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ANALOGUE OF BITSADZE-SAMARSKII PROBLEM
FOR A CLASS OF PARABOLIC-HYPERBOLIC
EQUATIONS OF SECOND KIND

N.B. ISLAMOV

Abstract. In this work we prove the unique solvability of a Bitsadze-Samarskii problem
for a degenerate parabolic-hyperbolic equation of second kind, when on the first and second
part of characteristics Bitsadze-Samarskii condition is imposed.
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1. INTRODUCTION

Local and nonlocal boundary value problems for equations of elliptic-hyperbolic and
parabolic-hyperbolic types of first kind in various domains were studied in works by A.V. Bit-
sadze [1], M.S. Salakhitdinov [2], T.D. Dzhuraev [3], E.I. Moiseev [4], A.M. Nakhushev [5],
T.Sh. Kal'menov [6], K.B. Sabitov [7], M.S. Salakhitdinov and B.I. Islomov [§], G.C. Wen [9J]
and their pupils. Later it was found that these problems appear in studying various problems
of mathemtical biology, forecasting of soil moisture, solving problems in the physics of plasma,
and in the mathematical modelling of laser emission.

It was pointed out in works by M.V. Keldysh [10] and A.V. Bitsadze [I] that there is an
essential influence of lower terms in the equations for the formulations of boundary value prob-
lems for degenerate elliptic and hyperbolic equations. As mixed type equations of second kind,
one usually calls equations whose degenerating line is an envelope for a family of characteristics,
i.e., it is itself a characteristics.

Starting from 1953, after the publication of famous paper by I.L. Karol [I1] there emerged
an interest to studying boundary value problems for the mixed type equations of second kind.
Analogues of Tricomi problem for an elliptic-hyperbolic equation of second kind in a domain
a part of whose boundary is the degeneration line were considered in works [12]-[1§]. In work
[T9]-[20] the Dirichlet problem for mixed type equations of second kind in a rectangular domain
was studied.

Boundary value problems for parabolic-hyperbolic equations of second kind with no degener-
ation in the parabolic part were studied in works [21]-[22]. However, few works were devoted to
mixed parabolic-hyperbolic type equations of second kind with a degeneration in the parabolic
part; we mention [23], [24].
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In works [25], [26] there was studied a generalized Tricomi problem for elliptic-hyperbolic
equation of first kind in the case where boundary condition on the first part of characteristics
was imposed locally while on the second part and on a parallel characteristics a Bitsadze-
Samarskii type condition was imposed. Such problems for mixed parabolic-hyperbolic and
elliptic-hyperbolic equations of second kind were studied too little; here we mention work [27].

In this paper we study a boundary value problem for a degenerate parabolic-hyperbolic
equation of second kind in the case when on the first part of the characteristics a non-local
boundary condition is imposed while on the second part and on a parallel characteristics a
Bitsadze-Samarskii type condition is introduced.

2. FORMULATION OF THE PROBLEM

We consider the equation

0 Ugz — |2 Uy, p>0 in Dj,
) aw — (—y)™uy,, 0<m <1 in Ds,

(1)

where D; is the domain bounded by the segments OA;, A;B;, RB;, OR in the lines y = 0,
r=(— 1>]+1 y =1, x = 0, respectively, for y > 0. Heremafter j =lasxz>0,75=2asx<0;
Dsisa characterlstlc triangle bounded by the characteristics A;C : z+(1— 25)( y) /(=28 =1,
A0 0w — (1 =2B)(—y)V/(=28) = —1, AjAy . y =0, -1 < 2 < 1 of equation (1) as y < 0.
Here 26 = m/(m — 2), at that

—1<28<0. (2)

We introduce the notations:

Jl—{(l’,y) O<I<1 y—O}
J2_{<377y) —1<2<0,y=0}, Jy={(z,y):2=0, 0<y<1}
—(1=28)(=y)V2) =0, OC,: z+ (1 —28)(—y)/1=2) =0,

C (0, —(2/(2 — m))2/(2im)) s O(0,0) € A1A2, Cl c AlC, 02 € AQC,
D:D1UD2UD3UJ1UJ2UJ3, D4:D1UD2UJ3,

x — x 126
G)J(x) = (Tla _{ﬁ} > ) (.] = 172)7 (33)

o= (5 ] ) %

©1(x) and Oy(x) are the intersection points of characteristics A;C' with the characteristics
starting at point Ms(z,0), z € [—1;0] and M;(z,0), x € [0; 1], respectively, and ©*(x) are the
intersection points of characteristics OC} with the characteristics starting at point M (x,0),
z € [0;1].

By D31, D3s and D33 we denote respectively the characteristic triangles OC1 Ay, AoC50 and
quadrilateral OC,CC,.

BS problem. In domain D, find a function u(z,y) with the properties:

Du(z,y) € C(D);

2)u(z,y) is a regular solution to equation (1) on sets D; U B;R (j = 1,2);

3)u(x,y) is a generalized solution to equation (1)in class Ry [28] in domain D3\ (OC; U OCs) ;
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4) u(z,y) satisfies the boundary conditions:

U(Jf,y)‘Aij :(P](y)7 Ogyglv (j:172>7 (43)
dixu [01(2)] + a(z)u(x,0) = b(x), (x,0) € Jy, (5)
u[0y(7)] = pu [0*(2)] + p(x), (x,0) € Jy; (6)

5) Uy € C(DlUJl)mC(DQUJQ)mC(DgLJJ]UJQ) and u, € C(D1UJ3)ﬂmC(D2UJ3);

on the intervals J; U Jo and J3 we respectively have conjugation conditions

ou (z,y) ou (z,y)

Jim =5 = p;(w) lim 5 +qi(x), (2,0) € J;, (7;)
and du (z,y) du (z,y)
. Ou(x,y) .. Ou(w,y

zlifflo 8x o xll{—ir}o a(L’ ’ (O’y) < Jg, (73)

where a(x), b(x), p(x), ¢;(y), p;(z), g¢;(z) (j = 1,2) are given functions, at that,

b(=1) =0, b0)=0, a(0)#£0, p0)=0, (8)
p=const >0, a(z)<0, d(x)<0, Vze[-1,1],pjx)<0, Vaxclj, (9)
e1(y), p2(y) € C(J5) N CH (), (10)
alz). b) € C* (), pla) € C* (1), pile). gi(a) €C(J;) NC>(Jy). (11)
3. MAIN FUNCTIONAL RELATIONS
We introduce the notations
u(z,0) = 75(x), (z,0) € Jj, uy, (z,£0) = v; (z), (x,0) € J;, (j = 1,2), (12))
w0,y) =73 (y), (0,y) € Js, ua (£0,9) =v3(y), (0,y) € Js. (123)

A generalized solution in class Ry to the Cauchy problem with condition (12;) for equation
(1) in domain Ds; is given by the formula [11], [28, Eq. (27.5)]:

£ n
w(E,n) = / (n— )€ — )T, (1) dt + / =0 (= N (@) d,  (13)

0 13
where
Ni(t) = Ti(t)/2cosmB — vy (1), (141)
7 =121 =287 (@2 -28)/T*(1-5),
E=x—(1-28)(—p)"", n=az+1-28)(-y)"", (15)
ﬁ@yi/@—wﬂ%uwﬁ, (2,0) € Ji, (161)

0

functions 7' (z) and vy (x) are continuous in (0, 1) and are integrable on [0, 1], while 7 (z) has
a zero of order at least —23 as x — 0.

The generalized solution in class Ry to the Cauchy problem with condition (125) for equation
(1) in domain Ds; (j = 2,3) is given by the formula:

£ n
w(m) —/@—t)‘%—t VP (1) dt+/ COTNy (B d, (13)
-1 ¢
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where
Ny (t) =To (t)/2cosmB — vy (1), (142)
while £, n are determined by (15);
n@ = [0 n@a @0 en (162)
5
functions T5(z) and v, (x) are continuous in (—1,0) and are integrable on [—1,0], while 75(z)

has a zero of order at least —2( as v — —1.
Letting £ = —1 and 7 = 2z in (133), in view of (31), (5), (142) and

w[O1(2)] :/(a;—t)ﬁ<1+t)-ﬁN2 (t)dt, (2,0) € Ja, (7))

1
we obtain the functional relation for Ty(z) and v, () transferred from domain Dss in Js:

. (1+2)" 1 (1+2)" 4
=—-—->"D T ——==D"1.b 0) € Jp, (18
ite) (.I’) F(l _ 6) _MCL(Q?)TQ(LIZ') + 2COS7T5 2(x> F(l _ B) —lz (LC), (l’, ) 2 ( )
where D2 [-] is the integral-differentiation operator of fractional order « [28], while 7 (z) is
determined by (16,).
In the same way, letting { = —1 , p =z and £ = 0, n = x respectively in (132) and (13;), in
view of (32), (3), after some calculations we get

T

w[0s(2)] :/<x—t)—ﬁ<1+t)—ﬁN2 (t)dt,  (2,0) € I, (172)

-1
T

w[0"(2)] = / (z— )P+ BN, () dt, (2,0) € Ji. (19)

Differentiating (6) w.r.t. = and applying then operator Dy [], we have
5d 5d . _
D5 [04(w)] = Dy (0" (2)] + Dl (). (20)

Substituting (172), (19) into (20) and taking into consideration (5), (6), (141), (143), (18) and
the identities D% D?, (1 + 2)PNy(z) = (1+2) " No(z), DglDE 27PNy(z) = 28Ny (),
we obtain the functional relation for 7)(z) and vy (z) transferred from domain Dj; in J;:
 Ti(x) n zP
" 2cosmB pl(1—p)

where 75(z) is determined by (165),

o () Dila(x)my(x) + Fi(z),  (2,0) € Ji, (21)

P
Fila) = = L PP (@)= Dib(o) (22)
0, a(0) # 0, in view of (17;1), (173), (19), it follows

By condition p'(0) = 0, b(0) =
= 0. Therefore, by the conditions of BS problem we have

from (5) and (6) that u(d, 0)
T (O) = T2 (0) = T3 (0) = 0.
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Passing to the limit as y — —|—0 in equation (1) for z > 0,y > 0 and z < 0, y > 0, in view of

(41), (42), (8), (161), (12;)(j = 1, 3), we respectively have
' (z) = 2Pv{ (z), (z,0) € Ji, (23;)
71 (0) =73 (0) =0, 71 (1) = ¢1(0) (241)
and
7 () = (=) (x),  (2,0) € Jo, (232)
72 (=1) =¢2(0), 7 (0) =75(0) = 0. (24,)
Solving problem (23;) and (24;), we obtain functional relation for 7;(x) and v} () transferred
from domain D; inJ; (j = 1,2):
T (x) = /G1 (z, )ty (t)dt + @, (x), (z,0) € Jy, (251)
To(x) = /G2 (z,t) (—t)Pvy (t)dt + Po(z), (x,0) € Jo, (25)
where 7
O, (2) = 21(0), (261)
Dy(2) = —x 2(0), (26,)
x(t—1), 0<x<t,
G = w1, t<o<t (21)
G f = t(l+z), —1<z<Ht, o7
2= b4, t<e<o (272)

4. UNIQUENESS OF SOLUTION TO BS PROBLEM

Theorem 1. If conditions (2), (8), (9) hold true, a solution to problem BS in domain D is
unique.

The following two lemmata play important role in the proof of Theorem 1.
Lemma 1. If conditions (2), (8) hold true, solution
u(z,y) € C (Dy) NCo) (D1 URBUDyUByR),  ug(z,y) € C(DyU By By)

to equation (1) asy > 0 attains its positive mazximum and negative minimum in closed domain

D4 only on AlBl U A2B2 U Jl U JQ

Proof. By the maximum principle for parabolic equations [29], [30], a solution u(x,y) to equa-
tion (1) for y > 0 can not attain its positive maximum and negative minimum inside domains
Dy and Ds,.

Let us show that solution wu(z,y) to equation (1) as y > 0 does not attain its positive
maximum (negative minimum) on J3.

Assume the opposite, i.e., at some point (0,yy) in interval J; function u(z,y) attains its
positive maximum (negative minimum). Then by the maximum principle [31], [32], in domain
D1 we have

uz(+0,70) <0 (> 0). (28)
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On the other hand, in domain Dy we obtain
u;(—0,90) >0 (<0).

In view of (73), this inequality contradicts (28). Therefore, u(z,y) does not attain its positive
maximum (negative minimum) on interval Js.

By condition (8), it follows from (5) and (6) that u(z,y) = 0. Thus, u(z,y) does not attain
its extremum at the point O(0,0).

Employing Lemmata 1.1 and 1.2 [33 Ch. 2, Sect. 2.3], one can show that at the point (0,1)
there is no positive maximum (negative minimum).

Hence, u(z,y) does not attain its positive maximum (negative minimum) on the interval Js.
The proof is complete. n

Lemma 2. Let 7(x) € C[-1,0|NCWH) (—1,0), where k > —23, attain its mazimal positive
(minimal negative) at the point x = xo (xo € (—1,0)). Then at the point x = xy function

1
I'(1-2p)

_ sin 273 d? r
DY 2 my(x) = Wﬂ@ / 7 (1) (v — )" dt (29)

-1

TQ(I)

can be represented as

T5 (o) = s 2mp (14 20)" ™" 72 (x0) + (1 —28) / 72(:1(6:02;);—229“ ) (30)
at that, _
Ty (x0) <0 (Tz(z0) >0), (x0,0) € Jo. (31)

This lemma can be proved by means of Theorem 1 in [I4] and Lemma 27.1 in [28].
As above, we can prove Lemma 2 for the case xy € (0,1). Hence, the identity

1 1-2 sin 270 [ 951
Tz Do (@) = = |a5 T (wo)
7 (32)
+0=28) [ I (o) =2 (0] (o — "2

0

T1 (l’g) =

holds true, as well as the inequality

T (ZEQ) <0 (Tl (ZL’()) > 0) , (33)
where (79,0) € Ji is a point of positive maximum (negative minimum) of function ,(z) €
C (J1> N C(l’k) (Jl) .

Lemma 3 (Analogue of A.V. Bitsadze maximum principle). If conditions (2),(8),(9) hold
true, the solution u(x,y) to BS problem as p(x) = 0, qi(z) = 0, g2(x) = 0, b(x) = 0, at-
tains its positive maximum and negative minimum in closed domain Dy just on A1 By U Ay Bs.

Proof. By Lemma 1, for y > 0, solution u(z,y) to equation (1) attains its positive maximum
and negative minimum in closed domain D, just on A1 By U A3By U J; U Js.
Let us show that the solution u(x,y) to equation (1) does not attain its positive maximum
(negative minimum) on intervals J; (j = 1,2) and at point O(0,0). We assume the opposite.
Let u(z,y) attain its positive maximum (negative minimum) at some point @ (xg,0) € Js.
Then as b(z) = 0 identity (18) becomes
B
1 To(x) + %D_fza(x)ﬁ(x), (x,0) € Jo. (34)

B 2cosmf 2

vy ()
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By (73), the definition and the maximum principle for fractional order integral-differentiation
operator [28, Egs. (4.1), (4.6)], and (34) we obtain

1 (1+2z)°
@ - ar s

" 2cos el 2 (1+2)” a(z)m(x)
_5/wa@ (x—t)ﬁdt—ﬂrg(a:)/M(:ﬂ—t)ﬁdt :

71p2($>V;($)

(35)

r—1 r—t
1
Taking into consideration (2), (9), (11), Lemma 2, (35) at the point Q(z,0) of positive maxi-
mum (negative minimum) we obtain

vy (z0) > 0 (v (z0) < 0). (36)

On the other hand, since 75 (x¢) < 0[rf (zo) = 0], by (232) we obtain vy (z9) <
0 [v5 (zo) = 0]. This inequality contradicts (36).

Hence, u(z,y) does not attain its positive maximum (negative minimum) on interval Js.

In the same way, employing (2), (71), (9), (11), (231), (33), by (21) for b(z) =0, p(z) =
0, q(x) =0, we get thatu(z,y) does not attain its positive maximum (negative minimum)
on interval J;.

It follows from (8) that u(z,y) does not attain its extremum at the point O(0,0). The proof
is complete. O

Proof of Theorem 1.1. Let @1 (y) = @2 (y) = blx) = p(x) = ¢ (x)
Lemma 3 and (4;), (42) we get

¢2(x) = 0, then by

u(z,y) =0 in Dy
It follows that
u(x,0)=0,(z,0) € J;, wy,(r,£0)=0,(z,0)€ J;,(j=1,2). (37)

Taking into consideration (14;), (142), (29), (32), (37), by solution to Cauchy problem (13;)

for equation (1) in domains Dy;(j = 1,3), we obtain u (z,y) = 0 in D3. Hence, u(z,y) =0 in
domain D. Thus, solution to BS problem is unique. The proof is complete. O

5. EXISTENCE OF SOLUTION TO BS PROBLEM

Theorem 2. If conditions (2), (8), (10), and (11) hold true, then BS problem is solvable in
domain D.

We proceed to the proof of this theorem. By (16;), the identity 7;(0) = 0, (21) we have
P
pl (1= 5)

1
s Don (@) = 2cosmh [yavy () -

T (1—25) Dyl al2)rs(x) = Fi(@)] , (2,0) € 1.

(38)
By (18), (162) we get an integral equation for T5(x):

Ty(z) + / Fo(x,)To () dt = Fy(z), (2,0) € Ja, (39)
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where

2cosmf (1 + z)”
BT a g
/a’(z) (z—2)" (z—t)*"dz—28 / a(z) (@ —2)" (2=t "dz }

(1+z)°
Ta=g D_fxb(x)} . (41)

Fy(z) =2cosmf [y (z)+

In view of (2), (11), it follows from (40) that kernel Ks(z,t) satisfies the estimate
| Ko (z,t)| < const (1 + z)°. (42)

It follows from (11), (133), (41) that the right hand side of equation (39) is continuous in the
interval (—1,0) and is integrable on [—1,0].

In view of (2), (42), equation (39) is a second kind Volterra integral equation with a weak
singularity. The formulation of BS problem, (42), and properties of function Fy(z) yield that a
solution to equation (39) should be sought in the class of functions continuous in (—1,0) and
integrable on [—1, 0].

In accordance with the theory of integral Volterra equations [34], integral equation (39) is
uniquely solvable and its solution is given by the formula

Ty(z) = Fy(z) — / K@ ) B0)dt, (2,0) € J, (43)

where K (z,t) is the resolvent of kernel Ky(z,t).
By (162), (43), and the identity 7(—1) = 0 we obtain

1

WD_QB T5(2) Y31y (2 )—%/Ké(af,t)vg‘ (t)dt + F3(x), (2,0) € Jy, (44)

where v3 = 2y, cos 7[5,

2cosmf

(1+2)D2b /K*xt (1+t)’DZP b (t)dt . (45)
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Excluding 7 (z) and 7»(z) for relations (38), (251), (44), (252), by (71) and (72), we get

rg e | [ G v+ @3(@] = 23 [ (@) (2) + 0,(0)]
_ 2cos mfhz” i / _£\8 / A (=2)Prt(2)dz 1o
i e / (e~ 1alt)dr / G (t,2) (—25 (2)d
+ Fy(x), (z,0) € Jy,
1 —2 / ! p,,+ / _
mlllf [Gu (z, 1) (—=t)Pvy (t)dt + ‘1’2(1’)] = 3 [pa(2)vs (z) + ga(2)]
- (47)
[ K3lait) [pa(0vf 0 + 0] dt + Fi@), (@,0) €
where
P
Fy(x) = —2cosmf [mDOz a(z)Py(x) — Fl(x)] . (48)
We introduce the notations
Ri(z) = ﬁl) /G;x (2, ) 20 (t)dt 0<z<l, (46,)
Ro() = ﬁpjﬁj Gl (o) (—t)P vt ()dt,  —1 <z <0, (47,)

-1

Then by (27;), (272), and the definition of fractional order integral-differential operator [28],
Egs. (4.1), (4.6)], as well by the property of beta-functions [28, Eq. (1.7)], (461), (471), we have

Ri(z) = 4 /Pn(a;,t)yl+ (1) dt+/P12(:p,t)y1+ (1) dt] :/P1 (z,t) v (t)dt, (465)

T

Ry(z) =14 /Pgl(a: tvg (t) dt + /PQQ(:p,t)y; (t) dt] = /P2 (z,t) v (t)dt, (47)

T

where v, = 1/T'(1 — 28)T'(1 + 20),

VP (z,t), 0<t<z,
(463)
’)/4P12 l‘,t) $<t<1,
")/4P21 l't), —1<t<2§',
_ (473)
YaPoo (x,1) r <t <0,
Py (z,t) = (z — 25tp+x2ﬁtp(t 1), Pi(z,t) = 2% (t — 1),
Py (z,t) = (z = ) (=)™ + (@ = ) (L + ) (=) — (x + 1)* (—1)",

Py (x,1) = — (z + 1)% (—t)P*.
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Substituting (462) and (473) into (46) and (47), respectively, we find
0

vy (z) — /P (z,t) vy (t)dt = F5(z), —1<x<0, (49)
uﬂ@—/@@ﬂﬁ@ﬂpjwwﬁ/&@ﬁ@@ﬁ,0<x<L (50)
where _

[Pa(2,t) + 7305 (2, 0)p(E)] /yapa(z), —1<t<w,
”%”:{&@¢Mmmw, z <t <0, 1)
Q (z,t) = Py (x,t)/v3p1 (), (52)

_ D:%Qq)lz(x) _ V3q2(x +F3 K (x, t q2
Folw) = I'(1—28) yspa() V3p2(x / 7 (53)

 DPRl(e) Fa@) +sa(x)
B0 = =28 @ anle) oy
z,t) = 2cos mATP ()" d xaz x — 2)PGy(z,t)dz
) = =B+ ) 4 / (B2t e o
By (2), (11), (40), (42), (463), (473), (51), (52) we obtain the estimates
Plof) < const(a:—) , —1<t<u, "
[P0l < const (1 +1) x<t<0, (56)
const (x —t) 0<t<x,

QIS { const % r<t< 1L (57)

It follows from (56) and (57) that equations (49) and (50) are integral Fredholm equations
of second kind with a weak singularity.

By (2), (8), (10), (11), (53), (54), (22), (261), (262), (40), (41), (42), (45), (48) we conclude
that

1) Function Fj(z) is continuous in (—1,0) and integrable on [—1,0]. At that, as x — —1
function Fj(x) tends to infinity slower than a power with exponent —20.

2) Function Fy(x) is continuous in (0,1) and is integrable on [0,1]. At that, as x — 0,
function Fg(z) tends to infinity slower than a power with exponent —20.

The solvability of integral Fredholm equation of second kind (49) and (50) (by the equivalence
to BS problem) follows from the uniqueness of solution to BS problem. It is given by the formula
[34]:

0
vy (z) = /P* (x,t) F5 (t)dt + F5(x), —-1<x<0 (58)
1
and vy (x) € C(—1,0) N Ly [-1,0]. As @ — —1, function v (z) tends to infinity slower than
the power with exponent —28;

ﬁ@ﬂ:/QWLﬂEQMHJM@,O<x<L (59)
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and v (z) € C'(0,1) N Ly [0,1]. At that, as z — 0, function v (z) tends to infinity slower than
the power with exponent —2(3. Here

0 0
Fr(z) = Fg(x) — /K1 (z,t) /P* (t,2) F5(z)dz+ F5 (t) | dt,
1 ~1
while P* (x,t) and Q* (z,t) are the resolvents for kernels P(x,t) and Q(x,t), respectively.

Substituting (58) and (59) into (25;) and (259) respectively, we determine 7»(x) and 71 (x) in
the classes

() € C*[=1,00N Ly [~1,0] and 7 (z) € CT[0,1]N Ly [0,1]. (60)

Let us solve the following problem. B
AD problem. Find solution u (z,y) € C (D) N C2. (D1 URBy U Dy U ByR) to equation

(1) satisfying conditions (4;), (42), (73), and
u(z,0) = 7 (), (z,0) € Jy, (614)
(‘7770) :7—2<I>7($70> S j2v (622)

where 7;(z) (j = 1,2) are given functions satisfying condition (60), at that, 71(0) = 72(0).

Theorem 3. If conditions (2), (10), (60) hold true, AD problem is uniquely solvable in
domain Dy.

Proof. The solution to the Dirichlet problem for equation (1) in D; U RB; with conditions (41),
(61;), and u(0,y) = 73(y), (0,y) € J3 read as [29], [31]:

1 Yy Yy
0 0
u@w—/%@mwm%mﬁ+@/GWww,)Uﬁ+@/ﬂ%m@®%@ﬁ
0

(62)
It belongs to the class C (D;) N C’;; (D, U RBy) if (10), (60) hold true and 73(y) € C (J5) N
C* (Js) . Here GY)(x,t,y,a), (j = 1,2) are introduced by the formulae

1

L (1—a)¥ol) — g (1 — )Xol —¢
G( ) (Ia t7 Y, Oé) = (1 _ 0)2(0471) - (1 — O{)2(O‘71) GO (:E7 ta Y, O[) tpdt7 (63)
0
1
G (o ty.) = (L= P = [ Go(otiya) (1 - )" i (64)

0

and Go(x,&,y, «) is the Green function of the Dirichlet problem for equation (1) in domain D,

Golbvsa Z@T ayate uw)méli;QSG_&)&M),

where J, (z) = Z_:O #1;1)(%)#28 is the Bessel function of first kind, o = pi;, at that,

1
g <a<l, (65)

and A, are positive roots to the equation J;_,(As) =0, s =0,1,2,...
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Differentiation (62) w.r.t. x and passing to the limit as z — +0, by (123) we find

Y

0
n() =5 [ 2= 0mdt+ Fw), 0. €k (66)
0
where
OGN (z,y —t a) _ -l
- _ o 20—1 71: ) ) _ _
Fs(y) = a:lgﬂo_x /GO x, by, a)tP (t)dt+ —/G z, by, a)p(t)dt. (67)

Thanks to the properties of function J, (z), function Z (y — t) is represented as [21], [31]:

Z(y—t)=— (y—t)*"'+ By —1t), (68)

I'l—a)

where B (y —t) is a continuously differentiable function for y > t.
Substituting (68) into (66), we obtain the function relation for 73 (y) and v5 (y) transferred
from domain D; to Js:

() = ~F a3 / =0 "m0+ 5 [ B - 0nod+ B (69

0

It is easy to observe that the solution to the Dirichlet problem for equation (1) in Dy U RBy
with conditions (42), (612), and u(0,y) = 73(y), (0,y) € Js is given by the formula

u(z,y) :/Go(—x,t,y, a)(—t)Pra(t)dt — (% G(l)(—x,t,y,a)Tg(t)dt
- (70)

Y

- a—y/G(2)(—x7t,y,a)sO2(t)dt-

0

As above, differentiating (70) w.r.t. = and passing to the limit as x — —0, in view of (123),
(68) we obtain the functional relation for , 75 (y) and v5(y), transferred from domain Dy in Jj:

(o) = frmar g [ =0 = 5 / By~ Dm0+ Ffy). ()

where

Foly) = Tim 2 /GO by, ) (—t)Pra(t) t——/G Loty a)es(D)dt S (72)

z——0 Ox

By (73), (69), and (71) we obtain the identity for 73(y):

Y

2 0 o |
e / e~ 25 / Bly — t)rs(t)dt = F(y) — Fo(y).

1—a
0 0
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By the definition of fractional order integral-differential operator [28], (4.1), (4.6)] it follows that

f%¥%ﬂxfﬁ@y-ﬂmmaw_2/Bzw—wa®ﬁzfaw—PMw~ 73)

0
Applying operator — Dg,~ ! to identity (73), by the identity 73(0) = 0 and
Dg, Dy, 13(y) = 13(y), (74)

we arrive at the integral equation for 73(y):

/M (t)dt + Fioly), (0,) € Js, (75)
where
M) = S BOW -0+ [ Bl -2
Fuly) = g D 1) = Fo)]. (76)
Kernel M(y,t) € C([0,1] x [0,1]\ {(y,t) : y = t}) for y close to t obeys the estimate
| M (y,t)| < const(y —t)™“. (77)

Let us study function Fio(y,t). By employing properties of function Gy (z, &,y — 1, ), J, (2)
and (2), (10), (60), it was proved in works [21I] and [33] that functions F; (i = 8,9) belong to
the class

Fy)ec(J)nc'(J), (i=8,9). (78)
By (76), (77), (78), and the definition of fractional order integral-differential operator [28|
(4.1)] we obtain the estimate
y y
/(y — )" [|Fs(t)] + | Fo(t)] const/ — 1) %dt < consty'~
0

0

[Flo(y)| < 2T (a)

Taking into consideration (65) and the inequality 0 < y < 1, we have

| Flo(y)| < const. (79)
By (10), (60), (65), (79), (76) it follows that
Flo(y) eC (73) NnCt (Jg) . (80)

Thus, by (77), (79), (80) equation (75) is a second kind Volterra integral equation with a weak
singularity.

In accordance with the theory of integral Volterra equations [34], we conclude that integral
equation (75) is uniquely solvable in the class C' (.J3) N C* (Js) and its solution is given by the
formula

( FIO /M y7 FlO dt? (07y) € j37 (81)

where M*(y,t) is the resolvent of kernel M (y,t).
Therefore, AD problem is uniquely solvable since it is equivalent to Volterra equation of

second kind (75).
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Substituting 73(y) from (81) into (62) and (70), we recover the solution to AD problem as
the solution to the Dirichlet problem in domains D; and D, respectively. O

Thus, the solution to BS problem can be found in domains D; and D, as the solution to
the Dirichlet problem for equation (1) (see (62), (70)), while in domain Dj it can be found as
as the solution to the Cauchy problem for equation (1) (see . (13;) (j =1,2)). The proof of
Theorem 2 is complete.

The author expresses his gratitude to his supervisor Academician of AS RUz M.S. Salakhit-
dinov for the attention to the work.
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