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INTERPOLATION BY SERIES OF EXPONENTIALS
IN H(D) WITH REAL NODES
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Abstract. In the space of holomorphic functions in a convex domain, we study a problem
on interpolation by sums of the series of exponentials converging uniformly on compact
subsets of the domain. The discrete set of multiple interpolation nodes is located on
the real axis in the domain and has the unique finite accumulation point. We obtain a
solvability criterion in terms of distribution of limit directions at infinity for the exponents
of exponentials.
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1. FORMULATION OF THE PROBLEM AND PRELIMINARIES

Let D be a convex domain in C. We denote by H (D) the space of holomorphic functions in
D with the topology of uniform convergence on compact sets in D. We consider an arbitrary
discrete set of complex numbers A = {\, },en in C.

We denote

S(A,D)={fe HD ch " 2 e D}

The convergence of the series of exponentials is supposed to be absolute for each point z €
D, then ([I]) such series converges in the topology of space H(D). For a multi-dimensional
situations it was shown, for instance, in work [2].

Suppose that set DN R is non-empty. We assume that in D we are given an infinite discrete
set real interpolation nodes M = {u;}22,, M C D N R. We also assume that to each node
ur € M a multiplicity my € IN is associated. If f,g € H(D), we shall write f = g on M, if
F9(ug) = g9 (uy) for each k € Nand j =0,1,...,m; — 1.

In H(D) we consider the following problem on 1nterp01ation by means of series of exponentials
with real nodes:

For an arbitrary set of nodes M C D N R and for each function g € H(D) there exists a
function f € X(A, D), such that f = g on M.

By the classical result of interpolation by holomorphic functions [3, Corol. 1.5.4], this problem
can be formulated in terms of traditional notations:

For each interpolation data bi eC,keN,j=0,1,...,my — 1, there exists a function f &€
S (A, D), such that f9(ug) = bl, for each k and j.
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We denote by 1, the function in H (D) with zeroes at all the nodes u; € M, with multi-
plicities my, and only at these nodes. We denote by

(Wm) ={h € H(D) : h=1p 1,7 € H(D)} (1)

the closed ideal in H (D) generated by function 4. It is easy to see that (Y1) = Ip = {h €
H(D):h=0on M}.

Given a set of nodes M, the solvability of problem on interpolation in H(D) by the sums of
series of exponentials with the exponents in a prescribed set A is equivalent to the validity of
the following representation:

H(D)=%(A, D)+ (). (2)

Under the conditions of the considered problems, the interpolation can be non-unique, i.e.,
S(A, D)N (¥aq) # {0}. It was proven in work [4] for the space of entire functions and the proof
adduced in this work can be adapted for our case with obvious changes.

If representation (2) holds true and (A, D) C X C H(D), the representation H(D) = X +
(¢M) 18 valid.

In the case D = C and X is the kernel of some convolution operator in the space of entire
functions H(C), in work [5] there were found sufficient conditions for interpolation of functions
in the kernel of the convolution operator in terms of location of zeroes A for the characteristic
function of this operator. In [5] set M had two accumulation points +oo. In work [4] we
succeeded to find other ways of proving and for all possible cases of location of accumulation
points for M we obtained the solvability criterions for the problem on multiple interpolation in
H(C) by the series of exponentials in X(A, C) C X. In the case when the set of nodes had two
accumulation points +oo, the criterion in [4] was formulated via the same notions as in work
[5].

In the present paper the method of proof of sufficiency [4] is extended for the case of holomor-
phic functions in a convex domain. We obtain the criterion of interpolation in the case when
M has the unique accumulation point, which lies on boundary 0D of domain D. The criterion
relates the distribution of limiting directions of exponents inA at infinity with the geometric
structure of the part of convex domain containing this limiting point.

The proof of sufficiency is reduced to interpolation by exponential series in the space of
functions holomorphic in some half-plane. Moreover, the proof of necessity in the considered
case of one accumulation point is happened to require an idea of completely different nature
in comparison with space H(C). The matter is that the series of exponentials converging
absolutely on some set possess the property of extending the convergence [2]. It should be
noted that the analytic continuation for the elements of common invariant subspaces admitting
spectral synthesis was studied in [6].

Remark after the proof. The problem of interpolation in the kernel of convolution operator
in a convex domain was considered in work [7].

2. SCHEME OF REDUCTION TO INTERPOLATION IN THE KERNEL OF CONVOLUTION
OPERATOR. DUAL FORMULATION OF INTERPOLATION PROBLEM

As in work [4], in what follows we employ the scheme of the proof described in work [§]. Tt
is based on the duality with employing the Laplace transform £ of functionals. In the proof of
the sufficiency of interpolation conditions, it is proposed to consider natural dual statements
independently for each possible location of accumulation points of set M.

Let us describe briefly this scheme; in work [4] it was exposed quite in details for space H(C).
For space H(D) we shall indicate some changes required in the arguments of the above cited
work.



48 S.G. MERZLYAKOV, S.V. POPENOV

We denote by Pp the space of entire functions of exponential type with the traditional
topology of inductive limit that ensures a topological isomorphism between a strongly dual
space H*(D) and space Pp obtained by means of Laplace transform L of functionals F' €
H*(D). More precisely, a linear continuous one-to-one Laplace transformation £ of functionals
F € H*(D) is introduced as follows: £ : F +— LF(z) = (Fy,e**), LF € Pp.

The topology in (LN)-space Pp is not described in terms of sequences convergence, how-
ever, sequentially closed subspaces happen to be closed ([9]). The exact definition of sequence
convergence in this topology will be provided in the proof of sufficiency for Lemma 4.

We introduce a continuous bilinear form [-,-] : H(D) x Pp —— C by the formula [¢, ¢] =
(L7, ), v € H(D), ¢ € Pp. By the mapping ¢ — [-,¢] = (L7 lp,-), where L71p €
H*(D), defines an isormophism between Pp and strongly dual space H*(D). In accordance
with introduced duality, each function in space Pp is one-to-one correspondence with a linear
continuous functional in H*(D).

It is well-known that each function G € Pp, G # 0, having the minimal type at order one
generates in space H (D) the convolution operator Mg : H(D) — H(D). In the considered
duality, this operator can be defined as

M[¥](2) = [S:(v(N)), Ga] = (L7 G v (z +N))

where S, is the shift operator: S, (¢¥(\)) = (A + 2).

It is known that Mg is a linear continuous and surjective operator. The adjoint operator for
Mg is operator Ag of multiplication by characteristic function G. It is well-defined on functions
w € Pp and reads as: w — G - w (for details see [10], [11]).

We denote by Ker Mg = {f € H(D) : Mg[f] = 0} the kernel of convolution operator M.
This kernel is a closed subspace in H(D) invariant w.r.t. the differentiation operator.

Subspace Ker Mg admits spectral synthesis [11], [12], i.e., in the sense of the topology in
space H(D) it coincides with the closure of a linear span of the set of all polynomial-exponential
monomial z”e** contained in Ker M.

Generally speaking, the subspace of series of exponentials ¥(A, D) is not closed in H(D).
Because of this fact, in the proof of sufficiency of interpolation conditions, for each possible
location of nodes M, we choose a subsequence A in A so that it is the zero set of some entire
function G € Pp of minimal type, at that, Ker Mg = X(A, D). Then we prove the validity of
representation (2) with A replaced by A. But in this case it is also true for A.

Once subsequence As chosen, it is sufficient to show the following two statements.

(1) Subspace Ker Mg + (p1) is everywhere dense in H(D);
(IT) Subspace Ker Mg + (¥pm) is closed in space H(D).

Closed ideal (1/) M) was introduced above in (1). Hereafter in this section, to simplify the
notations we shall write 1 = 1.

If X, is a subspace in a topological vector space X, by X? we denote its polar (or annihilator),
i.e., the set of functionals X* vanishing at Xj.

Statement (I) is equivalent to (Ker Mg + (@Z)))O = (Ker MG)O N ((@/}))0 = {0}. It follows from

Lemma 2 of work [13] that Statement (1) is equivalent to the closedness of space (Ker Mg)o +

()" in Pp.

Space Pp is a module over the ring of polynomials. Thanks to duality, polar (Ker MG)0
coincides with the submodule

(G)p, ={h€Pp:h=G r;r€ Pp}. (3)
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We shall show in the proof of sufficiency in Lemma 4 that (G) Py = (G) N Pp, where (G)
is the closed ideal in H(C) generated by function G. In particular, it implies that submodule
(G) Py is closed.

As it is known, (M*)-space H(D) is reflexive ([9], [10]), i.e., its second strongly dual space
H**(D) is canonically isomorphic to space H(D). This is why, in view of this canonical iso-
morphism, the mapping ¢ —— [¢,-] defines an isomorphism between (M*)-space H(D) and
strongly dual space Pjy. Each function in H(D) is one-to-one correspondence to a linear con-
tinuous functional in strongly dual space Pp.

More precisely, this mapping is understood as follows: canonical isomorphism between H (D)
and H**(D) reads as ¢ — Oy = Fy, Fy, € P}y, (Fy, ) = [, 0] = (L p, ¢). Herep € H(D),
¢ € Pp. .

Each function ¢ € H(D), ¢ # 0, generates the convolution operator M, : Pp —— Pp,
Mw[ 1(z) = [(©¥)x, S-(¢(N))], in the space of entire functions of exponential type Pp. Here
S. is a shift operator, S.(p(\)) = ¢(A +2), A € C.

Hence, we obtain

Myl)(2) = ((L£715.0)x, (N = (XL 0)n, (V) = (L7 ), €2(N)), ¢ € Pp.

We note that employing the known formula for the inverse Borel transformation [14], one
can obtain the integral representation for this operator [3], [4].

It is known that Mw is a linear continuous surjective operator. Operator M¢ is adjoint to
operator Aw of multiplication by function ¢ in space H(D) acting on functions g € H(D) as
follows: g —— ¢ - g. Operator gqp is linear and continuous, and its range coincides with closed
ideal (¢)). We denote Ker Mw ={fePp: Mw[f] =0}.

In view of duality, polar ((w))o coincides with Ker ZT/[/w.

In the beginning of this section there has been described the scheme reducing the proof of
representation (2) to Statements (1) and (/7). Then the following proposition has been proven.

Proposition 1. In (M*)-space H(D), Statements (I) and (II) are equivalent to two dual
statements in (LN™)-space Pp, respectively:

(I*) The identity (G) p, N Ker M¢ = {0} holds true.

(1I*) Subspace (G) p, T Ker ]T/[/w is closed in space Pp.

3. AUXILIARY RESULTS

We begin with a simple but important statement.

Proposition 2. Let Dy be a domain such that D C Dy and these domains have common
parts of the boundaries at which all the accumulation points of set M are located. If under
some conditions for A representation (2) for space H(D,) with set of nodes M holds true, the
same representations holds also for H(D) with the same set of nodes.

Proof. For each function g € H(D) there exists g; € H(D1), g = g1 on M. Then g = g1+(9—¢1)
in domain D. By the hypothesis there exists f; € X(A, D1) C X(A, D) such that f; = g1|y. In
domain D we obtain the representation g = fi1+(g1— f1)+(g—g¢1). The functions in the brackets
belong to H(D) and vanish on M counting the multiplicities. The proof is complete. ]

In what follows we shall need some properties of the polynomials of exponentials with real
exponents. Such polynomials were studied in monograph [15].



50 S.G. MERZLYAKOV, S.V. POPENOV

We consider an arbitrary polynomial of exponentials
p(z) = Zak(z)e“’kz, wop <wp < v < Wy, (4)
k=0
where ay(z) are some polynomials and let ag - a5 #Z 0.

By Theorem 12.9 in monograph [15] it is easy to obtain the following lemma.

Lemma 1. There exists ¢ > 0 such that in the exterior of the circle {z € C: |z| = 1} we
have: there exist positive constants cs, c3 and two real numbers mg, mg obeying mg > mg or
mo = ms = 0 such that

[p(2)] = cpe0 e (5)
for each z in domain Uy = {z € C : Re(z + mpInz) < —c3}, and
[p(2)] > coe e (6)

for each z in domain Us = {z € C: Re(z + msInz) > c3}.

For each fixed ¢ € R we consider the curve Re(z +mlnz) = ¢, m # 0. It is symmetric w.r.t.
the real axis. For m > 0 this curve lies in the half-plane Rez < A, A > 0, and for m < 0 is lies

in the half-plane Rez > —A, A > 0. If a point z = x + iy lies on the curve, then

T
argz — g, |z] = |y|(14 0(1)), as |z] — oco. The considered curve approaches asymptotically an

— 0Q,

exponential curve x +mln|y| = c.
We fix § € [0, g) and for o € [O,g — ﬂ) we denote A,(8) ={z€ C:|argz — (| < a}.

Lemma 2. Let w, < 0. For an arbitrary polynomial of exponentials p satisfying (4) there
exists r = r(p) > 0 such that for each z, |z| > r, the estimate

’p(2)| > Cg@ws cos(B+a)|z| (7)
holds true in angle A, (5).

Proof. 1t is easy to see that all points z in angle A, (/) located outside some circle lie in domain
Us. Hence, estimate (6) for a polynomial of exponentials p in domain Uy for |z| > ¢; implies
the estimate outside some circle |z| > r in angle A,(5). Inequality (7) follows from (6): if
z = |z|e", then in this angle 0 > ws Re €™ > w, cos( + ). The proof is complete. O

Suppose that some convex domain D contains all the exponents wy, £ = 0,1,...,s, for
polynomial p of exponentials satisfying (4). Then it is easy to show that p € Pp.

The next lemma was proven in [4] in a slightly different formulation. We consider an arbitrary
sequence of complex numbers V = {v;} satisfying Rev; > 0 and being discrete in a domain of
complex plane. We assume that

Rew;

lim sup = Q. 8
joo vyl ®)

For further purposes it is important to note that if sequence V lies in angle A,(f), condition
(8) holds true.
We denote by I, = {f € H(C) : f(v;) =0, j € N} a closed ideal in H(C) (cf. (3)).

Lemma 3. In the above described situation, if condition (8) holds true for V, none of poly-
nomials of exponentials p #Z 0 satisfying (4) can be contained in ideal I,.

The matter is that the condition (8) for the zeroes of the ideal contradicts estimate (6).
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4. MAIN RESULTS

For set A we introduce set P(A) of limiting directions at infinity as the set of points s € S,
for which there exists a sequence {\,, }rew satisfying limy_ An, /| A, | = 8, limg—yo0 [An,, | = 00.
Set P(A) is closed.

Analogues of the following notion often appear in the complex analysis under various names,
for instance, in studying the phenomenon of analytic continuation of sum of series of exponen-
tials, their analogues, as well as in studying elements of invariant subspaces [2], [16], [17], [6].
For further purposes we reproduce some definitions and results from work [2].

We denote S = {s € C : |s| = 1}. Let S be a closed subset S and D be a domain in C. We
denote h(p) = sup,cp Re(e%0). If k(p) : C+— (—00, +00] is the support function (in the sense
of R?) of a convex domain D, then h(p) = k(—¢).

It is easy to see that h(p) is the support function (in the sense of R?) for the domain
complex conjugate with D. Function H(z) = sup,.p Re(zo) = h(p)|z|, z = |z|e? € C is
positive homogeneous, lower-semicontinuous, and convex. It implies easily that function h(y)
is lower-semicontinuous on S.

For s € S, s = €', we introduce the function d(s) = k(—¢), d : S — (—o0,+00]. By the
definition, for each s € S, d(s) is the supremum of the projections of points in D on the direction
5=e "%

For instance, given ¢t € S and ¢ € R, we denote by II.(f) = {z € C : Re(tz) < ¢} the
half-plane with the direction ¢ of the outward normal to the boundary, point z = ct lies on its
boundary. For D = II.(t) we have d(s) = +oo, s # t, and d(s) = ¢, s = t.

The set

Dg={z€ C:Re(sz) <d(s),s=¢e¥eS}
is called S-convex hull of domain D.

By the definition, S-convex hull Dg of each domain D is the intersection, over all s = €* € S,
of sets 11(5, D) = {z € C : Re(sz) < d(s)}. If there exists t € S : d(t) = oo, then II(¢, D) = C.
If at that there exists at least one number s € S for which d(s) < oo, in the definition of Dg
such t € S can be neglected.

If d(s) < oo, set II(s, D) is the support half-plane of domain D, i.e., D C II(5,D) and
0D NOII(5, D) # 0. Tt is easy to see that TI(5, D) = T1y(3) + 3d(s). Here IIH(5) = {z € C :
Re(sz) < 0}).

Set Dg is a convex domain, moreover, it is S-convex [2], [16]. If S =S, S-convex hull of a
set is its usual convex hull.

Proposition A. Let D be a convexr domain and S = P(A). If the series of exponentials
S0 cn€™® converges absolutely for each z € D, it converges absolutely for z € Dpny. Its sum
is an analytic function in convexr domain Dp(y).

The first statement follows from Propositions 16 and 8 in work [2]. It was proven in work
[1] that a series converging absolutely in a convex domain D converges also in the topology of
space H (D) of uniform convergence on compact sets.

Domain D is a half-plane. We fix 3, |arg | < g and we denote sg = ¢”’. We consider

the case when D = Ily(e~%) is the “left” half-plane.
Suppose that in domain D we are given an arbitrary infinite discrete set of real interpolation
nodes M C Ily(53) N R™. Each point p, € M has multiplicity my, my € IN.

Lemma 4. Suppose that set M has the unique accumulation point z = 0. In space
H(Ho(ﬁ)), the problem of multiple interpolation by series of exponentials in Z(A,Ho(ﬁ))
with set of nodes M is solvable if and only if sg € P(A).
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We observe that direction sg is complex conjugate for the direction 55 = =% of the outward
normal to boundary 0Ily(s3).

Proof. By the symmetry arguments (consider functions f(Z)) in the proof we can assume that
B e [O, g) The hypothesis of the lemma means that sets A N A,(5) are infinite for all

sufficiently small .

Necessity. Suppose that the problem of multiple interpolation by series of exponentials in
3 (A, IIp(55)) with set of nodes M is solvable. Assume that s3 ¢ P(A). Then closed set P(A)
is separated from direction sg conjugate to the direction 55 of the outward normal to boundary
ol (55). |

For each s = €'¥ € P(A) we have s # sz. Hence, for the domain D = Ily(55) the identity
d(s) = 400 holds true. Therefore, for each s € P(A) we get I1(5, D) = C. And by the definition
of S-convex hull we obtain Dpy) = C.

Proposition A implies the following fact. If a series of exponentials converges absolutely in
II(55) and sz ¢ P(A), then this series converges absolutely in € and its sum is an entire
function.

Interpolation by entire functions with arbitrary (for instance, unbounded) data on the set of
nodes M with a finite accumulation point is impossible that leads us to the contradiction.

Sufficiency. The proof consists of two steps.

1. First we reduce the problem to the interpolation in the kernel of convolution operator. If
the statement of the lemma is proven for A C A, it will be true also for A. In what follows, we
pass to a special subspace in X (A, D) closed in H(D). In order to do it, we replace the set of
exponents by a sequence in A.

Passing to a subsequence we can assume that

1. A C A,(B) for some small a.
2. P(A) = {ss}.
3. The separation condition
[Anga| > 2|A] (9)
holds true.

By G we denote an entire function with simple zeroes A,

z

G(z) = L[l (1 Z) .
1 | 1

Pl G O]

It follows from (9) that function G has the minimal type at order 1 and the condensation
index is 6 = 0. It was shown in work [4].

The results of the monograph [I1, Thm. 4.2.2] implies the following statement.

Let § = 0. Consider the closure in sense of the topology in H(D) of a linear span of
polynomial-exponential monomials with the exponents having the upper density counting multi-
plicities. Fach function in this closure is represented by a series of exponentials.

Subspace Ker My admits spectral synthesis. Then, in view of Theorem 4.2.3 in monograph
[T1], we obtain the following statement.

The quantity 0 = limsup,,_,, is Gelfand-Leont’ev index.

Proposition B. Kernel Ker Mg is formed by functions f(z) represented by the series of
exponentials,

flz) = che’\"z, z € C,
n=1
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converging in the topology of space H(D), i.e., Ker Mg = X(A, D).

It should be noticed that in the multi-dimensional case in a more general situation of invariant
subspaces, in work [I8] the fundamental principle was studied (in our case it is Proposition B).
The most general formulation of this problem for a complex plane was considered in [19]. In
work [20] series with real exponents A were studied in details.

In these works a new characteristics Sy was introduced. Employing this characteristics, the
authors succeeded to obtain the validity criterions for the fundamental principle for invari-
ant subspaces in convex domains. By the results of the first step, A is located in an angle.
Then, reproducing word-by-word the proof of Lemma 1 in [20], we obtain that Sy, = 0 and
Proposition B can be obtained by the results in [I8], [19], [20].

2. At this step we proceed to proving dual statements.

We denote by v a function in H(D) with zero set M counting the multiplicities my.

By Proposition 1, the solvability of interpolation problem follows from two dual statements:
(I*) The identity (G)PD N Ker My, = {0} holds true.

(II*) Subspace (G), + Ker Mw is closed in space Pp.

Submodule (G) Py

An important ingredient in the proof of Statements (I*) and (/I*) is the following known
fact.

Subspace Ker M¢ C Pp is the linear span of all the monomials {z"e!**}, k € N, v =
0,1,....,my — 1, i.e., it consists of exponentials (4), where wy = pi.

Pp
has been introduced in (3).

This is an easily provable fundamental principle for Ker M,, in space Pp.
Dual statement (I*) follows from Lemma 3: let us show that a polynomial of exponentials

p € Ker My, p # 0, can not belong to (G) Py Indeed, in view of Step 1, we assume that set A

lies in A, (/). It implies that sequence v, = Ay satisfies condition (8) in Lemma 3. We observe
that Iy = (G) is a closed ideal in H(C). As it was mentioned in (3), (G)PD = (G) N Pp.
Statement (I*) is proven.

Let us prove the last identity. By the definition, (G) Pp
Theorem [14] on division by a function of minimal type in space Pp, the opposite inclusion
holds true as well. In other words, it is a corollary of the theorem on summing indicators.
Submodule in the right hand side of the last identity is closed since the topology in Pg is
stronger than the topology of pointwise convergence. Hence, submodule (G)p, is closed in
Pp. These facts were used above in obtaining the dual formulation of interpolation problem
(Proposition 1).

For the direct algebraic sum (G)p, & Ker M¢ we obtain (G)p, @ Ker ]\A@ C Pp. Let us prove
the closedness of this subspace in Pp (it is statement (/7*)). As it is known [9], in (LN™)-space
Pp, the closedness of its arbitrary subspace X is equivalent to its sequential closedness.

Convergence of a sequence {gihew in (LN*)-topology of space Pp means the following:

1. Sequence {g;} converges to g in the topology of space H(C).
2. There exist A >0, j € N such that for each | € N the estimate

C Ix N Pp. In accordance with

lg1(2)] < A%z e, (10)

holds true.

Here {K} is an arbitrary fixed countable exhausting of domain D by compact sets: K; C
int Kjy1 and D = ;o K, Hj(2) = sup,ex, Rezo. If z = [2[e?, hy(p) = H;(2)/|2] is the
support function (in the sense of R?) of the compact set complex conjugate with K.
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We consider an arbitrary sequence {g;};en of functions in (G)p, & Ker M¢ and assume that
it converges to a function g € Pp in space Pp. Let us show that limiting function g belongs to
(G)pD EB Ker Mw.

Sequence {g;} consists of functions g, = p; + Ry, where R, € (G)p,, i.e., Ri|a = 0, while
p € Ker Mw. If sequence {g;} contains infinitely many terms with R; = 0, then g € Ker M¢. If
in {g;} there are infinitely many terms with p; = 0, then g € (G)p,. For sequences {g¢;} of such
type we have g € (G)p, ® Ker Mw.

Therefore, in what follows we can assume that sequence {g;} is so that R; £ 0, p; Z 0 for
each [. .

We suppose that g, < pry1 < 0, up — 0, & — oo. Since p; € Ker My, p # 0, this is a
polynomial of exponentials

m(z) =Y a(2)e".
Fin))
Here for each k € IN functions a!, are arbitrary polynomials of degree at most my — 1. For each
[ € N in the right hand side we have the sum over a finite subset F mf@t C M. We denote by
u; the index of maximal puy, in this representation, i.e., ai” = 0.
Suppose that sequence {g;} is such that the set of numbers {u;} is infinite. Let us show that
it is bounded. Assume that set {u;} is unbounded.

We exhaust half-plane I1y(55) by half-circles K; = e - By, where By = (=1/j + {|2] <
7} N{Rez < —1/j}. For each j we denote ¢; = arctg j2. We let &; =

prove the estimates

2(% —t;). It is easy to

1
—;|z| < Hj(z) < —Ajlz| for z € A, (8), (11)

£/ 1
where A; = i i

1 .
7 sine; = ﬁ(l +0(j)), j — o0.
All the polynomials of exponentials p; satisfy (1). We choose k& > j such that g, < g - B.

Since ' $é 0, we can apply estimate (7) for p; in Lemma 2 with @ = ¢;. Employing also
estimate (10) we get the following inequality for R; = g, — pi, pr Z 0, Rl 7—é 0:

IRi(2)] = [n(2)] = |gu(2)] = eserncosBrallsl _ gets

for each z in domain {z € A, (B), |z| > r}, where r = r(l). Since k > j, Agk(ﬁ) C A (B), by
(11) we obtain that

|R(2)| = |pi(2)] = |gi(2)| > cgertmcosBrallzl _ ge=Ailzl

outside some circle |z| > 7 in angle A, (5).

By assumption, set u; is unbounded, thus, in the representations of polynomials of exponen-
tials p; there exist p,, arbitrarily close to 0.

We choose f1,,, > Aj/ cos(B + a). It implies that |, ()| > 0 for each z outside some circle
12| > r1(lo)} in‘angle A,(5)

We obtain the contradiction: indeed, by Step 1, P(A) = {sg}, this is why for each k outside
any circle in angle A., (/) there exists an infinite sequence of points in A, while we are given
that Rlo’A = 0.

It should be notices for arbitrary sequence {g;} compact set K; can be arbitrarily large while
quantity €, can be arbitrarily small as the assumption of the lemma says.

Hence, in the representations for polynomials of exponentials p; in an arbitrary converging
sequence {g;}, g = p + Ry, set of numbers v, is bounded. Therefore, sequence {p;} belongs to
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some finite-dimensional subspace X C Ker Mdn- Statement (I*) means that all the elements of
converging sequence g; = p;+ R; lies in the algebraic direct sum X & (G)p, C Ker ]T/[/wl ®(G)p,-
In each topological vector space algebraic sum of a finite-dimensional subspace and a closed
subspace is a closed subspace [2I]. Thus, limiting function g of sequence g, = p; + R; belongs
to Ker Mw ® (G)p,. Statement (II*) is proven.
Proven statements (I*) and (I7*) complete the proof of Lemma 4. O

Remark 1. In the proof of sufficiency we have shown the following fact. Let A be an arbi-
trary set of exponents. Then condition (8) (implied by the hypothesis of Lemma 4) is sufficient
for set (A, I1y(53)) + Iy to be everywhere dense in the topology of space H(Ily(5gz)).

Remark 2. By the transformation z — —z of plane C we obtain the formulation corre-
sponding to the “right” half-plane. Moreover, in the considered problem for each h € R the
transformation z — z + h of the complex plane is admissible after which we need to change
the formulations in an appropriate way. Indeed, under such transformation the set of series of
exponentials is preserved while the set of nodes is shifted.

Domain D is convex with an accumulation point M at the boundary.

Let D be a convex domain in C. We denote h(p) = sup,.p Re(e*¥0). For each ¢, number
h(y) is the value of the support function k(—¢) (in the sense of R?) for domainD in the direction
e~ . Lets = €'?; function d(s) = k(—¢) was introduced above.

The straight line [(5) = {z = = + iy : Re(sz) = xcos(—p) + ysin(—¢) = d} is called the
support one for domain D in the direction 5 = =% if at the boundary of D there exists a point
belonging to I(5) and domain D lies in the support half-plane T1(5, D) = {z € C : Re(sz) < d}.
We call this point the support point for line (). It is easy to see that line I(3) is support if
and only if d = d(s).

Let 0 € 0D. We denote by Tp(0) C S the set of all s € S for which point 0 at boundary D
is a support one for [(3). It is clear that Tp(0) = {s € S : d(s) = 0}.

We observe that under the hypothesis of Lemma 4, D = I1y(53), Tp(0) = {ss}.

Theorem 1. Let D be a convex domain, 0 € 9 D and DNR # 0. Suppose that set M C DNR
15 discrete in D and has the unique accumulation point. Problem of multiple interpolation by the

series of exponentials in X(A, D) with set of nodes M is solvable if and only if P(A)NTp(0) # 0.

Proof. The case D = I1y(53), |5] < g, was considered in Lemma 4.

Without loss of generality we can assume that D N R~ # ), then M C D NR™; otherwise
we can employ transformation z — —z of plane C.

Then h(p) > 0 and the lower semi-continuity yield that set 7(0) is closed. The convexity
and homogeneity of function H(z) = h(y)|z| imply that Tp(0) is a connected set.

It is also easy to see that |args| < g for each s € Tp(0) since M NR™ # 0.

The necessity of condition P(A)NTp(0) # 0 follows from Proposition B, while the sufficiency
is proven by reducing to Lemma 4.

Necessity. Suppose that the interpolation problem is solvable but the hypothesis of the
theorem is not true, P(A) N Tp(0) = 0. In what follows we shall show that in this case the
point z = 0 lies in Dpy).

Sets P(A) and Th(0) = {s € S: d(s) = 0} are closed.

For each subset X C S and number § > 0 we denote

Xs={seS:FueX, |s—u|<d}.

There exists § > 0 such that P(A) N ((Tp(0)),; = @. Hence, there exists a connected closed
set S € S such that P(A) € int Sy, S1NTp(0) = 0.
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The definition of S-convex hull implies that
D51 C DP(A)- (12)

For each s € S; we have d(s) > 0. Hence, the semi-continuity yields that Je, d(s) > ¢ > 0,
s € S1. We denote B(c) = {z € C : |z| = ¢}. For each z € B(c) and each s € S; we have
Re(sz) < ¢ < d(s). It follows that point 0 € 9D lies in I1.(3) C II(5, D) for each s € S;. It is
proven that 0 € (B(c))s1 C Dg,.

By (12) we obtain that 0 € Dp(x). We complete the proof as follows.

By Proposition A, each series of exponentials converging absolutely in convex domain D
converges absolutely in convex domain Dp,). Its sum is an analytic function in Dp(y).

Point z = 0 lies in domain Dp(x) and by the assumption, it is the accumulation one for set of
nodes M. For set of nodes M having an accumulation point in the domain, the interpolation
by analytic in this domain functions is impossible for arbitrary (for instance, unbounded)
interpolation data and it leads us to the contradiction. The proof of the necessity is complete.

Sufficiency. By the assumption, there exists a limiting direction sz = € € P(A) lying in
Tp(0). Hence, 5| < g since the set D N R~ is non-empty.

Since sg € Tp(0), point z = 0 is the support one for the straight line [(35) = {z : Re(zs3) =
0}. Domain D lies in the support half-plane IIy(55) = {Re(zsg) < 0} and 0 € 011y(53) = 1(55).
Thus, set M C Ilyp(55) can be employed as the set of nodes for interpolation by series of
exponentials in space H (Ily(55)) C H(D). Under such conditions, the solvability for problem
of interpolation by series of exponentials in space H (Ho(ﬁ)) was proven in Lemma 4. The
solvability of the problem in H (D) follows from Proposition 2. The proof is complete. O

The authors express their gratitude to the participants of Ufa city seminar on theory of
functions for the attention to the work and a useful discussion.
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