33)

Up to equivalence transformations (7), class of equations (32) admits the extension of Lie
algebra (33) only in two following cases:
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1) function 𝐴(𝑡) solves the equation (︂
𝐴′

𝐴2

)︂′

= 𝑎𝐴 : (34)

<
1

𝐴
𝜕𝑡 +

𝐴′

𝐴2
𝜕𝑥 −

𝑎

2
𝑥𝑢𝜕𝑢, 𝜕𝑦, 𝜕𝑥 + 𝑦𝜕𝑦, 𝑢𝜕𝑢 >,

where 𝑎 ̸= 0 is an arbitrary constant;
2) 𝐴(𝑡) = 1 : < 𝜕𝑡, 𝜕𝑦, 𝜕𝑥 + 𝑦𝜕𝑦, 𝑢𝜕𝑢, 2𝑦𝜕𝑥 + 𝑦2𝜕𝑦 + (𝑒𝑥 − 𝑦) 𝜕𝑢 >.

Remark 3. By the transformation

𝑡 =
𝑎

2

∫︁
𝐴𝑑𝑡, 𝑥̄ = 𝑥− ln𝐴, 𝑦 =

𝑎

2
𝑦, 𝑎̄ =

2

𝑎
,

𝑣 = exp

(︂
𝐴′

2𝐴2
𝑥− 𝑎

2

∫︁
𝐴 ln𝐴𝑑𝑡− 1

4

∫︁
(𝐴′)2

𝐴3
𝑑𝑡

)︂
𝑢

equation (32) with function 𝐴(𝑡) being a solution to equation (34) is reduced to the equation

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + 𝑒𝑥𝑢𝑦 + 𝑥𝑢

with MIA of the form
< 𝜕𝑡, 𝜕𝑦, 𝜕𝑥 + 𝑦𝜕𝑦 + 𝑡𝑢𝜕𝑢, 𝑢𝜕𝑢 > .

Thus, in studying symmetry properties of class of equations (32) we obtain only one equation
with 4-dimensional MIA.

We proceed to constructing 4-dimensional solvable Lie algebras for classes of equations (26),
(28) and (30). In particular, in accordance with Mubarakzyanov’s classification [22] and as-
sumption of the problem, we need to consider the following algebras:

4𝑔1 : [𝑒𝑖, 𝑒𝑗] = 0 𝑖, 𝑗 = 1, 2, 3, 4;

𝑔2 ⊕ 2𝑔1 : [𝑒1, 𝑒2] = 𝑒2;

𝑔3.1 ⊕ 𝑔1 : [𝑒2, 𝑒3] = 𝑒1;

𝑔3.2 ⊕ 𝑔1 : [𝑒1, 𝑒3] = 𝑒1, [𝑒2, 𝑒3] = 𝑒1 + 𝑒2;

𝑔3.3 ⊕ 𝑔1 : [𝑒1, 𝑒3] = 𝑒1, [𝑒2, 𝑒3] = 𝑒2;

𝑔3.4 ⊕ 𝑔1 : [𝑒1, 𝑒3] = 𝑒1, [𝑒2, 𝑒3] = ℎ𝑒2, −1 6 ℎ < 1, ℎ ̸= 0;

𝑔3.5 ⊕ 𝑔1 : [𝑒1, 𝑒3] = 𝑝𝑒1 − 𝑒2, [𝑒2, 𝑒3] = 𝑒1 + 𝑝𝑒2, 𝑝 > 0;

𝑔4.1 : [𝑒2, 𝑒4] = 𝑒1, [𝑒3, 𝑒4] = 𝑒2;

𝑔4.3 : [𝑒1, 𝑒4] = 𝑒1, [𝑒3, 𝑒4] = 𝑒2.

By the calculations we obtain the following non-equivalent 4-dimensional realizations of solvable
Lie algebras and the corresponding equations:

𝑔2 ⊕ 2𝑔1
1 =< 𝜕𝑡, 𝑒𝑡𝜕𝑦, 𝜕𝑥 + 𝜕𝑦, 𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 + (𝑥− 𝑦)𝑢𝑦 + 𝑑𝑢; (35)

𝑔2 ⊕ 2𝑔1
2 =< 𝜕𝑥 − 𝑦𝜕𝑦, 𝜕𝑦, 𝜕𝑡, 𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 + 𝑒−𝑥𝑢𝑦 + 𝑑𝑢; (36)

𝑔3.1 ⊕ 𝑔1
1 =< 𝜕𝑦, 𝜕𝑡, 𝜕𝑥 + 𝑡𝜕𝑦, 𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 − 𝑥𝑢𝑦 + 𝑑𝑢; (37)

𝑔3.2 ⊕ 𝑔1
1 =< 𝜕𝑦, 𝜕𝑡, 𝑡𝜕𝑡 + 𝜕𝑥 + (𝑡+ 𝑦)𝜕𝑦, 𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑒−𝑥 (𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 − 𝑥𝑒𝑥𝑢𝑦 + 𝑑𝑢) ; (38)

𝑔3.2 ⊕ 𝑔1
2 =< 𝑒𝑡𝜕𝑦, 𝑒𝑡(𝜕𝑥 + 𝑡𝜕𝑦),−𝜕𝑡, 𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + (𝑏− 𝑥)𝑢𝑥 − (𝑥+ 𝑦)𝑢𝑦 + 𝑑𝑢; (39)
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𝑔3.4 ⊕ 𝑔1
1 =< 𝑒𝑡𝜕𝑦, 𝑒ℎ𝑡(𝜕𝑥 + 𝜕𝑦),−𝜕𝑡, 𝑢𝜕𝑢 >, ℎ ̸= 0, ℎ ̸= 1,

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + (𝑏− ℎ𝑥)𝑢𝑥 + ((1− ℎ)𝑥− 𝑦)𝑢𝑦 + 𝑑𝑢; (40)

𝑔3.4 ⊕ 𝑔1
2 =< 𝜕𝑡, 𝜕𝑦, 𝑡𝜕𝑡 + 𝜕𝑥 + ℎ𝑦𝜕𝑦, 𝑢𝜕𝑢 >, ℎ ̸= 0, ℎ ̸= 1,

𝑢𝑡 = 𝑒−𝑥
(︀
𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 + 𝑒ℎ𝑥𝑢𝑦 + 𝑑𝑢

)︀
; (41)

𝑔3.5 ⊕ 𝑔1
1 =< 𝜕𝑡, 𝜕𝑦, (𝑦 + 𝑝𝑡)𝜕𝑡 + 𝜕𝑥 + (𝑝𝑦 − 𝑡)𝜕𝑦, 𝑢𝜕𝑢 >, 𝑝 > 0,

𝑢𝑡 =
𝑒−𝑝 𝑥

cos𝑥
(𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 + sin𝑥𝑒𝑝 𝑥𝑢𝑦 + 𝑑𝑢) ; (42)

𝑔4.1
1 =< 𝑢𝜕𝑢, 𝜕𝑦, 𝜕𝑡, 𝜕𝑥 + 𝑡𝜕𝑦 + 𝑦𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 − 𝑥𝑢𝑦 +

(︂
𝑑+

𝑥2

2

)︂
𝑢; (43)

𝑔4.1
2 =< 𝑢𝜕𝑢, 𝜕𝑡, −𝑦𝜕𝑡 + 𝜕𝑥 −

1

2
𝑦2𝑢𝜕𝑢, 𝜕𝑦 + 𝑡𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑥−1 (𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 + 𝑢𝑦 + (𝑑+ 𝑥𝑦)𝑢) ; (44)

𝑔4.3
1 =< 𝜕𝑦, 𝑢𝜕𝑢, 𝜕𝑡, 𝜕𝑥 + 𝑦𝜕𝑦 + 𝑡𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 + 𝑒𝑥𝑢𝑦 + 𝑥𝑢; (45)

𝑔4.3
2 =< 𝑒𝑡𝜕𝑦, 𝑢𝜕𝑢, 𝜕𝑥 + 𝜕𝑦 + 𝑡𝑢𝜕𝑢, −𝜕𝑡 >,

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 + (𝑥− 𝑦)𝑢𝑦 + 𝑥𝑢. (46)

In equations (35)–(46), 𝑎 ̸= 0, 𝑏 and 𝑑 are arbitrary constants.
To each of equations (35)–(46) we apply equivalence transformations (7). The result is

presented in Table 1.

Remark 4. In Table 1, in the first column together with the number of a case we provide
the number of an equation to which we apply the equivalence transformation.

Since equations in cases 1, 3, 5, 6, 9, 10 and 12 are related to classes of equations (27) and
(31) excluded from the consideration, it remains to study only the equations is cases 4, 7 and
8. As a result, we arrive at the following theorem.

Theorem 7. Up to equivalence transformations (7), there exist four classes of equations (1),
whose MIA are four-dimensional solvable Lie algebras of symmetry operators (19), namely,

𝑢𝑡 = 𝑎𝑢𝑥𝑥 + 𝑒𝑥𝑢𝑦 + 𝑥𝑢,

< 𝜕𝑡, 𝜕𝑦, 𝜕𝑥 + 𝑦𝜕𝑦 + 𝑡𝑢𝜕𝑢, 𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑢𝑥𝑥 + ln𝑥𝑢𝑦 +
𝑑

𝑥2
𝑢,

< 𝜕𝑡, 𝜕𝑦, 2𝑡𝜕𝑡 + 𝑥𝜕𝑥 + (2𝑦 − 𝑡)𝜕𝑦, 𝑢𝜕𝑢 >,

𝑢𝑡 = 𝑢𝑥𝑥 + 𝑥𝑘 𝑢𝑦 +
𝑑

𝑥2
𝑢, (𝑘 − 1)2 + 𝑑2 ̸= 0, 𝑘 ̸= −2, 0,

< 𝜕𝑡, 𝜕𝑦, 2𝑡𝜕𝑡 + 𝑥𝜕𝑥 + (2 + 𝑘)𝑦𝜕𝑦, 𝑢𝜕𝑢 >,

𝑢𝑡 =
𝑒−𝑝 𝑥

cos𝑥
(𝑢𝑥𝑥 + sin𝑥 𝑒𝑝 𝑥𝑢𝑦 + 𝑑𝑢) , 𝑝 > 0,

< 𝜕𝑡, 𝜕𝑦, (𝑦 + 𝑝𝑡)𝜕𝑡 + 𝜕𝑥 + (𝑝𝑦 − 𝑡)𝑝𝑦, 𝑢𝜕𝑢 > .
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Table 1. Simplification of equations (35)–(46) by equivalence transofmation (7).

Change of variables Equations after change

1. 𝑡 = 𝑒−𝑡, 𝑥̄ = −𝑥− 𝑏𝑡, 𝑦 = −𝑒−𝑡(𝑦 + 𝑏𝑡+ 𝑏), 𝑢𝑡 =
𝑎
𝑡
𝑢𝑥𝑥 − 𝑥𝑢𝑦

(35) 𝑣 = 𝑒−𝑑𝑡𝑢, 𝑎 → −𝑎

2. 𝑡 = 𝑎𝑡, 𝑥̄ = −𝑥, 𝑦 = 𝑎𝑦, 𝑢𝑡 = 𝑢𝑥𝑥 + 𝑒𝑥𝑢𝑦

(36) 𝑣 = exp
(︁

𝑏
2𝑎
𝑥+

(︁
𝑏2

4𝑎
− 𝑑

)︁
𝑡
)︁
𝑢

3. 𝑡 = 𝑎𝑡, 𝑦 = 𝑎𝑦, 𝑢𝑡 = 𝑢𝑥𝑥 − 𝑥𝑢𝑦

(37) 𝑣 = exp
(︁

𝑏
2𝑎
𝑥+

(︁
𝑏2

4𝑎
− 𝑑

)︁
𝑡
)︁
𝑢

4. 𝑡 = 𝑎
4
𝑡, 𝑥̄ = exp

(︀
𝑥
2

)︀
, 𝑦 = −𝑎

8
𝑦, 𝑢𝑡 = 𝑢𝑥𝑥 + ln𝑥𝑢𝑦+

(38) 𝑣 = exp
(︀

𝑏
2𝑎
𝑥+ 1

4
𝑥
)︀
𝑢 + 𝑑

𝑥2𝑢

5. 𝑡 = −2𝑡, 𝑥̄ = (𝑥− 𝑏)𝑒−𝑡, 𝑢𝑡 = 𝑎𝑒𝑡𝑢𝑥𝑥 − 𝑥𝑢𝑦

(39) 𝑦 = −2(𝑦 + 𝑏)𝑒−𝑡,
𝑣 = 𝑒−𝑑𝑡𝑢, 𝑎 → −2𝑎

6. 𝑡 = 𝑒(ℎ−1)𝑡, 𝑥̄ = (𝑥− 𝑏
ℎ
)𝑒−ℎ𝑡, 𝑦 = (𝑦 + ℎ−1

ℎ
𝑏)𝑒−𝑡, 𝑢𝑡 = 𝑎𝑡𝑘𝑢𝑥𝑥 − 𝑥𝑢𝑦

(40) 𝑣 = 𝑒−𝑑𝑡𝑢, (ℎ− 1)𝑘 = 1− 3ℎ, 𝑘 ̸= −1, −3

7. 𝑡 = 𝑎
4
𝑡, 𝑥̄ = exp

(︀
𝑥
2

)︀
, 𝑦 = 𝑎

4
𝑦, 𝑢𝑡 = 𝑢𝑥𝑥 + 𝑥𝑘 𝑢𝑦+

(41) 𝑣 = exp
(︀

𝑏
2𝑎
𝑥+ 1

4
𝑥
)︀
𝑢, 2(ℎ− 1) = 𝑘, 𝑘 ̸= 0,−2 + 𝑑

𝑥2𝑢

8. 𝑡 = 𝑎𝑡, 𝑦 = 𝑎𝑦, 𝑣 = exp
(︀

𝑏
2𝑎
𝑥
)︀
𝑢 𝑢𝑡 =

𝑒−𝑝 𝑥

cos𝑥
(𝑢𝑥𝑥+

(42) + sin𝑥 𝑒𝑝 𝑥𝑢𝑦 + 𝑑𝑢)

9. 𝑣 = exp
(︁

𝑏
2𝑎
𝑥+

(︁
𝑏2

4𝑎
− 𝑑

)︁
𝑡
)︁
𝑢 𝑢𝑡 = 𝑎𝑢𝑥𝑥 − 𝑥𝑢𝑦+

(43) +𝑥2

2
𝑢

10. 𝑡 = −𝑎𝑦, 𝑥̄ = 𝑥+ 𝑎𝑦3

3
− 𝑏𝑦, 𝑦 = 𝑎𝑡− 𝑎2𝑦4

12
+ 𝑎𝑏𝑦2

2
, 𝑢𝑡 = 𝑢𝑥𝑥 − 𝑥𝑢𝑦

(44) 𝑣 = exp
(︁

𝑥𝑦2

2
+ 𝑑𝑦 − 𝑏𝑦3

6
+ 𝑎𝑦5

20

)︁
𝑢

11. 𝑥̄ = 𝑥− 𝑏2

4𝑎
, 𝑦 = 𝑦 exp

(︁
− 𝑏2

4𝑎

)︁
, 𝑢𝑡 = 𝑎𝑢𝑥𝑥 + 𝑒𝑥𝑢𝑦+

(45) 𝑣 = exp
(︀

𝑏
2𝑎
𝑥
)︀
𝑢 +𝑥𝑢

12. 𝑡 = 𝑒−𝑡, 𝑥̄ = 𝑥+ 𝑎𝑡2 + 𝑏𝑡, 𝑢𝑡 =
𝑎
𝑡
𝑢𝑥𝑥 − 𝑥𝑢𝑦

(46) 𝑦 = 𝑦𝑒−𝑡 −
∫︀

𝑎𝑡2+𝑏𝑡
𝑒𝑡

𝑑𝑡, 𝑎 → −𝑎
𝑣 = exp

(︀
−𝑡𝑥− 1

2
𝑏𝑡2 − 𝑎

3
𝑡3
)︀
𝑢,

5. Summary

Employing Zhdanov-Lahno method and known facts from group analysis of differential equa-
tions, we made the preliminary group classification of a wide class of (2 + 1)-dimensional ul-
traparabolic equations (1) w.r.t. solvable Lie algebras up to dimension 4. In particular, it
was established that class of equations (1) (up to equivalence transformation (7)) admits one
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two-dimensional, six three-dimensional and four four-dimensional solvable MIA of symmetry
operators (19). In order to complete the classification problem w.r.t. finite-dimensional Lie al-
gebras, one needs to study equations (27) and (31) by the direct method and to find all simple
algebras by Zhdanov-Lahno method admitting by class of equations (1).
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