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ON SPECTRAL AND PSEUDOSPECTRAL FUNCTIONS OF
FIRST-ORDER SYMMETRIC SYSTEMS

V.I. MOGILEVSKII

Abstract. We consider first-order symmetric system Jy'— B(t)y = A(t) f(¢) on an interval
7 = [a, b) with the regular endpoint a. A distribution matrix-valued function 3(s), s € R, is
called a pseudospectral function of such a system if the corresponding Fourier transform is a
partial isometry with the minimally possible kernel. The main result is a parametrization of
all pseudospectral functions of a given system by means of a Nevanlinna boundary parameter
7. Similar parameterizations for regular systems have earlier been obtained by Arov and
Dym, Langer and Textorius, A. Sakhnovich.
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1. INTRODUCTION

Let H and H be finite dimensional Hilbert spaces, let H := H & H & H and let [H] be the
set of all linear operators in H. We study the first-order symmetric differential system

Jy — B(t)y = M(t)y, teZ, AeC, (1)

where B(t) = B*(t) and A(t) > 0 are [H]-valued functions defined on an interval Z = [a, b),
b < oo, and integrable on each compact subinterval |a, 5] C Z and

0 0 —Iy ~ ~
J=|0 il; 0 | -HeHeH—-HeH®H. (2)
Iy 0 0

Let $ = LA(Z) be the Hilbert space of functions f : Z — H such that
JA@), F(8)) dt < oo

z
and let Yy(-,A) be the [H]-valued solution of with Yp(a,\) = Ig. An [H]-valued dis-
tribution function X(-) is called a spectral function of system if the Fourier transform
Vs 1 9 — L?(X;H) given by

Mﬁ@=ﬂ@:AWW@NWW% f() e (3)

is an isometry. If X(+) is a spectral function, then the inverse Fourier transform is defined for

each f € 9 by

~

f@=é%@@@@ﬂ@ (4)
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(the integrals in and converge in the norm of L*(X;H) and $, respectively). If the
operator A(t) is invertible a.e. on Z, then spectral functions of system exist. Otherwise the
Fourier transform may have a nontrivial kernel ker V5, and hence the set of spectral functions
may be empty [I, 2, B]. The natural generalization of a spectral function to this case is an
[H]-valued distribution function X(-) such that the Fourier transform V5 of the form is a
partial isometry. If ¥(-) is such a function, then the inverse Fourier transform is valid for
each f € $ & ker V. Therefore, the following problem seems to be interesting:

e To characterize [H]-valued distribution functions 3(-) such that the corresponding Fourier
transform Vs is a partial isometry with minimally possible kernel ker Vs and describe these
functions in terms of boundary conditions.

In the paper we solve this problem applying the extension theory of symmetric linear relations
to symmetric systems. As it is known, system generates the minimal (symmetric) linear
relation Ty, and the maximal relation Th.x(= T,,) in $ (for more details see Sect. .
The domain dom T}, of relation Tj,., is the set of all absolutely continuous functions y € $
satisfying

Jy — B(t)y=A()f(t) (ae. on I) (5)

with some f(-) € $. Moreover, the multivalued part mul 7}, of Ty, is the set of all
f(-) € $ such that the solution y of with y(a) = 0 satisfies A(t)y(t) = 0 (a.e. on Z)
and ii_r)r;(Jy(t), 2(t)) =0, z € dom Tiax.

Recall that system is called regular if 7 is a compact interval and quasi-regular if for any
A € C each solution y of belongs to §). For a quasi-regular (in particular regular) system the
integral in (3)) converges in the norm of §) and hence the Fourier transform ]?() of a function
f() € $ does not depend on a choice of a distribution function (). One can easily show that
for a quasi-regular system

~

mul T ={f €9H: f(s) =0, s e R} (6)

and hence mul T},,;, coincides with the subspace ker U defined in [4, 13].
The following theorem obtained in the paper plays a crucial role in our considerations.

Theorem 1.1. Let X(-) be an [H]-valued distribution function such that the Fourier trans-
form Vs is a partial isometry from § to L*(X;H). Then

mul 71,5, C ker V. (7)

For quasi-regular systems formula directly follows from @ Moreover, under the addi-
tional condition ||V f|| = ||f||, f € dom Tyun, Theorem [1.1] can be derived from the results of
[2] (see Remark [3.7] below).

The inclusion makes natural the following definition.

Definition 1.2. An [H]-valued distribution function ¥(-) is called a pseudospectral function
of system if the Fourier transform V% is a partial isometry with the minimally possible
kernel ker Vss = mul T},

We  call  system (1) absolutely  definite if  the  Lebesgue  measure
of the set {t € Z : A(t) is invertible} is positive. The main result of the paper is a parametriza-
tion of all pseudospectral and spectral functions of absolutely definite system ([1) with deficiency
indices 1 (Thyi) of the minimal relation satisfying n_ (Tiin) < 7y (Tiin). Such a parametriza-
tion is given by the following theorem.
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Theorem 1.3. Let system be absolutely definite and assume for simplicity that
Ny (Tin) = 1 (Twin). Then:

(1) There exist an auziliary finite-dimensional Hilbert space H,, operator functions
Qo(N) (e [H]), S(A\) (e [He H® Hyp, H]) and  a  Nevanlinna  operator  function
M) (€ [Ha Ha®H)), A€ C\R, such that the identities

Q.00 = %(N) + SONGHR) — VM) GNS (R, AeC\R (5)

Y, (s) = 61320 5l_i>rlrr10 % /_1 5 ImQ- (0 + i) do (9)

establish a bijective correspondence between all Nevanlinna pairs 7 = {Co(A), Ci(A)},
Cij(\) € [H® H® Hy|, j €{0,1}, satisfying the admissibility conditions

lim 55(Co(iy) — Ci(iy) M(iy)) ™ Cu(iy) = 0 (10)

lim 5 M (iy) (Co(iy) — Ca(iy) M (iy)) ™ Coliy) = 0 (11)

and all pseudospectral functions ¥.(-) of the system. Moreover, the above statement holds for
arbitrary (not necessarily admissible) Nevanlinna pairs T if and only if lim i]\/[(zy) =0 and
Y—00

lim y - Im(M(iy)h,h) = +o0, h#0.
y—00

(2) In the case mul Ty, = {0} (and only in this case) the set of spectral functions is not
empty and statement (1) holds for spectral functions.

Note that operator function M(\) in is defined in terms of the boundary values of re-
spective operator solutions of at the endpoints a and b, while Q(\) and S(\) are defined
in terms of M(X). Observe also that similar to (8), (9) parametrization of [H & ]/-\I]-valued
pseudospectral functions corresponding to self-adjoint extensions of T,;, can be found in recent
works [B], [0].

Existence of pseudospectral functions follows also from the results of |2, [7]. In these papers
all pseudospectral functions of regular system are parametrized in the form close to (§]), @
Note that the proof of the results of [2] is not complete (for more details see Remark [3.23)).

Recall that system (I]) is called a Hamiltonian system if H = {0}. [H]-valued pseudospectral
functions Xy (-) of a Hamiltonian system corresponding to a certain "truncated” Fourier trans-
form are studied in [4} I, B]. In the case H = C existence of a scalar function X(-) is proved
in [I]. A description of all pseudospectral functions ¥ (-) of a regular Hamiltonian system is
obtained in [4, B]. Such a description is given in terms of a linear-fractional transform of a
Nevanlinna operator pair, which plays a role of a parameter.

Our approach is based on concepts of a boundary triplet for a symmetric relation and the
corresponding Weyl functions (see [8, O, 10, 1T, 12, 13|, 14] and references therein). In the
framework of this approach the operator M(\) in is the Weyl function of an appropriate
boundary triplet for Ty,... Moreover, conditions and are implied by results on II-
admissibility from [1T, [6].

In conclusion note that spectral functions of very general boundary problems were studied
in the recent papers [15, [16].

2. PRELIMINARIES

2.1. Notations. The following notations will be used throughout the paper: $, H denote
Hilbert spaces; [Hi, Ha| is the set of all bounded linear operators defined on the Hilbert space
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‘H; with values in the Hilbert space Ha; [H] := [H, H]; P, is the orthoprojection in $) onto the
subspace £ C $; C, (C_) is the upper (lower) half-plane of the complex plane.
Recall that a closed linear relation from Hg to H; is a closed linear subspace in Ho®Hy. The

set of all closed linear relations from #Hy to H; (in H) will be denoted by C(’HO,H ) (C(H)).
A closed linear operator T' from Hy to 4 is identified with its graph gr T € C(Ho, Hy).
For a linear relation T € C(Ho, H1) we denote by dom T', ran T, ker T" and mul T the domain,

range, kernel and the multivalued part of 7' respectively. Recall that mul7T" ia a subspace in
‘H, defined by

mul7 := {hl e Hi: {O,hl} € T}

Clearly, T € C(Ho,H1) is an operator if and only if mul7T = {0}. The inverse and adjoint
linear relations of T are the relations T € C(H1,Ho) and T* € C(H1, Ho) defined by

= {{hl,ho} e Hi B Hp: {h07h1} € T}
T = {{]ﬁ, k’o} cH D H() : (k’o, ho) — (kﬁl, hl) = 0, {h(), hl} S T}

Recall also that an operator function ®(-) : C\ R — [H] is called a Nevanlinna function if it is
holomorphic and satisfies Im A - Im®()\) > 0 and ®*(\) = ®(\), A € C\ R,

2.2. Symmetric relations and generalized resolvents. Recall that a linear relation
A € C(9) is called symmetric (self-adjoint) if A C A* (resp. A = A*). For each symmet-
ric relation A € C($) the following decompositions hold

H=Ho Gmul A, A:grAOGBrmA,

where mul A = {0} @ mul A and A is a closed symmetric not necessarily densely defined
operator in £ (the operator part of A). Moreover, A = A* if and only if Ay = Aj}.

Let A = A* € C(9), let B be the Borel o-algebra of R and let Ey(-) : B — [§o] be the
orthogonal spectral measure of Ag. Then the spectral measure E4(-) : B — [$)] of A is defined
as EA(B) = E()(B)Pyjo, B e B.

Definition 2.1. Let A = A* € Cf (5) and let i) be a subspace in .6 Relation A is called
$-minimal if span{$, (A — \)"1H: A € C\ R} = §.

Definition 2.2. The relations 7; € C (.7)]-), J € {1,2}, are said to be unitarily equivalent (by
means of a unitary operator U € [$)1, )2]) if Ty = UT} with U =U & U € [9H3, H3].

Let A € C($) be a symmetric relation. Recall the following definitions and results.

Definition 2.3. A relation A = A* in a Hilbert space 5 09H Satigfying A C Ais called an
exit space self-adjoint extension of A. Moreover, such an extension A is called minimal if it is
$H-minimal.

In what follows we denote by gé/lf(A) the set of all minimal exit space self—ad301nt extensions
of A. Moreover, we denote by Self(A) the set of all extensions A = A* € C($) of A (such
an extension is called canonical). As is known, for each A one has Self( ) # 0. Moreover,
Self(A) # 0 if and only if A has equal deficiency indices, in which case Self(A) C Self(A).

Definition 2.4. Exit space extensions ﬁ = ﬁ* € 5(5]) j € {1,2}, of A are called equiv-

alent (Wlth respect to ) if there exists a unitary operator V' € [5’_)1 69, 5’_)2 & 9| such that A1
and Ag are unitarily equivalent by means of U = I @& V.
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Definition 2.5. The operator functions R(-) : C\ R — [$] and F(-) : R — [$)] are called
a generalized resolvent and a spectral function of A respectively if there exists an exit space
extension A of A (in a certain Hilbert space $O $) such that

RA) =Ps(A—=A)""1H%, AeC\R (12)
F(t) = PoE((—00,t)) | $, teER. (13)

Here Py is the orthoprojection in $ onto § and E (+) is the spectral measure of A

In the case A € Self(A) identity defines the canonical resolvent R(A) = (A — A)~L of A.

Proposition 2.6. Fach generalized resolvent R(\) of A is generated by some (minimal) ex-

tension A € ge/lf(A). Moreover, the extensions ﬁb Zg € ée/lf(A) inducing the same generalized
resolvent R(-) are equivalent.

In the sequel we suppose that a generalized resolvent R(-) and a spectral function F(-)

are generated by an extension A 6 ge/lf(A). Moreover, we identify equivalent extensions.
Then by Proposition 1dent1ty glves a bijective correspondence between generalized

resolvents R(\) and extensions A € Self (A), so that each A € Self (A) is uniquely defined by
the corresponding generalized resolvent (spectral function ((13))).
It follows from and that the generalized resolvent R(-) and the spectral function

F(-) generated by an extension A € Self(A) are related by

R(A):/RiFT(t)\), AeR.

Moreover, setting 5%0 = $H o mul A one gets from that
F(oo)(:=s— lim F(t)) = PyP; | 9. (14)

t—-+o0

2.3. The spaces £*(3;H) and L*(3;H). Let H be a finite dimensional Hilbert space. A
non-decreasing operator function X(-) : R — [#H] is called a distribution function if it is left
continuous and satisfies 3(0) = 0.

Theorem 2.7. [17, ch. 3.15|, [I8] Let X(-) : R — [H] be a distribution function. Then:

(1) There exist a scalar measure o on Borel sets of R and a function U : R — [H] (uniquely
defined by o up to o-a.e.) such that ¥(s) > 0 o-a.e. on R, o(la,B)) < oo and
B(B) —X(a) = [ W(s)do(s) for any finite interval (o, ) C R.

[a7ﬁ)
(2) The set L2(X;H) of all Borel-measurable functions f(-) : R — H satisfying

112 ) = / (dS(5)f (), f(s)) = / (W(s) (), f(s))n dor(s) < oo

18 a semi-Hilbert space with the semi-scalar product

(f, 9)c2mm) = /(dZ(S)f(S),g(S)) = /(W(S)f(é’),g(é’))n do(s), f,g9€ L} (3 H).
R R
Moreover, different measures o from statement (1) give rise to the same space L*(X;H).

Definition 2.8. [I7, 18] The Hilbert space L?*(X;H) is a Hilbert space of all equivalence
classes in £2(3;H) with respect to the seminorm || - || z2(s)-
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In the following we denote by 7, the quotient map from £2(3;H) onto L*(X;H). Moreover,
we denote by £2 (3;H) the set of all functions g € £2(3;H) with the compact support and

loc
we put L2 (3, H) = ws L2 (3 H).

loc loc
With a distribution function 3(-) one associates the multiplication operator A = Ay in

L*(%;H) defined by
dom Ay = {f € L*(:H) : sf(s) € £L2(3;H) for some (and hence for all) f(-) € f}

Asf =ms(sf(s)), fedomAs, f()€f. (15)
As is known, A}, = Ay and the spectral measure Ey, of Ay is given by
Ex(B)f =ms(xs()f(), BeB, feLl*(SiH), f()€f, (16)

where xp(-) is the indicator of the Borel set B.
Let K, K’ and H be finite dimensional Hilbert spaces and let X(s)(€ [H]) be a distribution
function. For Borel functions Y(s)(€ [H,K]) and g(s)(€ H) we let

/}R Y (s)dS(s)g(s) = / Y ()W (s)g(s) do(s) (€ K) (17)
where o and ¥(-) are defined in Theorem (1).

2.4. The classes R, (Ho, H1) and R(). Let Ho be a Hilbert space, let H; be a subspace

in Ho and let 7 = {7, 7_} be a collection of holomorphic functions 7. () : C. — C(Ho, H1). In
the paper we systematically deal with collections 7 = {7, 7_} of the special class R, (Ho, H1).
Definition and detailed characterization of this class can be found in our paper [6] (see also
[19, 20, 5], where the notation R(#o,H;) were used instead of R, (Ho, H1)). If dimH; < oo,

then according to [6] the collection 7 = {7, 7_} € R, (Ho, H1) admits the representation
) = {(CoN), LN Hob, A€ T 7 (A) = {(Do(N), Di(A):Ha}, A€ T (18)
by means of two pairs of holomorphic operator functions
(Co(N),C1(N) - Ho ® H1 — Ho, A€ Cy, and (Do(N),D1(N)): Ho B H1 — Hi, e C_
(more precisely, by equivalence classes of such pairs). Identities mean that

T+ (A) = {{ho, u} € Ho ® H1 : Co(A)ho + C1(A)h1 =0}, A e Cy
7'_()\) = {{ho, hl} S Ho S5 Hl : D0<>\)h0 + Dl(/\)hl = 0}, re C_.

In [6] the class R (Ho, H1) was characterized both in terms of C(Ho, M1 )-valued functions 7. ()
and in terms of operator functions C;(-) and D;(-), j € {0,1}, from (18).
If Hi = Ho =: H, then the class R(H) := Ry (H,H) coincides with the well-known class of

Nevanlinna C(#)-valued functions 7(-) (see, for instance, [I1]). In this case the collection (18]
turns into the Nevanlinna pair

T(A) = {(Co(N), C1(N)); H}, A€ C\R, (19)
with Co(N), C1(A) € [H]. Recall also that the subclass R°(H) C R(H) is defined as the set of

all 7(-) € R(H) such that 7()\) = 6(= 6*), A\ € C\ R. This implies that 7(-) € R°(H) if and
only if
T(A) ={(Co, C1); M}, AeC\R, (20)

with some operators Cy, Cy € [H] satisfying Im(C,Cf) = 0 and 0 € p(Cy + iCy) (for more
details see e.g. [5, Remark 2.5]).
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2.5. Boundary triplets and Weyl functions. Here we recall definitions of a boundary
triplet and the corresponding Weyl function of a symmetric relation following [8), [, 13| 12 10,
14, 2T, 6.

Let A be a closed symmetric linear relation in the Hilbert space £, let 91\ (A) = ker (A* — \)
(A€C) be a defect subspace of A, let M\(A)={{f,A\f}: feM(A)} and
let ny(A) ;== dim I\ (A) < 0o, A € Cy, be deficiency indices of A.

Next, assume that H, is a Hilbert space, H; is a subspace in Hy and Hs := Hy© Hq, so that
Ho = Hi @ Hsy. Denote by P; the orthoprojection in Hy onto H;, j € {1,2}.

Definition 2.9. A collection IIy = {#H, & H1, Lo, T}, where I'; : A* — H;, j € {0,1}, are
linear mappings, is called a boundary triplet for A*, if the mapping I' : f — {Tof, 1 f}, f € A*,
from A* into Hy @ H; is surjective and the following Green’s identity holds

(flyg) - (f, 9/) = (Flf/.\a FO/g\)Ho - (FOfA, Fl/g\)Ho + i(Pzroj?, PQFO/g\)HQ
holds for all f = {f, f'}, §={g,g'} € A".

According to [21] a boundary triplet II,. = {Ho & H1,L0, 1} for A* exists if and only if
n_(A) < ny(A), in which case dimH; = n_(A) and dim Hy = n4(A).

Proposition 2.10. [21] Let II, = {Ho @ H1,T0, 1} be a boundary triplet for A*. Then
the identities
Ty [ 90(A) = My (AN [ M(4), AeC.
(1 +iPsTo) | 9 (A) = M_(APLo | M(4), A€ C-

well define the (holomorphic) operator functions My (-) : C. — [Ho, Hi] and
M_(-) : C_ — [H1, Ho| satisfying Mi(\) = M_(\), A€ C_.

Definition 2.11. [2I] The operator functions M () defined in Proposition are called
the Weyl functions corresponding to the boundary triplet II,.

Theorem 2.12. [2I] Let A be a closed symmetric linear relation in 9,
let Iy = {Ho @ H1,T0,T1} be a boundary triplet for A* and let M, (-) be the corresponding
Weyl function. If 7 = {1, 7_} € }N%JF(HO,”HI) 15 a collection of holomorphic pairs , then
for every g € $ and A\ € C\ R the abstract boundary value problem

{f Af+g}eA (21)

CoMNTo{f, Af + 9} = LTS, Af+9t =0, AeCy (22)

Do(MNTo{f,Af + g} = Di(NTW{f, Af +9} =0, AeC_ (23)

has a unique solution f = f(g,\) and the identity R(\)g := f(g,\) defines a generalized

resolvent R(\) = R,;(\) of A. Moreover, 0 € p(74(N\) + M+()\)) and the following Krein-
Naimark formula for resolvents is valid:

Rr(A) = (Ao = N7 =9 (N7 (N) + ML (A) T2 (N), A€ Cy (24)

Conversely, for each generalized resolvent R(\) of A there exists a unique T € §+(Ho, H1) such
that R(\) = R,(\) and, consequently, identity is valid.

Remark 2.13. Tt follows from Theorem that the boundary value problem ([21)-(23) as
well as formula for resolvents give a parametrization of all generalized resolvents

R(\) = R,(\) =Py(A" =N 1$, AeC\R, (25)
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and, consequently, all extensions A=A € ég/lf(A) of A by means of an abstract boundary
parameter 7 € Ry (Ho, H1).

Definition 2.14. An extension Ae §él/f(A) (A € Self(A)) is referred to the class §é/lf0(A)
(resp. Selfg(A)) if mul A = mul A.

Theorem 2.15. Let under the assumptwns of Theorem 7= {7y, 7_} € Ry(Ho, H1) be
a collection of holomorphic pairs and let AT € Self(A) be the corresponding extension of
A (see Remark[2.15). Then:
(1) Identities
8,(\) = A(Co(N) — VM. ()G (N), AeC, (26)
O-(A) = ML (A\)(Co(N) — CLNM,(A)'Co(A) [ Hi, AeCy (27)
define holomorphic [H,]|-valued functions ®.(-) and @T() on C, satisfying Im®,(N) > 0 and
Im®.(\) >0, A € C, . Hence there exist strong limits

By i=s— lim 5 P(Coliy) — Ciliy) My (iy)) ™ Caliy) (28)
B-i=s— lim M. (iy)(Coliy) — Caliy) M. (iy)) ™' Coliy) | Ha (29)

(2) The inclusion A7 € SelfO(A) holds if and only if B, = B, =0

Proof. Statement (1) for ®,(\) was proved in [6, Theorem 4.8|.
Next assume that

Co()\) = (C()l()\), 002()\)) : H1 D Hg — Ho, Do()\) = (D()l()\) Dog()\)) : 7‘[1 D Hg — H1

Mi(A) = (M), N:(N) : Ha @ Hoy = Hi, M_(N)=(MN),N-(N)" :H, — H, D Hy
are the block-matrix representations of Cy(\), Do(A) and My (\). Moreover,let
( ) = (C1(N), Coa(N) : Hy @ Hy — Ho; CL(A) = —Co1(N), AeC,
Mi(A) = (=M YN, =M " A\)NL(\) : Hy @ Ho — Hi, NeCy

Then according to [6], the identities
B, (A) = P (Co(N) — CL(VML () T'CI(N), AeChy ,(N) =B:(X), AeC_ (30)

define a Nevanlinna function @, (- -) : C\R — [H4] (i.e., a holomorphic function ®.(-) such that
Im\ - Im®, (A) > 0 and ®*(\) = &,(}), A € C\ R). The immediate checking shows that

(Po— My (\) =M1 NP, — MY ANNL (NP + Py

and, consequently, Pi(P, — M, ()\))™! = ]\/4\+(>\) (here M ()) is considered as the operator in
Ho). This and imply that for each A € C,.

O, (N) = =P, (C1(A) Py + Cos(A) Py + Con (N PL(Py — My (A) ™) ™ Con(A) =
—Pi(Py — Mo (A)((Ct(N) Pr + Coa(M) Pa)(Pe — My (N) + Con (W) P1) ™' Con(A) =
M (A)(Coa(N) Py — Ci(N) M4 (A) + Cor (M) P1) ™ Cor(A) =
M (A)(Co(A) = CLN) M1 (X)) Co(A) T Ha.

Thus the restriction of ®.(-) on C, admits representation ([27), which yields statement (1) for
D (N).
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It was shown in [6] that the second identity in (30]) can be written as
®-(A) = M(N)(Dor(A) — Di(A)M(A) — iDa(A)N-(A)) ' Do (A), A € C_
Therefore, by one has

~

B, =s— lim 7&.(iy) =s— lim ;& (iy) =

y——+oo W Y——00
s — Mim 5 M(iy)(Doy(iy) — Di(iy) M(iy) — iDoz(iy) N-(iy)) ™ Do (iy).
Now statement (2) follows from [0, Theorem 4.9]. O

Remark 2.16. (1) If Hy = H, := H, then the boundary triplet in the sense of Definition
turns into the boundary triplet IT = {H,[o,I'1} for A* in the sense of [12, 0]. In this
case ny(A) = n_(A)(= dimH) and My (-) turn into the Weyl function M(:) : C\ R — [H]
introduced in [10, [14]. Moreover, in this case M(-) is a Nevanlinna operator function.

In the sequel a boundary triplet II = {#,Ty,T'1} in the sense of [12, O] will be called an
ordinary boundary triplet for A*.

(2) Let ny(A) = n_(A), let II = {H,Ty,I'1} be an ordinary boundary triplet for A* and
let M(-) be the corresponding Weyl function. Then an abstract boundary parameter 7 in

Theorem is a Nevanlinna operator pair 7 € E(H) of the form and identities and
become

By = s = lim 3(Co(iy) — Cu(iy) M(iy)) ™ Cu(iy) (31)
B, = s — lim M (iy)(Coliy) — Caliy) M (i)~ Coliy) (32)

Note that for this case Theorem was proved in [IT], 22].

3. PSEUDOSPECTRAL AND SPECTRAL FUNCTIONS OF SYMMETRIC SYSTEMS
3.1. Symmetric systems. Let H and H be finite dimensional Hilbert spaces, let
Hy=H®H, H=HoH=HoHo®H (33)

and let J € [H] be operator (2)). A first order symmetric system of differential equations on an
interval Z = [a,b), —00 < a < b < oo, (with the regular endpoint a) is of the form

Jy'(t) — B(t)y(t) = NA(t)y, teZ, MNeC, (34)

where B(-) and A(-) are the [H]-valued functions on Z integrable on each compact interval
la, 5] C Z and such that B(t) = B*(t) and A(t) > 0 (a.e. on Z).

An absolutely continuous function y : Z — H is a solution of if identity holds a.e.
on Z. An operator function Y (-, A) : Z — [K,H] is an operator solution of equation (34)) if
y(t) = Y (t, \)h is a solution of this equation for every h € K (here K is a Hilbert space with
dim K < 00).

The following lemma will be useful in the sequel.

Lemma 3.1. Let K be a finite dimensional Hilbert space, let Y (-,-) : T x R — [IC,H] be an
operator function such that Y (-, s) is a solution of and Y (a,-) is a continuous function on
R and let 3(-) : R — [K] be a distribution function. Then for each function g € L3 (3;K) the
identity

ft) = /RY(t,s) dX(s)g(s), teZl (35)
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defines an absolutely continuous function f(-) such that
= —J/ t) + sA(t)Y (t,s)dE(s)g(s) (a.e.on T). (36)
Proof. In accordance with ( , identity (35 . means
£(t) = / Yt 5)U(s)g(s) do(s), teT. (37)
where ¥ and o are defined in Theofem 2.7 (1). Since Y (¢, s) satisfies

Y(t,s) =Y (a,s) — J/ (B(u) + sA(u))Y (u, s)du, te€T, (38)
[a.t)
it follows that Y(+,-) is a continuous function on Z x R. Moreover, one can easily prove that
f | U(s)g(s)|| do(s) < co. Therefore, the integral in exists and
/ [|(B(u) + sA(w))Y (u, s)¥(s)g(s)|| dudo(s) < co. (39)
[a,t)xR

It follows from and the Fubini theorem that

/R (/[(Lt)(B(u) + 5A(u))Y (u, 5)¥(s)g(s) du) do(s) = (40)
/W) (/R(B(U) + sAW)Y (u, s)¥(s)g(s) do(s)) o

Now combining with and taking into account, one gets
fey=Cc—-1J </(B(u) + sA(w))Y (u, s)W(s)g(s) da(s)) du,
[a,t) R
where C' = [Y(a,s)¥(s)g(s)do(s). Hence holds. O
R

Denote by £ (Z) the semi-Hilbert space of Borel measurable functions f(-) : Z — H such that
J(A@®)f(t), f(t)mdt < oo and let $ := LA (Z) be the Hilbert space of all equivalence classes in
I

L3 (Z) |17, Chapter 13.5]. Denote also by ma the quotient map from £3 (Z) onto LA (Z).
For each system . ) the identities

Tmax = {{y, f} € (LA(Z))* : y is absolutely continuous and
Jy'(t) — B(t)y(t) = A(t) f(t) a.e. on I}
and Tipax = (TA @© 7TA) Tmax define the linear relations T, in £4(Z) and Ty, in . Moreover,

the identity
[y, z]p := ltigl((]y(t), 2(t)), v,z € dom Tpax- (41)

well defines the skew-Hermitian bilinear form [-, -], on dom 7p.. By using this form one defines
the relations 7, in £ (Z) and Ty, in §) via

To = {{y, f} € Toax : y(a) =0 and [y, z], =0 for every z € dom Tpax}

and Tyin = (ma ® 7a) T, It turns out that T, is a closed symmetric linear relation in $ with
finite deficiency indices Ny (Tiin) and 705, = Tmax (see [23] for regular and [1, 24] 25, 26] for
general systems). The relations T,;, and Ti,.x are called the minimal and maximal relations
respectively.

The following assertion is immediate from definitions of T1,;, and Ti,ax.
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Assertion 3.2. (1) The multivalued part mul T,y of the minimal relation T, is the set of
all f € LA(Z) such that for some (and hence for all) f € f the solution y of the equation

Jy — Bty = A1), teT

with y(a) = 0 satisfies A(t)y(t) =0 (a.e onZ) and [y, z], =0, z € dom Trax-
(2) The identity mul Try;, = mul Tyay holds if and only if for each function y € dom Tpax the
identity A(t)y(t) =0 (a.e. onT) yields y(a) =0 and [y, z], = 0, z € dom Tpax.

3.2. ¢-pseudospectral and spectral functions. Denote by $, the set of all ]? € $ with
the following property: there exists 3 1S 7 such that for some (and hence for all) function f € f
the identity A(¢)f(t) = 0 holds a.e. on (87,b). Moreover, denote by Yo(-,A) the [H]-valued

operator solution of satisfying Yy(a, \) = Iy. With each fe ), we associate the function
f(-) : R — H given by

Fls) = / Yo (L AW S0 dt, [() e f (42)

By using the well-known properties of the solution Yy(-, A), one can easily prove that f() is a
continuous (and even holomorphic) function on R.

Recall that an operator V € [$)1,$,] is called a partial isometry if ||V f|| = ||f|| for all
JE€H I OkerV.

Definition 3.3. A distribution function ¥(-) : R — [H] will be called a g-pseudospectral
function of the system if f e L2(Y; H) for all f € £, and the operator Vj,f := msf. f € M,
admits a continuation to a partial isometry V = Vi € [$; L*(3; H)).

The operator V = Vi, will be called the Fourier transform corresponding to 3(-).

Clearly, if X(-) is a g-pseudospectral function, then for each f(-) € L£LA(Z) there exists a
unique g(= Vamaf) € L?(3; H) such that for each function g(-) € g one has

9() - /[ Yiaswoal,, <o

L£2(3Z;H)

lim
B1b

Proposition 3.4. Let X(-) be a g-pseudospectral function and let V = Vs be the correspond-
ing Fourier transform. Then for each g € L3 .(3;H) the function

loc

f5(t) = / Yolt,s)dS(s)g(s), o() €7

belongs to LA(Z) and V*g = waf;3(-). Therefore,

V= ([ Y. i) e LE), o) €
R
where the integral converges in the seminorm of L% (Z).

Proof. According to Lemma [3.1] f5(-) is a continuous H-valued function on Z and by

f5(t) = / Yolt, s)¥(s)g(s)do(s), g() €, (43)

where o and U are defined in Theorem [2.7] (1).
Let f.(-) € LA(Z) be a function such that wa fi(-) = V*¢. Moreover, let h € H, let § C Z be
a compact interval and let f(¢) = ys(¢t)h(€ LA(Z)). We show that

[e@.amema = [ (02070 (44

T
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In view of one has

[, amsud = [

T

( [y s>w<s>g<s>>Hda<s>) . (45)

Since Yy(+,-) is a continuous function on Z x R, it follows that

/ [(A(E)f (1), Yo(t, s)T(s)g(s))u| dtdo(s) < co.

Therefore, by the Fubini theorem one has

/;[ ( /R (A) (1), Yolt, s)U(s)g(s))u dg(s)) g
/R (/zwt)f (), Yo(t, 5)¥(s)g(s))m dt) do(s) =
/R (/I(‘Ij(sm*(@S)A(t)f (), 9(5)) dt) do(s) =
/ (q;(s) JRACEEINCIO dt,g(3)>H do(6) = (Venf, Bhscnen =
(raf VDo = [ (10 MO (0.

T

Combining these relations with one gets identity .
It follows from that A(t)f3(t) = A(t)fu(t) (a.e. on Z). Hence f3(-) € LA(Z) and
maf(r) = mafi() = Vg O

Let Vg be the Fourier transform corresponding to the g-pseudospectral function %(-) and let
9y =9H0ker Vs, Ly = V(= Ve$H)) and Ly = L*(X;H) © Ly. Then

H=kerVx @9,  L*(S;H)=Lo® Ly. (46)
Assume also that
)
</ / 1 = / 1 1 =/
=90 Ly, H=kerlsahH)oly =H6 Ly =ker Vs & H (47)
and let V' € [9), L2(3; H)] be a unitary operator of the form
V= (Ve | 9, Ia) : 9 ® Liy — L*(S;H), (48)

where I71 is an embedding operator from L to LA(S; H). Since $ C $, one may consider Ty,

as a linear relation in ).

Lemma 3.5. Let X() be a g-pseudospectral function of the system (34]) and let V' be a

unitary operator . Moreover, let (Tmin)% € C(9) be a linear relation adjoint to Ty in H
and let A = Ay, be the multiplication operator in L?(X;H). Then the identities

F=0"g  Tof =(V)Ag, §edomA (49)
define a self-adjoint operator To in 5’0 such that Ty C (Tmin);‘%.

Proof. 1t is easily seen that (T, min)% = Trax ® (Lg)?. Moreover, in view of one has

(V)G =V5g+ Prag, g€ LS H).
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Therefore, (49)) can be written as
F=Vig+Pug.  Tof =ViAG+ PiAg, §e€domA.
Thus to prove the inclusion T, C (Tmin);% it is sufficient to show that {Viig, ViiAG} € Thax for
all g € dom A.
Let g € domA, ¢(-) € g and let E(-) = Ex(-) be the spectral measure of A. Then
by and for each compact interval 6 C R one has E(§)g = ms(xs(-)g(-)) and

AE(0)g = ms(sxs(s)g(s)). Therefore, according to Proposition VEE(9)g = may(-) and
VIAE(d)g = maf(+), where

y(t):A%(t,S)dE(S)Xa(S)g(S), f(@) Z/RsYo(t, $)dX(s)xs(s)g(s)-

It follows from Lemma [3.1| that y(-) is absolutely continuous and

y(t) =~ / (B(t) + sA)Yo(t, 5) dS(s)xs(s)g(s) (accon T).

Therefore,
Jy' (t) — B(t)y(t) = A(t) /RsYo(t, s)dX(s)xs(s)g(s) = A(t)f(t) (a.e.on I)

and, consequently, {y, f} € Tmax. Hence {VGE(8)g, VEAE(0)g}H (= {may(:), 7af(-)}) € Tmax
and passage to the limit when 6 — R yields the required inclusion {V&g, VEAG} € Thax- O

Theorem 3.6. For each q-pseudospectral function 3(-) of the system the corresponding
Fourier transform Vs satisfies

mul 71, C ker Vs, (50)

(for mul Ty see Assertion[3.3, (1)).
Proof. Let Ty = T* be the operator in 530 defined in Lemma and let (To) be the linear
relation adjoint to Ty in §’ . Then (7 0) = Ty @ (ker Vs )2 and the inclusion Ty C (Tmin)% yields
Tonin C To @ (ker V)2, (51)

Let n € mul Ty,. Then {0,n} € T and by {0,n} € T, @ (ker Vx)2. Therefore, there
exist f € dom Ty and g, ¢’ € ker Vi such that

f+9=0, Tof+4=n

Since f € 56, g € ker V5 and 5{) 1 ker Vs (see (7)), it follows that f = g = 0. Therefore,
Tof = 0 and hence n = ¢’ € ker V5. This yields the inclusion ([50)). ]

Remark 3.7. According to |2, Lemma 5|, the identity
B, f — / Y ) AR F(H)dt, [ € dom TNy, s €R (52)
T

defines a directing mapping ® of Ty, in the sense of [2]. By using this fact and Theorem 1 from
[2] one can prove the inclusion (50) for g-pseudospectral functions (+) satisfying the additional

condition ||V f|| = ||, f € dom Tpmin.

Definition 3.8. A g-pseudospectral function X(-) of the system will be called a pseu-
dospectral function if the corresponding Fourier transform Vs satisfies ker Vs, = mul T},
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Deﬁnition 3.9. A distribution function X(-) : R — [H] will be called a spectral function of
the system (34) if for every f € Jall the inclusion f € L£?(X;H) holds and the Parseval identity

HfHCQ (SH) = HfH;, is valid (for F see ([“2)).

It follows from Theorem |3 - 6| that a pseudospectral function is a g-pseudospectral function (-)
with the minimally possible ker V5. Moreover, the same theorem yields the following assertion.

Assertion 3.10. A distribution function 3(-) : R — [H] is a spectral function of the system
(34) if and only if it is a pseudospectral function with ker Vs(= mul Tyi,) = {0} (that is, with
the isometry Vs,).

In the following we put £ := $H © mul T,,;,, so that
~6 = mul Tmin ¥ f)O~ (53)
Moreover, for a pseudospectral function X(-) we denote by Vjy = Vi » the isometry from $), to
L*(3; H) given by
‘/072 = VE r.ﬁo (54)
Clearly, V5 admits the representation

Ve = (0, Vox) : mul Ty @ Ho — L*(Z; H) (55)

3.3. Pseudospectral functions and extensions of the minimal relation. Recall that
system ([34)) is called definite if for some (and hence for all) A € C there exists only the trivial
solution y = 0 of this system satisfying A(¢)y(¢t) = 0 a.e. in Z. We also introduce the following
definition.

Definition 3.11. System will be called absolutely definite if the Lebesgue measure of
the set {t € Z: A(t) is invertible} is positive.

Remark 3.12. (1) Clearly, each absolutely definite system is definite. Moreover, one can
easily construct definite, but not absolutely definite system (even with B(t) = 0 and
continuous A(?)).

(2) It is known (see e.g. [24]) that the maximal relation Ty, induced by the definite sym-
metric system possesses the following property: for any {7, f} € Thax there exists a unique
absolutely continuous function y € £34(Z) such that y € ¥ and {y, f} € Tmax for any f € 7.
Below we associate such a function y with each pair {7, f} € Thax-

Similarly to [5, Proposition 6.9] one proves the following proposition.

Proposition 3.13. Let X(-) be a g-pseudospectral function of the definite system and let
Lo be a subspace in L*(3;H) given by Lo = Vs$. Then the multiplication operator As is
Lo-minimal (in the sense of Definition .

For a Hilbert space ?J D $ we put .%0 = fj © mul T iy, so that
5 = mul Ty, © 50- (56)
It is clear that £y C 550 (for Ho see (H3)).

Let T € Selfo( Tmin) be a linear relation in a Hilbert space 53 D $ and let .6 be decomposed
as in (p6) (for the class Self, see Definition u In the sequel we denote by Tg the operator
part of T'. Since mul 7 = mul 7, in, it follows that To is a self-adjoint operator in 530 Let Eo(+)
be the orthogonal spectral measure of Ty and let Fy(-) : R — [$)o] be a distribution function

given by N
F()(t) = Pf,)OEO((_OO’t)) r~607 le R, (57)
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where ]350 is the orthoprojector in 50 onto Ho. It is clear that a spectral function F(-) of Tinin
generated by T is of the form

F(t) = diag (Fy(t), 0) : 99 @ mul Tiin — $Ho & mul Tiyiy. (58)

Proposition 3.14. Let system be definite. Then for each pseudospectral function 3(-)

of this system there exists a unique (up to the equivalence) exit space extension T e Selfo(Tmin)
such that the corresponding spectral function F(-) of Ty Satisfies

~ -~

(F(B) - F(a)], Py = /[ SO Fw), Fem, —ocacicon (5

Moreover, sz 1s a linear relation in a Hilbert space f) 09, then there exists a unitary operator
V e [$, LQ(E H)] such that V | $o = Vo and the operators Ty and Ay are unitarily equivalent
by means of V.

Proof. For a given pseudospectral function ¥(+) we put Ly = Ve$o and Ly = L*(X;H) © Ly,
so that L2(3;H) = Lo @ L. Assume also that

Ho = Ho B Ly, 9 = mul Ty & Ho @ Ly = mul Tpy, @ o (60)

and let V € [, L2(3; H)] be a unitary operator given by
V= (Vox, Ip2) : 90 @ Ly — L*(S; H). (61)
Since ker Vs, = mul Ty, it follows that 53’0 = 9o, .%6 = 50 and V' =V (see , and
(8)). Therefore, by Lemma identities (49) with V' =V define a self-adjoint operator Tp in

$o. Moreover, in view of . the operators T o and A = Ay, are unitarily equivalent by means
of V. Hence the spectral measure Ey(-) of Tg satisfies

Ey([o, 8)) = V*Ex([o, B))V, —00 <a << o0, (62)

Observe also that Vﬁo Vs$ = Ly and by Proposition operator Ay, is Lg-minimal.
Therefore, the operator TO is Ho-minimal.

It follows from the second identity in that T := ({0} ® mul Tryn) ® Ty is a self-
adjoint linear relation in 5 with the operator part fo and mul7 = mul Trin. Moreover,
{0} @ mul Tyin C Tinin C (Tmm); and by Lemma Ty C (Tmm);. Hence T C (Tmm); and,

consequently, Tnin C T. Observe also that relation T is - minimal, since operator T is $o-
minimal. Hence T € Selfo(Tmm)
Next we assume that F(+) is a spectral function of T}, generated by T" and let Fy(+) be given

by . By using and one can easily show that
Fo(B) = Fo(a) = Poy En([ex, 5)) | 90 = Vi B (v, £))Vorz, =00 <o < f < o0,
Therefore, by and one has
F(B) = F(a) = ViEs([o, B))Vs, —oo <a<f <o,

whlch is equivalent to . Finally, uniqueness of T directly follows from and $H-minimality
of T. O

The following corollary is immediate from Proposition [3.14}
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Corollary 3.15. Let 3(-) be a pseudospectral function of the definite system (34). Then
Vos is a unitary operator fmm o onto L*(%; IHI) if and only if n+(Tmm) = n_(Tmn) and
the corresponding extension T from Pmposztzon s canonical, that is T € Selfo(Tin)- If
these conditions are satisfied, then operators TO (the operator part of T) and Ayx, are unitarily
equivalent by means of Vi .

Remark 3.16. Applying [2l Theorem 1] to the directing mapping one can give another
proof of Proposition
The following theorem is well known (see e.g. |27, 28] 29]).

Theorem 3.17. For each generalized resolvent R(\) of Tyin there exists a unique operator
function Q(-) : C\ R — [H] such that for each f € LA(Z) and A € C\ R

RA)f =ma (/I)@(~,A)(Q(A) + g sgn(t — 2)J)Y5 (6, NAR)f (1) dt) . fef (63

Moreover, )(+) is a Nevanlinna operator function.

Definition 3.18. [27, 29] The operator function §2(-) is called the characteristic matrix of
the symmetric system corresponding to the generalized resolvent R(\).

Remark 5.19. For a much more general situation formula is obtained in [30], B31].

Since €)(-) is a Nevanlinna function, it follows that the identity (the Stieltjes formula)

1 5—6
Ya(s) = lim lim —/ Im Q(o + ic) do. (64)

0—+0e—+0 7T >

defines a distribution [HJ-valued function ¥q(-). This function is called a spectral function of

Theorem 3.20. Assume that system (34|) is absolutely definite. LetT € Selfo( Tnin), let F()
and R(-) be the spectral function and the genemlzzed resolvent of Tin respectively generated by
T, let Q(-) be the characteristic matriz corresponding to R(-) and let So(-) be the spectral
function of Q(-). Then X(-) = Xq(-) is a unique pseudospectral function of the system
such that holds.

Proof. (1) Assume that T is a linear relations in the Hilbert space HOH. By using and
the Stieltjes-Livsic inversion formula one proves identity for X(-) = Xq(+) in the same way
as Theorem 4 in [29].

Next assume that $ and 5 are decomposed as in (b3) and ., respectlvely Since
mul T = mul 7},;,, it follows from and . ) that for any f € $, one has f € L2(3;H)

and ||f||£2 sm = ||Px f||fJ < ||f||yj Hence the operator Vif = msf, f € ), admits a
continuation to an operator V € [9, L3(3; H)] satisfying
WV llemm = 1P, flls,  f €9 (65)

It follows from (65), and the inclusion £, C :‘730 that Vf = 0, f € mul T, and
HVfHL2 e = |Ifllz = HnyJ, f € $. Thus V is a partial isometry with ker V = mul Ty,
and, consequently, 3(-) = Zq(-) is a pseudospectral function of the system (34)) such that (59)
holds.

(2) Next we show that each pseudospectral function X(-) satisfying coincides with ¥q(+).
So, let 3(-) be such a function, let Vy be the corresponding Fourier transform and let Eys, be
spectral measure . Then by for each finite interval § = [, ) C R one has

F(B) = Fa) = V5 Ex(0)Va (66)
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and Proposition [3.4] yields

(F(8) — F(a))f = a ( / Yo<-,s>d2<s>f<s>), S=[wB)CR, Fesm  (67)

Substituting into and then using the Fubini theorem one can easily show that

(F(@) - Fla)f = ( [ Kostwd@s@an), s=fas) <R Fesn fef. @9

Kys(t,u) = /5 Yo(t, $)dS ()Y (u, ), tueT. (69)

Let Ksyx,(t,u) be given by with 3(s) = Xq(s) and let Kj(t, u) = Ksxn(t,u) — Ksx,(t,u),
t,u € Z. It follows from Theorem that there exist a scalar measure o on B and functions
U, ¥ : R — [H] such that

S(8) — S(a) = / U(s) do(s) and So(8) — Sala) = / Wo(s) do(s) (70)

5 5
for any finite 0 = [o, 8). Let W(s) = ¥(s) — Wq(s). Then in view of one has

K(tu) = /5 Yo(t, )0 ()Y (u, 8)do(s), tucT, 6=afB)CR (71)

Since Yq(+) also satisfies , identity holds with Ky, in place of Ksy. Hence

TA (/K(; ( )du) =0, 5=[a,ﬂ)CR, f€£2A(I), af € Hyp. (72)

Denote by F' (F') the set of all finite intervals § = [a, 8) C R (resp. ¢’ = [o/, ') C ) with
rational endpoints. Moreover, let {e;}} be a basis in H. It follows from that for any
d € F, ¢’ € F' and e; there exists a Borel set B = B(4,0’,e;) C I such that ;1(Z \ B) =0 and

/ AW Ks(t, u)A(w)e; du =0, te B, (73)
6/
(here i is the Lebesgue measure on 7). For each 6 € F put

Rt u) = A1) Ks(t, ) Au) = / A(6)Ya(t, $)F(s)Yy (u, 5)A(w) do(s) (74)

and let By = {{t.u} € T xZI : Ks(t,u) = 0}, By = (] Bs. It follows from that
seF
p2(Z x I\ Bs) =0, § € F, and hence puy(Z x Z\ By) = 0 (here ps is the Lebesgue measure on

I xTI). Let Xa = {t € Z:A(t) isinvertible}. Since system (34]) is absolutely definite, it
follows that p1(Xa) > 0. Hence uz(Xa x Xa) > 0 and, consequently, (Xa x Xa) N By # 0.
Therefore, there exist ¢y and ug in I such that the operators A(ty) and A(ug) are invertible and
the identity

Ks(to, uo) = /5 A(to)Yo(to, s)U ()Y (uo, $)A(ug) do(s) = 0

holds for all § € F'. Hence A(t)Yo(to, s $)W(s)Yg (g, 8)A(ug) = 0 (0-a.e. on R) and invertibility
of Yy(to,s) and Yy (uo,s) yields ¥(s) = 0 (c-a.e. on R). Thus, U(s) = Uq(s) and by (70] .
X(s) = Xq(s).

Now combining Proposition [3.14] Theorem [3.20| and Corollary we arrive at the following
theorem.
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Theorem 3.21. Let system be absolutely definite. Then:

(1) Identities (63) and give a bijective correspondence ¥(-) = Xx(-) between all exten-
sions T € §é/1f0(Tmin) and all pseudospectral functions $(-). More precisely, let T € g(;/lfo(Tmin),
let R(-) = Rgz(-) be the generalized resolvent of T, induced by T, let Q(-) = Qz(-) be the
characteristic matriz corresponding to Rz(-) and let ¥5(-) be the spectral function of Qz(-).
Then ¥5(+) is a pseudospectral function of system . And vice versa, for each pseudospectral
function X(+) of system there exists a unique (up to equivalence) T € S/é/lfo(Tmin) such that
()= 3p(). i i

(2) If T € Selfo(Timin) and 3(-) = X5(-), then operators Ty (the operator part of T) and As
are unitarily equivalent and hence they have the same spectral properties. In particular this
implies that the spectral multiplicity of To does not exceed dim H.

(3) Vo.s is a unitary operator from $o onto L*(3;H) if and only if ny(Timin) = n—(Tmin) and
X(-) = X5 with T € Selfo(Tinin). In this case the operators Ty and As are unitarily equivalent
by means of Vi 5.

Next, combining the results of this subsection with Assertion one gets the following
theorem.

Theorem 3.22. The set of spectral functions of system 1s not empty if and only if
mul Thyi, = {0}, If this condition is satisfied, then the sets of spectral and pseudospectral func-

tions of system (34) coincide and hence Proposition Theorems and Corollary
are valid for spectral functions (instead of pseudospectral ones). Moreover, in this case

statements of Proposition and Theorem hold with T and Vs in place of Ty and Vos
respectively.

Remark 3.23. For a not necessarily absolutely definite system Theorem [3.21| could be easily
obtained from Theorem 1 in [2] applied to directing mapping . For this purpose it would be
needed one of the statements of the mentioned Theorem 1, which is not proved in [2] (namely,
uniqueness of a spectral function V' of (S;®) for a given extension S = §* of S, where the
notations are taken from [2]). In fact, we do not know whether Theorem is valid for not
absolutely definite systems.

4. PARAMETRIZATION OF PSEUDOSPECTRAL AND SPECTRAL FUNCTIONS

Proposition 4.1. [5] Let system be definite and let n_(Tmin) < Ny (Tmin). Then: (1)
There exist a finite dimensional Hilbert space Hy, a subspace Hy, C Hy and a surjective linear
mapping

Fb = (Pob, /F\b, Flb)T : dom 7:nax — ﬁb S¥) ]/‘j S¥) Hb (75)
such that for all y, z € dom Ty the following identity is valid
v, 2o = (Cony, T1v2) — (Tasy Tovz) + i(Poya Loy, Pryp Ton2) +i(Toy, Ty2) (76)

(here Hy = H, © Hy).
(2) If Ty is a surjective linear mapping satisfying , then a collection
H+ = {%o@Hl,Fo,Fl} with

Ho=HoHoH,=HyoH, Hi=HoHoH,=H®H, (77)
To{¥, f} = {~wi(a), i(§(a) — Toy), Ty} € H® H ®H, (78)
Ti{7, 1} = {wla), 2(H(a) +Thy), —Tuy} € Ha H & H, (79)
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is a boundary triplet for Thax (in and (79) y € dom Thax S a function corresponding to
{Y, f} € Tmax in accordance with Remark (2)).
If in addition ny (Thin) = n_ (T ), then

ﬁb == 7’[{,, 7‘[0 == Hl =. 7’[ = Ho ) Hb (80)

and 11y turns into an ordinary boundary triplet Il = {H,To,I'1} for Tiax with H defined by the
second identity in .

The boundary triplet II, constructed in Proposition is called a decomposing boundary
triplet for T ax.

Below we suppose that the following assumptions are satisfied:
(A1) System (34) is absolutely definite and n_(Tiyin) < 174 (Timin)
(A2) H, and Hi(C ﬁb) are finite dimensional Hilbert spaces and I', is a surjective linear
mapping satisfying .
(A3) Ho and H; are finite dimensional Hilbert spaces
(A4) 11, = {Ho®H4, Do, 1} is the decomposing boundary triplet (78), for Tinax and M, (+)
is the Weyl function of IT; in the sense of Definition [2.11]

Definition 4.2. A boundary parameter 7 is a collection 7 = {7,,7_} € R, (Ho, H1) of the
form ([18]).

In the case of equal deficiency indices ny (Tinin) = n—(Tmin) identities hold and a bound-
ary parameter is an operator pair 7 € R(#) defined by (19). If in addition T € RO(#), then
a boundary parameter will be called self-adjoint. In this case 7 admits the representation as a
self-adjoint operator pair .

It follows from Theorem that for each boundary parameter T = {7,,7_} defined by
there exist the limits B, and B, of the form and .

Definition 4.3. A boundary parameter 7 will be called admissible if B, = gT = 0.
The following proposition is immediate from the results of [6].

Proposition 4.4. (i) If lim iMJr(zy) [ H1 =0, then the boundary parameter T is admissi-
Yy—00

ble if and only if B, = 0.
(ii) Every boundary parameter is admissible if and only if mul Ty, = mul Thay (See Assertion
(2)) or equivalently, if and only if lim %MJr(iy) [ Hy =0 and
Y—00

lim Yy (Im(M+(zy)h0, hO)Ho + %Hpgh()HQ) = 400, hgy € %0, ho 7é 0, (81)

Yy——+00
where Py is the orthoprojector in Hy onto Hy = Ho © H.

In the following theorem we describe all pseudospectral functions of the system in terms
of the boundary parameter 7.

Theorem 4.5. Let the assumptions (A1)-(A4) be satisfied. Moreover, let

mo()‘) M2+()\)

! <M3+()‘) M4+(/\)) M_&O@HQ’ S OES (82)

Ho Ha
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be the block-matriz representation of the Weyl function M, (-) and let

_1
Q(\) = ( mo(A) 2IH’H0) Hy®H — Hy® H, AeC\R (83)
_§PH0,H 0 T T

S1(\) <m°m —aba M“(A)) Hy®Hy, — Hyd H, MeC,
H

—Pry H 0
Ho

_(moN) +5P; —Inm, ) |
Sg()\)— ( M3+(/\) 0 cHy® H— Hy® Hy, >\€(C+,
H

Hi
where Py, g € [Ho, H] is the orthoprojector in Hy onto H, Iy, € [H, Hy| is the embedding
operator of H into Hy and Py € [Hy)| is the orthoprojector in Hy onto H (see [33))). Then the
identity
Q- (A) = Q(A) + S1(A)(Co(X) = CLA) ML (X)) ' C1(N)S2(A), A eCy (84)

together with the Stieltjes inversion formula @ establishes a bijective correspondence between all
admissible boundary parameters T = {1, 7_} defined by and all pseudospectral functions
() = 3.(:) of the system . Moreover, statement of the theorem is wvalid for arbitrary
(not necessarily admissible) boundary parameters T if and only if yhjgo iMJF(Zy) [ H1 =0 and

identity is satisfied.

Proof. Application of Theorem to the decomposing boundary triplet 11, for T}, shows
that the boundary problem — with operators I'y and I'; of the form and

gives a parametrization R(A\) = R,(\) of all generalized resolvents of T, by means of a
boundary parameter 7. Denote by 77 (€ éa/f(Tmin)) the extension of Ty, generating R.(-) and
by Q-(-)(= Q4 (-)) the characteristic matrix corresponding to R,(:). Clearly, the identities
T =T and Q) = Q.(-) give a parametrization of all extensions T € ég/lf(Tmin) and all
characteristic matrices €)(-) by means of a boundary parameter 7. Moreover, representation
(84) of ©2,(-) was obtained in [32, Theorem 4.6]. Observe also that according to Theorem
T € Selfo(Timwm) if and only if 7 is admissible. Combining these facts with Theorem
arrive at the first statement of the theorem. The second statement is implied by the first one

and Proposition [4.4] O

Remark 4.6. The entries of the matrix in can be defined in terms of boundary values
of respective operator solutions of at the endpoints a and b (for more details see [5]
Proposition 4.5]).

Assume now that T, has equal deficiency indices ny (Tinin) = n—(Tmin). Then identities
and take a simpler form and (32), where M(-) is the Weyl function of an (ordinary)
decomposing boundary triplet II for T},.y.

Theorem 4.7. Let in addition to the assumptions of Theorem [{.5 the identity
Ny (Tiin) = n—(Twmin) holds. Moreover, let
mo(A)  Ma(A)

M(A)=(M3(A) M4(A)>3HO@Hb—>H0@Hb, A€C\R
H H

be the block-matriz representation of the Weyl function M(-), let Qo(N\) be given by and let

soy = (MW =2Pa MON g, s men aec\R
—Pr, H 0 —_——— T
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Then the identity
2 (0) = Q) + SANCoN) — VMO GNS (), AeC\R  (85)

together with the Stieltjes formula @ establishes a bijective correspondence between all admis-
sible boundary parameters T of the form and all pseudospectral functions X(-) = X.(-) of
system ([34). Moreover, Vo s.(€ [$0, L*(X;H)]) is a unitary operator if and only if (-) = . (-)
with a self-adjoint (admissible) boundary parameter T.

The above statements are valid for arbitrary (not necessarily admissible) boundary parameters
7 if and only if

ylg{)lo %M(zy) [ Hy =0 and Z}Lrgloy - Im(M(iy)h,h) = 400, heH, h#0.

Proof. According to [32, Theorem 4.9] in the case ny(Tmin) = n—(Tmin) identity admits
representation . Combining of this fact with Theorem 4.5/ and Theorem m, (3) yields the
required statements. []

The following corollary is immediate from Theorem [3.22]

Corollary 4.8. Ifmul T,,;, = {0}, then Theorems and are valid for spectral functions
Y(+) (instead of pseudospectral ones).
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