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EQUIVALENCE OF SECOND-ORDER ODES
TO EQUATIONS OF FIRST PAINLEVE EQUATION TYPE

YU.YU. BAGDERINA

Abstract. We consider equivalence problem for equations of a degenerate type, which
involve, for example, the first Painlevé equation. In terms of algebraic and differential
invariants of the family of equations with the cubic nonlinearity in the first-order derivative,
we obtain the necessary condition of equivalence to some equations of this type with a
known solution. We prove a criterion of equivalence to the first Painlevé equation under
point transformations.
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1. INTRODUCTION
The problem on equivalence of second order ordinary differential equations (ODEs)

2y dy\® dy\” dy

under point change of variables

a(&,m)
1) #0 (2)

attracts a lot of attention since the end of XIXth century [I]-[L0]. Class of equations (1)) is closed
w.r.t. transformations (2)). It contains 50 equations [II, Ch. 14] obtained in the classification
of second order ODEs having no moving critical points except for the poles [12 [13] including

six Painlevé equations. The problem of equivalence of a second order ODE to the first Painlevé
equation

225(56,3/), w:77(95>y)7

d*w

pr 6w? + z (3)
under point transformations was studied in [10] and [T4]-[19]. In [20], there was considered a
problem of equivalence of the first Painlevé equation to the generalized Emden-Fowler equation
under (non-local) Sundman transformation.

It was proven in [2I] that all Painlevé equations can be reduced to the equation
d2
5 = f(.y) (4)
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by some change ; canonical form was obtained for third, fourth, fifth, and sixth Painlevé
equation. It was also shown in [21] that only special change of variables

T = k/cbz(x)dx +xo,  §=¢@)y+x(x), k,zo=const, k ,d(x)#0 (5)

does not lead equation outside this class.

In the most part of works devoted to the equivalence problem for equations (1)) [1]-[5} 8] there
was studied only the general (non-degenerate) case for equation described by the relation
Jo # 0 (the formula for Jy is provided in the next section). For all the Painlevé equations we
have Jy = 0 and thus, they belong to degenerate types of equation . In [I] there were also
studied degenerate cases of equation but their complete classification was not made. Such
classification was made in [0l [7] by the methods of differential geometry. Later, in [9], it was
made by exterior Cartan forms, and later in [I0] by employing Lie’s infinitesimal approach.
At that, the result applicable to each equation (1) was provided only in works [7, 10]. In [6]
the formulae for the invariants of equation ([1)) were obtained in a special coordinate system
and to apply them, one should first make a preliminary change of variables (i.e., requires
making several interations). The result of [9] for degenerate types of equation including, in
particular, Painlevé equations needs that equation (1) should be first reduced to ({4]).

Equation (1)) of first type in [10] correspond to the general case determined in [0} [7]. Equations
of ninth type in [I0] coincide with the case of maximal degeneration in [0l [7]. For other seven
types of equation introduced in [I0], it is to be studied independently to which cases of
intermediate degeneration in original classification [0 [7] these types correspond. In the main
case the formulae of connection between the invariants of equation constructed in [7] and
[10] are provided in [I0, Sect. 1]. Similar formulae in the degenerate case which includes five
of six Painlevé equations are given in [22 Sect. 7]. The correspondence between the invariants
in [10] and those applied in [I}, 21} 23] was established in [22], Sect. 3] and [24].

In the present work the equivalence conditions were obtained by employing algebraic (de-
pending on x, y) invariants of equations constructed in [I0]. Equivalent equations have the
same sets of (absolute) invariants. According to the classification in [10], equation (3)) belongs
to the sixth type of equation . Other five types of Painlevé equations belong to the fourth
type and the equivalence conditions for them were studied in [10, [19] 22] 23, 24]. The present
paper is devoted to the equations of sixth type, i.e., to the most degenerate equations pos-
sessing invariants. In Section 2 we describe invariants of such equations and we show that by
some change of variables all of them are reduced either to

d?w 1
ﬁ+4—w3+F(z)—0, F(z) #0, (6)
or to
d*w 9

In Sections 3, 4 we calculate the invariants for these equations and obtain necessary conditions
of equivalence to equations of sixth type for which in [25] either the general solution was
given or the order was reduced. Namely, in Theorems 2-6 we describe five non-equivalent
equations of sixth type admitting point symmetries. Four of these equations are integrable
and in one of them the order can be reduced. Transformation relating equivalent equations
is constructed by employing both algebraic and differential (depending on z, y, vy = dy/dz)
invariants of equations (I). It was shown in [26] that in solving the equivalence problem
of a second order ODE the maximal amount of differentiations required for constructing the
invariants should be made for equation (7)) with (f=1/4)" # 0.
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As papers [14]-[19] show, the criterion of equivalence to equation ({3) can be obtained by
means of various approaches. In Section 5 it is reproduced in Theorem 7. At the example of
the first Painlevé equation we show how to prove the sufficiency for conditions of equivalence
to equation (1]}, once among its algebraic invariants there are invariants I;, I such that

oL, 1) #0. (8)

A(z,y)
Relation (8) expresses the functional independence of invariants I; and ;. The approach based
on the functional independence of the invariants it known and employed for a long time (see,
for instance, [5, P. 7], [I7], [I§] or formulae (7) in [19]). In [22] this approach was employed in
the proof of a criterion of equivalence to the second Painlevé equation and to equation XXXIV
in [11] which can be reduced to the second Painlevé equation by a differential substitution.
For the other Painlevé equations the sufficiency of equivalence conditions was established if
applying of these conditions to ODE , up to transformation ({5 gives the canonical form of
the corresponding Painlevé equation in [21]. In the case of third and fourth Painlevé equations,
this approach was employed in works [24] and [22], respectively.

In Section 6 we provide examples of applying differential invariants in constructing transfor-
mation relating two equivalent equations with no algebraic invariants satisfying condition
. We consider the case when all the algebraic invariants of an equation are constant as well
as the case when all of them depend on one variable. It is also shown that the generalized
Emden-Fowler equation found in [20] is related with the first Painlevé equation by a point
change of variables .

2. INVARIANTS FOR EQUATIONS OF SIXTH TYPE

Here we partially reproduce the classification of second order ODEs in [I0, Thms. 2, 7]
concerning the equations of sixth type.

Theorem 1. FEquation of sixth type are characterized by the relations
JO = 07 51 # 07 jO = 07 jl = OJ jQ = 07 j3 7£ 07 F0j3 7& 561 (9)

The basis of its differential invariants is

I, = ‘31/2 ( 15eg 3y >7
J3 Li=5 Bi(B+yBa)
: 2
An arbitrary algebraic invariant of equation can be obtained by applying functional-algebraic
operations and operators of invariant differentiation
15¢q 3 5
(11 = 5)V7s Bivis

to I, I,. Algebraic invariants for all the equations of sizth type satisfy trivial relations

(10)

Dy — j—lgwx _50,), Dy= (20, — 1)) (11)

46
5L +3L(5— 1) =0, 5L —2(2L +15) 1+ (5 — 1) (Eh + 33) =0,
(12)

1 3
I =0, Dy(D31) = (E(”+8)Il+§(”+4)) Dyl, neNN.
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In this theorem we employ the notations
[ij = D’i[j7 [kij = Dk(Dzjj)a [lkij = Dl(Dk(Dzjj))7 i?j? k7l = 17 27 (13)

for the derivatives of the invariants obtained by applying invariant differentiations to I,
I5. The quantities involved in @f

Lo = 362710 + Bi(720 — 4711), I't = Ba(4y20 — 711) — 3P1721,

= %(&Fo — 6il), Jo = 3 (gj 010 — 511) 6;1;0 (’711 - 5—?)’10) ;

i 5} 2
== (2/@2520 - 51530 - %510) + (720+ Y11 — 2%%0) (720—5711 - 3%1 710)
. , 0 6
J2 = 5 (520 - b 510) o (752710 — 6720 — 711) y J3 = <£ - ﬂ) )
1

b 551 3 a0
e 2lyi0010 | 847 Ao
T A=—5 762, — 8
h 501 25037 * 12548’ 535 T 2551< 10 — 8710€10)

are calculated by means of relative invariants
B = a1z — agy + Rog — 2Qa; + Pag, B2 = agy — any + Sag — 2Ry + Qag,
Y10 = Pz — QB + Ppa, 010 = V10e — 2Q710 + P (720 + 711) — Do,
Y11 = Por — BB + QB 011 = Y112 — Ry10 + Pya1 — a1 81 — 4agfe,
Yoo = Biy — BB + Qfs, 020 = Y202 — Ry10 + P21 — 4o S — apfBa,
Yo1 = Poy — SB1 + Rfa, 091 = Y212 — R(v20 + 711) + 2Q721 — 51 B2,

030 = Y20y — Y10 + QY21 — 481 — a1 s,

€10 = 0100 — 3Q0d10 + P (2020 + 611) — 1200710,
Ao = €100 — 4Qe10 + P(3e0 + €11) — 21apdio,
ap=Q, — P,+2PR—-2Q*  a;=R,—Q,+PS—QR,
ay =S, — R, +2Q85 — 2R?

In contrast to absolute invariants Iy, I;, I, relative invariants are invariants not for the
whole group of equivalence transformations of equation , but for some subgroup. A detailed
description how to construct the relative and absolute invariants for equations by means
of Lie’s infinitesimal approach can be found in [I0]. We note that relations and their
differential consequences are satisfied for each equation of sixth type. Such trivial relations
should be excluded from the necessary conditions of equivalence, since they do not reflect
essential properties of a studied equation distinguishing it from other equations of the same
type. At that, they play an essential role in the proof of sufficiency of equivalence conditions

allowing us to express a part of invariants in terms of some “basic” invariants. This possibility
is demonstrated in Section 5 in the proof of Theorem 7.

Remark. FEquation with By = 0, B # 0 is reduced to equation with 5y # 0 by the
hodograph transformation.

It was shown in [21I] that each ODE (|1)) with relative invariants Jy = 0, jo = 0 is reduced to
by some change of variables . Condition j; = 0 for such equation reads as

Pr\ 50fOf
(5) -
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It implies that the right hand side of is equal either to

_ _ bafx)
f(x,y) =bo(x) + bi(2)y + (y + bs(z))®’ (14)
or to
f(x.y) = bo(x) + bi(x)y + ba(z)y’. (15)

Imposing other conditions in (9)) for function f(z,y) leads us to the conditions by = const # 0,
bop — b1bs + Uy # 0 for function and to condition by # 0 for function (15). Under such
restrictions, equation , is reduced to @ by an appropriate transformation , while
equation , is reduced to . The families of equations @, are non-equivalent
since for the former we have I; # 0, while the latter satisfies I; = 0. Necessary conditions of
equivalence to equations of sixth type with I; # 0 and I; = 0 are obtained in the subsequent
sections by means of invariants Iy, I, Iy, Dyls, n € IN. It is easy to see that other derivatives
of invariants can be expressed by trivial relations and their differential consequences
in terms of invariants [y, Iy, D315, n € IN.

3. EQUATIONS OF SIXTH TYPE WITH [; # 0
Equation (6] has the following invariants (here w’ = dw/dz)
I =5(1 +wF),
w'®(4F"? — 3FF") w3 F

I, = — 184w F? + 389w F + 196

S TR F)E 3601 wrF)E O 4 380unE 4 196),

I w2(9F?F" — A5FF'F" + 40F")  w(wF' 4+ 3uw'F)

- 27V/3F (1 + w3 F)5/2 LT BR(1+wiR)E2

Comparing invariants Iy, I, Is», we see that the algebraic invariants

. 39 . 54 46 7 5\\° .  37.53I512
=—— (PL+(L-5) | —=I*+—I,— - Jp=— 12 16

! (11—5)10<12+(1 >(451+121 4))’ 2T (L, -5)8 (16)

for equation of sixth type with I; # 0 depend on one variable only. In particular, for ODE
@ they are equal

- (BFF" — 4F"*)3 - (9F?F" —ASFF'F" + 40F"3)?

Ji=— 10 ’ Jo = 10 :

The condition J, = 0 coincides with the existence of a point symmetry. Namely, ODE @
admits the symmetry operator X in the cases

1) F(z) = const, X = 0,;

2) F(2) = &7, c = const # 0, X = 220, + w0,.

In the case I; # 0, in obtaining necessary conditions of equivalence, it is reasonable to employ
basis invariants Iy, I; and invariants instead of invariants Iy, I, Is, Is. If jl, jg # const
for a given equation, then excluding the common variable in the expressions for J;, Jo gives
a relation for jl, J being an invariant characteristic for this equation. Two equations with
different relations for jl, J, can not be equivalent.

In [25, Sect. 2.4.2] some equations of sixth type with I; # 0 were integrated. All of
them are reduced to two ODEs. The necessary conditions of equivalence to these equations are
formulated in the following statements.

Theorem 2. If equation 15 equivalent to ODE

de Al
e + As, Ay, Ay = const # 0, (17)
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it 18 an equation of sixth type, its invariants satisfy the conditions
L#0, J,=0, J,=0. (18)

If equations , are equivalent, change of variables (@ relating them is determined by the
1dentities

5A,w? 43 A ww’
I = Iy =— . 1
1 5 + 4A1 ) 0 (_<4A1 +A2w3))3/2 ( 9)
Theorem 3. If equation 15 equivalent to ODE
d> A A
v_n 2 Ay, Ay = const # 0, (20)

dz2 w3 | 232
it 18 an equation of sixth type, its invariants satisfy the conditions
I #0, Jy = const # 0, Jy = 0. (21)

If equations , (@) are equivalent, change of variables @) relating them and the relation
between the parameters of the equations are determined by the identities

. T29A4 I —54 5Aw? _2VBA P w(w — 220)
PTueAl T AAE T (AR 1 Au)E

If equations and (or ) are equivalent, their invariants coincide, and thus, they
satisfy the same relations. This is why the proof of the above theorem consists in straightforward

calculating of invariants Iy, I; and for equations and .

(22)

4. EQUATIONS OF SIXTH TYPE WITH [; =0
Equation have the following invariants

11 f f w'
L=0, Ih=—+4-—— D},= N, Ij=——s.
0 BT e T2 T (priogeere EN 0T T

We see that the algebraic invariants

J, = —1512 Iy = [2222
bTor(2L, —11)5 27 27(2L, — 11)3

depend on a single variable for equation of sixth type I; = 0, Iy # 11/2. Thus, while

obtaining necessary equivalence conditions for such equations of sixth type, it is useful to

employ invariants together with basis invariants . In particular, for ODE (7)) with
f(2) # 0 they read as

(23)

ERRELY 27 3253
Equation admits symmetry operators if 2(2/5 — 11) I3 — 512, = 0, i.e., in the cases

1) f(2) =0, X1 = 0., Xo = 20, — 2w0,;

2) f(z) = const # 0, X = 0,;

3) f(2) = &, c=const # 0, X = 20, — 2w0,.

Equations (4] of sixth type with I; = 0 considered in |25, Sect. 2.3.1, 2.4.2, 2.9.1] are reduced
to equation (3)), two ODES for which in [25, Sect. 2.3.1] the general solution was provided, and
to an equation admitting the order reducing. The criterion of equivalence to the first Painlevé
equation is proven in the next section, while necessary conditions of equivalence to other three
equations in [25] are formulated in the following theorems.

S



EQUIVALENCE OF SECOND-ORDER ODES ... 25

Theorem 4. If equation 15 equivalent to ODE

d2
d—zu; = Auw?, A = const # 0, (24)
it 18 an equation of sixth type and its invariants satisfy the conditions
11
I, =0, I, = 5 (25)

If equations , are equivalent, change of variables (@ relating them is determined by the
identity

/

w
Iy=————. 26
0 TR (26)
Theorem 5. If equation 18 equivalent to ODE
d*w  Aw?

—Z = A = const # 0, (27)

it is an equation of sixth type and its invariants satisfy the conditions

11 ~ ~

[1 == 0, IQ 7é ?, J1 - O, J2 - O (28)

If equations , are equivalent, change of variable @) relating them is determined by the
1dentities

11 z 8AZY 4 (w — 2zw')
Iy =— — 5 Iy = . (29)
2 18(y/z + 8Aw) V3(\/Z + 8Aw)3/2
Theorem 6. If equation s equivalent to ODE
d*w 3 [w? 2cw
@ = 2—5 <; ?> s ¢ = const % :l:l, (30)
it 18 an equation of sixth type and its invariants satisfy the conditions
1 - . Jy 25
L =0, I,# 5 Ji = const # 0, Jy = const # 0, 72 =7 (31)
1

If equations , (@) are equivalent, change of variable (@) relating them is determined by the
1dentities A o o

~ 11 1—

Ny /s il G
3(1—¢?) 2 18((c+ 1)z 4+ w)?
Vz2Bw —2(c+ 1)z — bzw')

3v2((c+ 1)z +w)3/2

5. CRITERION OF EQUIVALENCE TO FIRST PAINLEVE EQUATION

(32)

0=

An invariant characteristic (necessary equivalence conditions) in terms of invariants ,
for equation was obtained in [I0]. Here we prove the sufficiency of these conditions.

Theorem 7. FEquation is equivalent to the first Painlevé equation if and only if it is an
equation of sixth type and its invariants satisfy the conditions

o o O(Ia, I52)
Li=1, I =0, o) £ 0. (33)

Change of variables (@ reducing it to equation (@ 15 determined by the identities

1 z
L = =54(21, — 11). 34
661222 ) w2 ( 2 ) ( )



26 YU.YU. BAGDERINA

Proof. To the prove the necessity, let us find the relations to be satisfied by the invariants of
equation and therefore, the same relations are to be satisfied by the invariants of equation
(1) equivalent to ODE (3). Basis algebraic invariants , operators and the invariants
D1y, n=1,2, for ODE ({3]) are equal to
11 z 1
I, =0, L=—+——, Dy = —3w0y, Dy = ———0,,
! 27 2 T 10802 L= W
. (35)
Iyp = ———
2T 216w
Invariants satisfy first two identities in and the condition 0(1, I52)/0(z,w) # 0, which
is invariant w.r.t. a non-degenerate change of variables. The expressions for I, I can be
resolved w.r.t. w®, zw~?2 that gives (34).
To probe the sufficiency, let us show that once conditions for equation are satisfied,
the change of variables determined by transforms it into equation (3. Differentiating
twice, for the derivatives of w w.r.t. z we obtain the expressions

wdw B Q
dz — 54(2(2L, — 11)Q — 515)’

w3 d*w B 4(11 — 2[2)(23 + 515507 + 25]222d§2/d]2 (36)
dz2 183(2(215 — 11)Q — 51y)3 ’
where
0— dlgg o axlgg + y’8y122 ds o &CQ + y’ﬁyQ + y”ay/Q‘ (37)

dIQ N 835]2 + y’aylg ’ d]g N 8112 + y’f)ylg
Equation (3)) can be represented as
d*w 2
3 _ .5
w'gr =" (6+53).

By substituting , we transform it into

dQ
50]5‘2d—l2 4+ 8(11 — 20,1593 + 105,92 + 3(49 — 915)(2(215 — 11)Q — 5155)* = 0. (38)

By the identities [13 = Dl[j7 IZ] = DQIj, where [] = [2 and Ij = [22, while D17 DQ are
determined in (11]), we find the derivatives

1 1
85,;[] — g(MQ[lj - Mllgj), 8yfj — g(M4[1] - Mg[gj), (39)
: 1551€0 B2 B2 351
M, = My=——— M;=—M My = —My — —. 40
1= Bijs, M i =g My Mi= My =75 (40)
Second expression depends also on the derivatives
1 1
azfj = 9 <M22]11j—M1M2(I12j + IQlj) + M12]22j) + 3 (MQxllj_MlmIZj) )
1
0,0,1; = 9 (My(Myly1; — M3ls;) + My(Mslygj — Mylhs;)) (a1)
1
+ 5 (May Iy — My ls;)

3

1
6513- = — (M{Lij— MsMy(Lioj + Inij) + M3 ;) + 3 (MayIyj— Msy L)) .

NaN I
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The derivatives of the first two functions in (40]) are equal to

I =5 2710 B
My, = (220, + 200 _ p2 M,
1 ( 10 2+551 51+Q 1

I — 2 —
My, = ( 1 5M4+ Y20 — 3711 +352710 —Q@—l—R) M,

10 558, 503 B
M2 5MZ(49(5 — I,) — 451,) (2710
My, = (15 — 2I) =2 ! My—PM.
20 = U5 * 3(I, — 5)2 +<551 * Q) 2 ©

MyMy 5Mq M,
15 3(I, —5)7

Yoo + 711 B2rio Y10
— R) M — — M.
+ ( 551 5/8% + ) 2 + (561 ) 4,

while the derivatives Ms,, My, are calculated by means of the expressions for M;,, M, and

Biy = 20 + RB1 — QB2, Boy = y21 + SP1 — Rfs.
Substituting quantities , where the derivatives of invariants I, [s; are calculated by

means of , , and 3" is replaced by means of , we cast (38)) into the form
Ao(Ma + y' My)? + 3A1 (M + ' M3) (Mo + o My)?
+ 3o (M + o Ms)*(My + y' My) 4+ As(My + 3/ Ms)* = 0

My, = (15 — 2I) (49(5 — I,) — 451)

(42)

with coefficients A; being functions of the invariants for equation ([1)). Identity is the
condition ensuring that equations and are related by the change of variables determined
by . It remains to show that A; vanishes if the invariants of equation (|1)) satisfy conditions
(33)-

By trivial identities and their consequences, we can express invariants ;5 and

I —

5
- (9217 + 22171, + 8910),

4
3 9
1122 :1—0(3]1 —|— 25)]22, 11122 = 2—0(3112 + 24[1 + 125)]22,

2 3
I512 25(211 +15) 19, Ip1oe = 1—0(311 +25) 190, l12990 = (I3 + 9) 1920

in terms of invariants I, I, I5o, Is92. Substituting these expressions into A;, we obtain

Ao =21 I5,[AT7 (915 — 49) K3 — 811,(331, + 875)1%,K,
+ 243(31; + 25) (2317 + 84601, + 56125)15,),
Ay =300 135,61, (91, — 49)KG K, — 243(91; + 175) 13, K,
+ (13K, — 10(171; + 105) Ko — 375(3431; 4 2245))12,155],
Ny =2251[181, (915 — 49) Ko K? — 162(31, + 25)13, 1299 K,
— 45(4311; + 3525) Ly Iagy + 215, (1355 + 45159 [9990) K],
A3 =15%[27(91, — 49) K3 + 3613, 1200 K1 + 9015, (46 155, — 45125 15927)
+ 51 (1 — 5)72(49(1; — 5) + 4515)(135(31; + 25)13, — 21500 K>)],
where Ko = 91, + 231; + 1073, K| = 2(2Iy — 11) 59y — 513,, Ky = 45(21; + 15)(2[, — 11) +

I,(461; 4+ 2245). It can be shown that these quantities vanish if and only if I; = 0, Isy = 0,
I5995 = 0. The proof is complete. O
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6. EXAMPLES OF EQUIVALENT EQUATIONS

Apart from equations , , , , in [25] there were integrated other ODEs

of sixth type equivalent to these four equations. In two subsequent examples we show how to
establish the equivalence of equation by means of invariants and to find the relating change
of variables . In the third example we establish that the generalized Sundman transform
obtained in [20], up to a point change of variables can be regarded as autotransformation of
the first Painlevé equation.

Example 1. In [25], there was provided the general solution to ODE

dy A A
3= EJFF’ Ay, Ay = const # 0, (43)
having invariants
5A513 B 4\/§A1x7/2y(y —xy') A

h=or Qe 1™ =0, Jy= 44
1 5+ 41411'37 0 (—(4A1$3+A2y3))3/27 Jl 07 J2 O7 ( )

satisfying conditions of Theorem 2. Equating invariants I defined by , , we obtain
the transformation relating equations and :

Y dv  zy —y

zZ = Qf, 3 w = R > ° 45

Equating invariants I, and substituting , we obtain the equations &, = z7%, &, = 0 to

determine function €. The solution is £ = —1/z. It is easy to check that the change of variables

z=—1/z, w = y/x transforms into equation (7).
Example 2. In [25] there was integrated the equation
dy _Ay* Gy

E = ? — 2512, A = const 7A O, (46)
whose invariants are )
11 2y — dbxy

=0 Iy = — = 47

1 ) 2 2 3 0 5\/6_Ay3/2 ( )

Comparing with , , , we conclude that ODE satisfies the hypothesis of
Theorem 4 and is equivalent to equation . Change relating and is found by
the condition of equality of invariants I, for these equations. Substituting

dw . +y'ny

sz(l'7y), w:n(.r,y), E_ g +y,§

into this identity and equating the coefficients at the like powers of 3/, for &, n we obtain the
system of equations

5Une +20°%6, =0, 5y* Py, + (2, — Bag,) =0, &, =0.

One of its solutions is & = 52'/°, n = y2~%/°> and thus, ODE is transformed to by the
change of variables z = 52'/5, w = yx=2/°.
Example 3. It was shown in [20] that the generalized Emden-Fowler equation
d*y coy? 1 Ca

@ = (:L‘ — k>5 + (.Z‘ _ k)4 + (.Z' — k)37 007617627k = COHSt, Co, C1 7é 0 (48)

is related with the first Painlevé equation

W , 625
S —
iz =W
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by the generalized Sundman transform
(cocr)'/® 1 Ca (5coer)/? / y(@)
54/5 x—k + 1)’ (2) 6¢cq (x — k)3 o (49)

where dU(Z)/dZ = W(Z). By the dilatation Z = —57%/°6Y/52, W = 58/°67%/>w, the Painlevé
equation is reduced to the standard form . ODE is an equation of sixth type. Its
algebraic invariants

11 (z—=k)(c1 + oz — k)) ci(x — k)>/?
1=0 = + 1801 R T GaEmEr 2

satisfy conditions in Theorem 7. Therefore, equation is equivalent to the first Painlevé
equation. The corresponding transformation

1/5 1 3/5
- (00011/)5 ( + %) L ow=—— (50)
6 r—k o 63/5¢ (x — k)
is determined by relations , which in the present case read as
5_ cdyb A 6(x —k)(c1 + co(x — k)
216¢2(x — k)5’ w? coy? '

Thus, equation is related with the first Painlevé equation not only by nonlocal transfor-
mation , but also by a simpler change of variables .

w
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