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ON FOURIER TRANSFORM OF

A CLASS OF ENTIRE FUNCTIONS

I.KH. MUSIN, M.I. MUSIN

Abstract. We consider a space of entire functions of several complex variables decaying
fast on R𝑛 and such that their growth along 𝑖R𝑛 is majorized by means of a family of weight
functions. Under certain assumptions for the weight functions we obtain an equivalent
description of this space in terms of estimates for partial derivatives of the functions in R𝑛

and prove a Paley-Wiener type theorem.
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1. Introduction

1.1. On a problem. Let 𝛷 = {𝜙𝑚}∞𝑚=1 be a family of non-decreasing functions 𝜙𝑚 :
[0,∞) → R such that for each 𝑚 ∈ N:

𝑖1). lim𝑥→+∞
𝜙𝑚(𝑥)
𝑥

= +∞;
𝑖2). for each 𝐴 > 0 there exists a constant 𝐶(𝑚,𝐴) > 0 such that

𝜙𝑚(𝑥) + 𝐴 ln(1 + 𝑥) 6 𝜙𝑚+1(𝑥) + 𝐶(𝑚,𝐴), 𝑥 > 0.

Let 𝐻(C𝑛) be a space of entire functions in C𝑛 with the usual topology. Given 𝑢 ∈ R𝑛(C𝑛),
by ‖𝑢‖ we denote its Euclidean norm.

For arbitrary 𝜈 ∈ N and 𝑘 ∈ Z+ we introduce the normed space

𝐸𝑘(𝜙𝜈) = {𝑓 ∈ 𝐻(C𝑛) : 𝑝𝜈,𝑘(𝑓) = sup
𝑧∈C𝑛

‖𝑓(𝑧)‖(1 + ‖𝑧‖)𝑘

𝑒𝜙𝜈(‖Im 𝑧‖) <∞}.

Let 𝐸(𝜙𝜈) be the projective limit of spaces 𝐸𝑘(𝜙𝜈), 𝐸(𝛷) be the inductive limit of spaces 𝐸(𝜙𝜈).
We note that if we define function 𝜙𝜈 by the formula 𝜙𝜈(𝑥) = Ω(𝜈𝑥) (𝜈 ∈ N), where Ω is

a real-valued continuously differentiable function on [0,∞) such that Ω(0) = Ω′(0) = 0, Ω′

increases, lim
𝑥→+∞

Ω′(𝑥) = +∞ (thus, in this case the weight functions 𝜙𝜈(‖𝑥‖) are convex in

R𝑛), then 𝐸(𝛷) coincides with Gelfand-Shilov space 𝑊Ω [1] [5]. In works [1]–[5], the Fourier
transform of space 𝑊Ω was studied and an alternative definition of 𝑊Ω was given. We note
that in work [6], while studying similar issues in a close to 𝑊Ω (by the matter) space of entire
functions decaying fast on the real axis, the authors succeeded to get rid of the convexity of
weight functions.

The aim of the work is to describe the Fourier transform of space 𝐸(𝛷) and to characterizes
𝐸(𝛷) in terms of estimates for partial derivatives of functions in R𝑛 for rather general additional
conditions for 𝛷 extending the approach of work [6] for the case of many variables.
1.2. Notations and definitions. For 𝑢 = (𝑢1, . . . , 𝑢𝑛), 𝑣 = (𝑣1, . . . , 𝑣𝑛) ∈ R𝑛(C𝑛) we let

⟨𝑢, 𝑣⟩ = 𝑢1𝑣1 + · · · + 𝑢𝑛𝑣𝑛.
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For 𝛼 = (𝛼1, . . . , 𝛼𝑛) ∈ Z𝑛+, 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ R𝑛, 𝑧 = (𝑧1, . . . , 𝑧𝑛) ∈ C𝑛, ‖𝛼‖ = 𝛼1+. . .+𝛼𝑛,

𝑥𝛼 = 𝑥𝛼1
1 · . . . · 𝑥𝛼𝑛𝑛 , 𝑧𝛼 = 𝑧𝛼1

1 · . . . · 𝑧𝛼𝑛𝑛 , 𝐷𝛼 = 𝜕‖𝛼‖

𝜕𝑥
𝛼1
1 ···𝜕𝑥𝛼𝑛𝑛

.

If 𝛼 = (𝛼1, . . . , 𝛼𝑛), 𝛽 = (𝛽1, . . . , 𝛽𝑛) ∈ Z𝑛+, then the notation 𝛼 6 𝛽 indicates that 𝛼𝑗 6 𝛽𝑗

(𝑗 = 1, 2, . . . , 𝑛); as 𝛼 6 𝛽 we let 𝐶𝛼
𝛽 =

𝑛∏︀
𝑗=1

𝐶
𝛼𝑗
𝛽𝑗

.

𝑠𝑛(1) stands for the area of the unit sphere in R𝑛.
Given a function 𝑢 : [0,∞) → R, we let 𝑢[𝑒](𝑥) := 𝑢(𝑒𝑥), 𝑥 > 0.
For the sake of brevity we denote 𝜙𝑚[𝑒] by 𝜓𝑚 (𝑚 ∈ N).
ℬ is the set of all continuous functions 𝑔 : [0,∞) → R satisfying the identity

lim𝑥→+∞
𝑔(𝑥)
𝑥

= +∞.
Let 𝑉 = {ℎ ∈ ℬ : ℎ is convex on [0,∞)}, 𝒱 = {ℎ ∈ 𝑉 : ℎ grows on [0,∞) and ℎ(0) = 0}.
For 𝑔 ∈ 𝑉 we let 𝑉𝑔 = {ℎ ∈ 𝒱 : ℎ coincides with 𝑔 on [𝑑ℎ,∞), where 𝑑ℎ is a positive number

depending on ℎ}.
The Young transform 𝑔* of function 𝑔 ∈ ℬ is introduced by the formula 𝑔*(𝑥) = sup

𝑦>0
(𝑥𝑦 −

𝑔(𝑦)), 𝑥 > 0.
1.3. Main results. Let Ψ* = {𝜓*

𝜈}∞𝜈=1. Given 𝜈 ∈ N and 𝑚 ∈ Z+, we let

ℰ𝑚(𝜓*
𝜈) = {𝑓 ∈ 𝐶∞(R𝑛) : ℛ𝑚,𝜈(𝑓) = sup

𝑥∈R𝑛,𝛼∈Z𝑛+

(1 + ‖𝑥‖)𝑚‖(𝐷𝛼𝑓)(𝑥)‖
𝛼!𝑒−𝜓*

𝜈(‖𝛼‖)
<∞}.

Let ℰ(𝜓*
𝜈) =

∞⋂︀
𝑚=0

ℰ𝑚(𝜓*
𝜈), ℰ(Ψ*) =

∞⋃︀
𝜈=1

ℰ(𝜓*
𝜈).

Theorems 1 and 2 proven in Section 3 by standard schemes are aimed for describing functions
in 𝐸(𝛷) in terms of estimates for partial derivatives in R𝑛.

Theorem 1. Suppose that family 𝛷 satisfies condition
𝑖3). for each 𝑚 ∈ N there exists a constant 𝑎𝑚 > 0 such that

𝜙𝑚(2𝑥) 6 𝜙𝑚+1(𝑥) + 𝑎𝑚, 𝑥 > 0.

If 𝑓 ∈ 𝐸(𝛷), then 𝑓|R𝑛 ∈ ℰ(Ψ*).

Theorem 2. Suppose that family 𝛷 satisfies condition
𝑖′3). for each 𝑚 ∈ N there exist constants 𝜎𝑚 > 1 and 𝛾𝑚 > 0 such that

𝜙𝑚(𝜎𝑚𝑥) 6 𝜙𝑚+1(𝑥) + 𝛾𝑚, 𝑥 > 0.

Then each function 𝑓 ∈ ℰ(Ψ*) has the unique continuation to an entire function belonging to
𝐸(𝛷).

The proofs of Theorems 1 and 2 provide additional information on the structure of 𝐸(𝛷).
Namely, given 𝜈 ∈ N let ℋ(𝜙𝜈) be the projective limit of the spaces

ℋ𝑘(𝜙𝜈) =

{︂
𝑓 ∈ 𝐻(C𝑛) : 𝒩𝜈,𝑘(𝑓) = sup

𝑧∈C𝑛

‖𝑓(𝑧)‖(1 + ‖𝑧‖)𝑘

𝑒(𝜓*
𝜈)

*(ln(1+‖Im 𝑧‖)) <∞
}︂
, 𝑘 ∈ Z+.

Let ℋ(𝛷) be the inductive limit of spaces ℋ(𝜙𝜈). It will be shown in Section 3 that if family
𝛷 satisfies condition 𝑖3), then 𝐸(𝛷) = ℋ(𝛷) (see Proposition 1).

Passing to problems related with Fourier transform in 𝐸(𝛷), we introduce one more class
of infinitely differentiable functions in R𝑛. Let 𝑈 = {𝑢𝜈}∞𝜈=1 be an arbitrary family of non-
decreasing convex functions 𝑢𝜈 on [0,∞) such that for each 𝜈 ∈ N:

𝑖1). lim𝑥→+∞
𝑢𝜈(𝑥)
𝑥

= +∞;
𝑖2). lim

𝑥→+∞
(𝑢𝜈(𝑥) − 𝑢𝜈+1(𝑥)) = +∞.
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Given 𝜈 ∈ N and 𝑚 ∈ Z+, let

𝐺𝑚(𝑢𝜈) =

⎧⎨⎩𝑓 ∈ 𝐶𝑚(R𝑛) : ‖𝑓‖𝑚,𝑢𝜈 = sup
𝑥∈R𝑛,

‖𝛼‖6𝑚,𝛽∈Z𝑛+

‖𝑥𝛽(𝐷𝛼𝑓)(𝑥)‖
‖𝛽‖!𝑒−𝑢𝜈(‖𝛽‖)

<∞

⎫⎬⎭ .

Let 𝐺(𝑢𝜈) =
∞⋂︀
𝑚=0

𝐺𝑚(𝑢𝜈), 𝐺(𝑈) =
∞⋃︀
𝜈=1

𝐺(𝑢𝜈). We equip 𝐺(𝑢𝜈) by the topology induced the

family of the norms ‖ · ‖𝑚,𝑢𝜈 (𝑚 ∈ Z+), and 𝐺(𝑈) is equipped by the topology of the inductive
limit of the spaces 𝐺(𝑢𝜈).

We introduce Fourier transform 𝑓 of a function 𝑓 ∈ 𝐸(𝛷) by the formula

𝑓(𝑥) =

∫︁
R𝑛
𝑓(𝜉)𝑒−𝑖⟨𝑥,𝜉⟩ 𝑑𝜉, 𝑥 ∈ R𝑛.

In Section 4 we shall prove

Theorem 3. Suppose that 𝛷 satisfies condition 𝑖3) of Theorem 1 and condition
𝑖4). for each 𝑚 ∈ N there exist constants ℎ𝑚 > 1 and 𝑙𝑚 > 0 such that

2𝜙𝑚(𝑥) 6 𝜙𝑚+1(ℎ𝑚𝑥) + 𝑙𝑚, 𝑥 > 0.

Then Fourier transform ℱ : 𝑓 ∈ 𝐸(𝛷) → 𝑓 makes an isomorphism between spaces 𝐸(𝛷) and
𝐺(Ψ*).

Let 𝛷* = {𝜙*
𝜈}∞𝜈=1. Given 𝜈 ∈ N and 𝑚 ∈ Z+, we let

𝐺𝑆𝑚(𝜙*
𝜈) =

{︃
𝑓 ∈ 𝐶𝑚(R𝑛) : 𝑞𝑚,𝜈(𝑓) = sup

𝑥∈R𝑛,‖𝛼‖6𝑚

‖(𝐷𝛼𝑓)(𝑥)‖
𝑒−𝜙*

𝜈(‖𝑥‖)
<∞

}︃
.

For 𝜈 ∈ N we let 𝐺𝑆(𝜙*
𝜈) =

⋂︀
𝑚∈Z+

𝐺𝑆𝑚(𝜙*
𝜈). We denote 𝐺𝑆(𝛷*) =

⋃︀
𝜈∈N

𝐺𝑆(𝜙*
𝜈). We equip

𝐺𝑆(𝜙*
𝜈) by the topology induced by the system of norms 𝑞𝜈,𝑚 (𝑚 ∈ Z+), and 𝐺𝑆(𝛷*) is

equipped by the topology of inductive limit of spaces 𝐺𝑆(𝜙*
𝜈).

In the fifth section we shall prove the following theorem.

Theorem 4. Suppose that family 𝛷 consists of convex functions and satisfies condition 𝑖3)
of Theorem 1. Then 𝐺(Ψ*) = 𝐺𝑆(𝛷*).

2. Auxiliary results

In the proof of the theorems we shall make use of the following three lemmata.

Lemma 1. Let 𝑔 ∈ ℬ. Then for each 𝑀 > 0 there exists a constant 𝐴𝑀 > 0 such that

(𝑔[𝑒])*(𝑥) 6 𝑥 ln
𝑥

𝑀
− 𝑥+ 𝐴𝑀

for each 𝑥 > 0.

This lemma was proven in [6].

Corollary 1. Let 𝑔 ∈ ℬ. Then for each 𝑏 > 0 the series
∑︀

𝛼∈Z𝑛+
𝑒(𝑔[𝑒])

*(‖𝛼‖)

𝑏‖𝛼‖‖𝛼‖! converges.

In the same way as Lemma 2 in [6] we prove the following lemma.

Lemma 2. Suppose that 𝑢, 𝑣 ∈ ℬ and there exist numbers 𝜏 > 0 and 𝐶 > 0 such that

2𝑢(𝑥) 6 𝑣(𝑥+ 𝜏) + 𝐶, 𝑥 > 0.

Then there exist a number 𝐴 > 0 such that

𝑣*(𝑥+ 𝑦) 6 𝑢*(𝑥) + 𝑢*(𝑦) + 𝜏(𝑥+ 𝑦) + 𝐴, 𝑥, 𝑦 > 0.
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Lemma 3. Suppose that real-valued functions 𝑢, 𝑣 ∈ 𝐶[0,∞) be so that

1. lim𝑥→+∞
𝑢[𝑒](𝑥)
𝑥

= lim𝑥→+∞
𝑣[𝑒](𝑥)
𝑥

= +∞;
2. there exist numbers 𝜎 > 1 and 𝛾 > 0 such that

𝑢(𝜎𝑥) 6 𝑣(𝑥) + 𝛾, 𝑥 > 0.

Then
(𝑢[𝑒])*(𝑥) − (𝑣[𝑒])*(𝑥) > 𝑥 ln𝜎 − 𝛾, 𝑥 > 0.

Proof. It is clear that 𝑢[𝑒](𝑡+ ln𝜎) 6 𝑣[𝑒](𝑡) + 𝛾, 𝑡 > 0. Then for each 𝑥 > 0

(𝑢[𝑒])*(𝑥) − (𝑣[𝑒])*(𝑥) = sup
𝑡>0

(𝑥𝑡− 𝑢[𝑒](𝑡)) − sup
𝑡>0

(𝑥𝑡− 𝑣[𝑒](𝑡))

> sup
𝑡>0

(𝑥𝑡− 𝑢[𝑒](𝑡)) − sup
𝑡>0

(𝑥𝑡− 𝑢[𝑒](𝑡+ ln𝜎)) − 𝛾

= sup
𝑡>0

(𝑥𝑡− 𝑢[𝑒](𝑡)) − sup
𝑡>0

(𝑥(𝑡+ ln𝜎) − 𝑢[𝑒](𝑡+ ln𝜎)) + 𝑥 ln𝜎 − 𝛾

>𝑥 ln𝜎 − 𝛾.

3. Equivalent description of 𝐸(𝛷) under additional conditions for 𝛷

3.1. Proof of Theorem 1. Let 𝑓 ∈ 𝐸(𝛷). Then 𝑓 ∈ 𝐸(𝜙𝜈) for some 𝜈 ∈ N. Let 𝑚 ∈ Z+,
𝛼 ∈ Z𝑛+ and 𝑥 ∈ R𝑛 be arbitrary. By integral Cauchy formula we get

(1 + ‖𝑥‖)𝑚(𝐷𝛼𝑓)(𝑥) =
𝛼!

(2𝜋𝑖)𝑛

∫︁
· · ·

∫︁
𝐿𝑅(𝑥)

𝑓(𝜁)(1 + ‖𝑥‖)𝑚 𝑑𝜁

(𝜁1 − 𝑥1)𝛼1+1 · · · (𝜁𝑛 − 𝑥𝑛)𝛼𝑛+1
,

where 𝐿𝑅(𝑥) = {𝜁 = (𝜁1, . . . , 𝜁𝑛) ∈ C𝑛 : ‖𝜁𝑗 − 𝑥𝑗‖ = 𝑅, 𝑗 = 1, . . . , 𝑛} for each 𝑅 > 0. It implies

(1 + ‖𝑥‖)𝑚‖(𝐷𝛼𝑓)(𝑥)‖ 6
𝛼!

(2𝜋)𝑛

∫︁
· · ·

∫︁
𝐿𝑅(𝑥)

(1 + ‖𝑥− 𝜁‖)𝑚(1 + ‖𝜁‖)𝑚‖𝑓(𝜁) ‖𝑑𝜁‖
‖𝜁1 − 𝑥1‖𝛼1+1 · · · ‖𝜁𝑛 − 𝑥𝑛‖𝛼𝑛+1

6
𝛼!𝑝𝜈,𝑚(𝑓)(1 + 𝑛𝑅)𝑚𝑒𝜙𝜈(𝑛𝑅)

𝑅‖𝛼‖ .

Employing condition 𝑖2) for 𝛷 we obtain that

(1 + ‖𝑥‖)𝑚‖(𝐷𝛼𝑓)(𝑥)‖ 6 𝑒𝐶(𝜈,𝑚)𝛼!𝑝𝜈,𝑚(𝑓)
𝑒𝜙𝜈+1(𝑛𝑅)

𝑅‖𝛼‖ .

Therefore,

(1 + ‖𝑥‖)𝑚‖(𝐷𝛼𝑓)(𝑥)‖ 6𝑒𝐶(𝜈,𝑚)𝑛‖𝛼‖𝛼!𝑝𝜈,𝑚(𝑓) inf
𝑅>0

𝑒𝜙𝜈+1(𝑅)

𝑅‖𝛼‖

6𝑒𝐶(𝜈,𝑚)𝑛‖𝛼‖𝛼!𝑝𝜈,𝑚(𝑓) exp(− sup
𝑅>1

(‖𝛼‖ ln𝑅− 𝜙𝜈+1(𝑅))

=𝑒𝐶(𝜈,𝑚)𝑛‖𝛼‖𝛼!𝑝𝜈,𝑚(𝑓)𝑒
− sup
𝑟>0

(‖𝛼‖𝑟−𝜓𝜈+1(𝑟))
= 𝑒𝐶(𝜈,𝑚)𝑛‖𝛼‖𝛼!𝑝𝜈,𝑚(𝑓)𝑒−𝜓

*
𝜈+1(‖𝛼‖).

Since by condition 𝑖3) and Lemma 3

𝜓*
𝑘(𝑥) − 𝜓*

𝑘+1(𝑥) > 𝑥 ln 2 − 𝑎𝑘, 𝑥 > 0, (1)

for 𝑘 ∈ N, employing inequality (1) we obtain

(1 + ‖𝑥‖)𝑚‖(𝐷𝛼𝑓)(𝑥)‖ 6 𝑎𝜈,𝑚𝑝𝜈,𝑚(𝑓)𝛼!𝑒−𝜓
*
𝜈+𝑛(‖𝛼‖), 𝑥 ∈ R𝑛, 𝛼 ∈ Z𝑛+,

where 𝑎𝜈,𝑚 is a positive number depending on 𝜈 and 𝑚. Thus, for each 𝑚 ∈ Z+

ℛ𝑚,𝜈+𝑛(𝑓|R𝑛) 6 𝑎𝜈,𝑚𝑝𝜈,𝑚(𝑓). (2)
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Hence, 𝑓|R𝑛 ∈ ℰ(𝜓*
𝜈+𝑛). Therefore, 𝑓|R𝑛 ∈ ℰ(Ψ*).

3.2. Proof of Theorem 2. Let 𝑓 ∈ ℰ(Ψ*). Then 𝑓 ∈ ℰ(𝜓*
𝜈) for some 𝜈 ∈ N. Therefore,

for each 𝑚 ∈ Z+ we have

(1 + ‖𝑥‖)𝑚‖(𝐷𝛼𝑓)(𝑥)‖ 6 ℛ𝑚,𝜈(𝑓)𝛼!𝑒−𝜓
*
𝜈(‖𝛼‖), 𝑥 ∈ R𝑛, 𝛼 ∈ Z𝑛+. (3)

Since lim𝑥→+∞
𝜓*
𝜈(𝑥)
𝑥

= +∞, inequality (3) yields that for each 𝜀 > 0 there exists a number

𝑐𝜀 > 0 such that ‖(𝐷𝛼𝑓)(𝑥)‖ 6 𝑐𝜀𝜀
‖𝛼‖𝛼!. for each 𝑥 ∈ R𝑛 and 𝛼 ∈ Z𝑛+ It is clear that the

subsequence (
∑︀

‖𝛼‖6𝑘

(𝐷𝛼𝑓)(0)
𝛼!

𝑥𝛼)∞𝑘=1 converges to 𝑓 uniformly on compact sets R𝑛 and the series∑︀
‖𝛼‖>0

(𝐷𝛼𝑓)(0)
𝛼!

𝑧𝛼 converges in 𝐻(C𝑛) and its sum 𝐹𝑓 (𝑧) is an entire function. We observe that
𝐹𝑓 |R𝑛 = 𝑓 . The uniqueness of the holomorphic continuation is obvious.

Let us show that 𝐹𝑓 ∈ 𝐸(𝛷). We estimate the growth of 𝐹𝑓 by employing inequality (3) and
the expansion of 𝐹𝑓 into the Taylor series at point 𝑥 ∈ R𝑛:

𝐹𝑓 (𝑧) =
∑︁
‖𝛼‖>0

(𝐷𝛼𝑓)(𝑥)

𝛼!
(𝑖𝑦)𝛼, 𝑧 = 𝑥+ 𝑖𝑦, 𝑦 ∈ R𝑛.

Let 𝑚 ∈ Z+ be arbitrary. Then

(1 + ‖𝑧‖)𝑚‖𝐹𝑓 (𝑧)‖ 6
∑︁
‖𝛼‖>0

(1 + ‖𝑥‖)𝑚(1 + ‖𝑦‖)𝑚+‖𝛼‖‖(𝐷𝛼𝑓)(𝑥)‖
𝛼!

6
∑︁
‖𝛼‖>0

ℛ𝑚,𝜈(𝑓)𝑒−𝜓
*
𝜈(‖𝛼‖)(1 + ‖𝑦‖)𝑚+‖𝛼‖

6ℛ𝑚,𝜈(𝑓)(1 + ‖𝑦‖)𝑚
∑︁
‖𝛼‖>0

(1 + ‖𝑦‖)‖𝛼‖

𝑒𝜓
*
𝜈+1(‖𝛼‖)

𝑒𝜓
*
𝜈+1(‖𝛼‖)−𝜓*

𝜈(‖𝛼‖).

Employing that by Lemma 3

𝜓*
𝑘(𝑥) − 𝜓*

𝑘+1(𝑥) > 𝛿𝑘𝑥− 𝛾𝑘, 𝑥 > 0, (4)

where 𝛿𝑘 = ln𝜎𝑘, and denoting ( 𝑒
𝛾𝜈+𝛿𝜈

𝑒𝛿𝜈−1
)𝑛 by 𝐵𝜈 , we obtain

(1 + ‖𝑧‖)𝑚‖𝐹𝑓 (𝑧)‖ 6 𝐵𝜈ℛ𝑚,𝜈(𝑓)(1 + ‖𝑦‖)𝑚𝑒
sup
𝑡>0

(𝑡 ln(1+‖𝑦‖)−𝜓*
𝜈+1(𝑡))

.

Hence,
(1 + ‖𝑧‖)𝑚‖𝐹𝑓 (𝑧)‖ 6 𝐵𝜈ℛ𝑚,𝜈(𝑓)𝑒(𝜓

*
𝜈+1)

*(ln(1+‖𝑦‖))+𝑚 ln(1+‖𝑦‖)). (5)

We note that condition 𝑖2) yields that for each 𝑘 ∈ N and 𝐴 > 0

𝜓𝑘(𝑥) + 𝐴𝑥 6 𝜓𝑘+1(𝑥) + 𝐶(𝑘,𝐴), 𝑥 > 0.

It implies immediately that for each 𝜉 > 0

𝜓*
𝑘(𝜉) > 𝜓*

𝑘+1(𝜉 + 𝐴) − 𝐶(𝑘,𝐴).

Then

(𝜓*
𝑘)

*(𝑥) = sup
𝜉>0

(𝑥𝜉 − 𝜓*
𝑘(𝜉)) 6 sup

𝜉>0
(𝑥𝜉 − 𝜓*

𝑘+1(𝜉 + 𝐴)) + 𝐶(𝑘,𝐴)

= sup
𝜉>0

(𝑥(𝜉 + 𝐴) − 𝜓*
𝑘+1(𝜉 + 𝐴)) − 𝐴𝑥+ 𝐶(𝑘,𝐴) 6 (𝜓*

𝑘+1)
*(𝑥) − 𝐴𝑥+ 𝐶(𝑘,𝐴)

for each 𝑥 > 0. Thus, for each 𝑘 ∈ N and 𝐴 > 0 we have

(𝜓*
𝑘)

*(𝑥) + 𝐴𝑥 6 (𝜓*
𝑘+1)

*(𝑥) + 𝐶(𝑘,𝐴), 𝑥 > 0. (6)

Employing now inequality (6), by estimate (5) we obtain

(1 + ‖𝑧‖)𝑚‖𝐹𝑓 (𝑧)‖ 6 𝐵𝜈ℛ𝑚,𝜈(𝑓)𝑒𝐶𝜈+1,𝑚𝑒(𝜓
*
𝜈+2)

*(ln(1+‖𝑦‖)). (7)
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It is clear that
(1 + ‖𝑧‖)𝑚‖𝐹𝑓 (𝑧)‖ 6 𝐵𝜈ℛ𝑚,𝜈(𝑓)𝑒𝐶𝜈+1,𝑚𝑒𝜓𝜈+2(ln(1+‖𝑦‖)).

It means that
(1 + ‖𝑧‖)𝑚‖𝐹𝑓 (𝑧)‖ 6 𝐵𝜈ℛ𝑚,𝜈(𝑓)𝑒𝐶𝜈+1,𝑚𝑒𝜙𝜈+2(1+‖𝑦‖).

Employing the non-decreasing of functions family 𝛷 and condition 𝑖′3), we find a constant𝐾𝜈,𝑚 >
0 such that

(1 + ‖𝑧‖)𝑚‖𝐹𝑓 (𝑧)‖ 6 𝐾𝜈,𝑚ℛ𝑚,𝜈(𝑓)𝑒𝜙𝜈+3(‖Im 𝑧‖) (8)

for each 𝑧 ∈ C𝑛.
Thus, for each 𝑚 ∈ Z+, 𝑝𝜈+3,𝑚(𝐹𝑓 ) 6 𝐾𝜈,𝑚ℛ𝑚,𝜈(𝑓). Therefore, 𝐹𝑓 ∈ 𝐸(𝜙𝜈+3). Hence,

𝐹𝑓 ∈ 𝐸(𝛷). The proof is complete.
3.3. Remark on space 𝐸(𝛷). We recall that in the first section we have introduced spaces

ℋ𝑘(𝜙𝜈), ℋ(𝜙𝜈), and ℋ(𝛷) as follows. Given arbitrary 𝜈 ∈ N and 𝑘 ∈ Z+, let

ℋ𝑘(𝜙𝜈) = {𝑓 ∈ 𝐻(C𝑛) : 𝒩𝜈,𝑘(𝑓) = sup
𝑧∈C𝑛

‖𝑓(𝑧)‖(1 + ‖𝑧‖)𝑘

𝑒(𝜓*
𝜈)

*(ln(1+‖Im 𝑧‖)) <∞}.

Let ℋ(𝜙𝜈) =
∞⋂︀
𝑘=0

ℋ𝑘(𝜙𝜈), ℋ(𝛷) =
∞⋃︀
𝜈=1

ℋ(𝜙𝜈). Since for 𝑓 ∈ ℋ𝑘+1(𝜙𝜈) we have 𝒩𝜈,𝑘(𝑓) 6

𝒩𝜈,𝑘+1(𝑓), then ℋ𝑘+1(𝜙𝜈) is continuously embedded into ℋ𝑘(𝜙𝜈). We equip ℋ(𝜙𝜈) by the
topology induced by the family of norms ℋ𝑘(𝜙𝜈). In view of inequality (6), we see that if
𝑓 ∈ ℋ(𝜙𝜈), then 𝒩𝜈+1,𝑘(𝑓) 6 𝑒𝐶(𝜈,1)𝒩𝜈,𝑘(𝑓) for each 𝑘 ∈ Z+. Thus, ℋ(𝜙𝜈) is continuously
embedded into ℋ(𝜙𝜈+1) for each 𝜈 ∈ N. We equip ℋ(𝛷) by the topology of the inductive limit
of spaces ℋ(𝜙𝜈).

Proposition 1. Suppose that family 𝛷 satisfies condition 𝑖3). Then 𝐸(𝛷) = ℋ(𝛷).

Proof. Let us show first that ℋ(𝛷) is continuously embedded into 𝐸(𝛷). Let 𝜈 ∈ N and 𝑓 ∈
ℋ(𝜙𝜈). Employing the non-decreasing of 𝜙𝜈 and condition 𝑖3) for 𝛷, we find a constant 𝐾𝜈 > 0
such that for each 𝑘 ∈ Z+

𝑝𝜈+1,𝑘(𝑓) 6 𝐾𝜈𝒩𝜈,𝑘(𝑓), 𝑓 ∈ ℋ(𝜙𝜈).

It follows that 𝑓 ∈ 𝐸(𝛷) and the embedding 𝐼 : ℋ(𝛷) → 𝐸(𝛷) is continuous.
Let us show that mapping 𝐼 is surjective. Let 𝑓 ∈ 𝐸(𝛷). Then 𝑓 ∈ 𝐸(𝜙𝜈) for some 𝜈 ∈ N.

Let 𝑚 ∈ Z+ be arbitrary. We recall that by inequality (2) ℛ𝑚,𝜈+𝑛(𝑓|R) 6 𝑎𝜈,𝑚𝑝𝜈,𝑚(𝑓). Together
with inequality (7) (with 𝜈 replaced by 𝜈 + 𝑛; we also recall that in our case 𝜎 = 2 for each
𝑚 ∈ N) it implies that

𝒩𝜈+𝑛+2,𝑚(𝑓) 6 𝐴𝜈,𝑚𝑝𝜈,𝑚(𝑓),

where 𝐴𝜈,𝑚 > 0 is a constant. Thus, 𝑓 ∈ ℋ(𝜙𝜈+𝑛+2). Therefore, 𝑓 ∈ ℋ(𝛷). Moreover, the
latter estimate shows that the inverse mapping 𝐼−1 is continuous. Hence, 𝐸(𝛷) = ℋ(𝛷).

4. Fourier transform in 𝐸(𝛷)

4.1. Simpler description of space 𝐺(Ψ*). Let us show that if 𝛷 satisfies condition 𝑖3),
then space 𝐺(Ψ*) admits a simpler description. In order to do it, we introduce space 𝑄(Ψ*) as
follows. For 𝜈 ∈ N and 𝑚 ∈ Z+ let

𝑄𝑚(𝜓*
𝜈) =

{︃
𝑓 ∈ 𝐶𝑚(R𝑛) : 𝑁𝜈,𝑚(𝑓) = max

‖𝛼‖6𝑚
sup

𝑥∈R𝑛,𝑘∈Z+

(1 + ‖𝑥‖)𝑘‖(𝐷𝛼𝑓)(𝑥)‖
𝑘!𝑒−𝜓*

𝜈(𝑘)
<∞

}︃
.

Let 𝑄(𝜓*
𝜈) =

⋂︀
𝑚∈Z+

𝑄𝑚(𝜓*
𝜈), 𝑄(Ψ*) =

⋃︀
𝜈∈N

𝑄(𝜓*
𝜈). By means of the family of norms 𝑁𝜈,𝑚(𝑓)

(𝑚 ∈ Z+) we introduce a locally convex topology in 𝑄(𝜓*
𝜈). We equip 𝑄(Ψ*) by the topology

of inductive limit of spaces 𝑄(𝜓*
𝜈).



114 I.KH. MUSIN, M.I. MUSIN

Lemma 4. Suppose that family 𝛷 satisfies condition 𝑖3). Then 𝑄(Ψ*) = 𝐺(Ψ*).

Proof. It is obvious that if 𝜈 ∈ N and 𝑓 ∈ 𝑄(𝜓*
𝜈), then for each 𝑚 ∈ Z+ we have ‖𝑓‖𝑚,𝜓*

𝜈
6

𝑁𝜈,𝑚(𝑓). Thus, 𝑓 ∈ 𝐺𝑚(𝜓*
𝜈). Therefore, if 𝑓 ∈ 𝑄(Ψ*), then 𝑓 ∈ 𝐺(Ψ*) and the embedding

𝐽 : 𝑄(Ψ*) → 𝐺(Ψ*) is continuous.
Let us show that 𝐽 is surjective. Let 𝜈 ∈ N, 𝑚 ∈ N, 𝑓 ∈ 𝐺(𝜓*

𝜈). By inequality we get

sup
‖𝑥‖61,𝑘∈Z+

(1 + ‖𝑥‖)𝑘‖(𝐷𝛼𝑓)(𝑥)‖
𝑘!𝑒−𝜓

*
𝜈+𝑛(𝑘)

6 sup
‖𝑥‖61,𝑘∈Z+

𝑒𝑎𝜈+𝑛−1‖(𝐷𝛼𝑓)(𝑥)‖
𝑘!𝑒−𝜓

*
𝜈+𝑛−1(𝑘)

.

Since lim
𝑘→∞

𝑒
𝜓*
𝜈+𝑛−1(𝑘)

𝑘!
= 0, then

sup
‖𝑥‖61,𝑘∈Z+

(1 + ‖𝑥‖)𝑘‖(𝐷𝛼𝑓)(𝑥)‖
𝑘!𝑒−𝜓

*
𝜈+𝑛(𝑘)

6 𝐶1(𝜈) sup
‖𝑥‖61

‖(𝐷𝛼𝑓)(𝑥)‖, 𝛼 ∈ Z𝑛+. (9)

for some 𝐶1(𝜈) > 1 Since

‖(𝐷𝛼𝑓)(𝑥)‖ 6 ‖𝑓‖𝑚,𝜓*
𝜈
𝑒−𝜓

*
𝜈(0), 𝑥 ∈ R𝑛,

for each 𝛼 ∈ Z𝑛+ obeying ‖𝛼‖ 6 𝑚, by inequality (9) we obtain that

max
‖𝛼‖6𝑚

sup
‖𝑥‖61,𝑘∈Z+

(1 + ‖𝑥‖)𝑘‖(𝐷𝛼𝑓)(𝑥)‖
𝑘!𝑒−𝜓

*
𝜈+𝑛(𝑘)

6 𝐶1(𝜈)‖𝑓‖𝑚,𝜓*
𝜈
𝑒−𝜓

*
𝜈(0). (10)

For each 𝛼 ∈ Z𝑛+

sup
‖𝑥‖>1,𝑘∈Z+

(1 + ‖𝑥‖)𝑘‖(𝐷𝛼𝑓)(𝑥)‖
𝑘!𝑒−𝜓

*
𝜈+𝑛(𝑘)

6 sup
‖𝑥‖>1,𝛽∈Z𝑛+

(2𝑛)‖𝛽‖‖𝑥𝛽(𝐷𝛼𝑓)(𝑥)‖
‖𝛽‖!𝑒−𝜓

*
𝜈+𝑛(‖𝛽‖)

.

Employing inequality (1), for some 𝐶2(𝜈) > 1 and each 𝛼 ∈ Z𝑛+, ‖𝛼‖ 6 𝑚 we have

sup
‖𝑥‖>1,
𝑘∈Z+

(1 + ‖𝑥‖)𝑘‖(𝐷𝛼𝑓)(𝑥)‖
𝑘!𝑒−𝜓

*
𝜈+𝑛(𝑘)

6 sup
‖𝑥‖>1,
𝛽∈Z𝑛+

𝐶2(𝜈)‖𝑥𝛽(𝐷𝛼𝑓)(𝑥)‖
‖𝛽‖!𝑒−𝜓*

𝜈(‖𝛽‖)
6 𝐶2(𝜈)‖𝑓‖𝑚,𝜓*

𝜈
.

By (10) it implies that for each 𝑚 ∈ Z+

𝑁𝜈+𝑛,𝑚(𝑓) 6 𝐶(𝜈)‖𝑓‖𝑚,𝜓*
𝜈
, 𝑓 ∈ 𝐺(𝜓*

𝜈), (11)

where 𝐶(𝜈) = max(𝐶1(𝜈)𝑒−𝜓
*
𝜈(0), 𝐶2(𝜈)). Therefore, 𝑓 ∈ 𝑄(𝜓*

𝜈+𝑛). Thus, if 𝑓 ∈ 𝐺(Ψ*), then
𝑓 ∈ 𝑄(Ψ*). We note that it follows easily from (11) that the inverse mapping 𝐽−1 is continuous.
Hence, we finally get 𝑄(𝜓*) = 𝐺(𝜓*).

4.2. Proof of Theorem 3. Let us show first that the linear mapping ℱ : 𝑓 ∈ 𝐸(𝛷) → 𝑓
acts from 𝐸(𝛷) into 𝐺(Ψ*) and is continuous. Let 𝜈 ∈ N and 𝑓 ∈ 𝐸(𝜙𝜈). Employing inequality

𝑥𝛽(𝐷𝛼𝑓)(𝑥) = 𝑥𝛽
∫︁
R𝑛
𝑓(𝜁)(−𝑖𝜁)𝛼𝑒−𝑖⟨𝑥,𝜁⟩ 𝑑𝜉, 𝜁 = 𝜉 + 𝑖𝜂,

valid for each 𝛼, 𝛽 ∈ Z𝑛+, 𝑥, 𝜂 ∈ R𝑛, we obtain that

‖𝑥𝛽(𝐷𝛼𝑓)(𝑥)‖ 6
∫︁
R𝑛

‖𝑓(𝜁)‖(1 + ‖𝜁‖)𝑛+‖𝛼‖+1𝑒⟨𝑥,𝜂⟩‖𝑥‖‖𝛽‖

(1 + ‖𝜉‖)𝑛+1
𝑑𝜉. (12)

If ‖𝛽‖ = 0, then by inequality (12) we have (as 𝜂 = 0)

‖(𝐷𝛼𝑓)(𝑥)‖ 6 𝑠𝑛(1)𝑒𝜙𝜈(0)𝑝𝜈,𝑛+‖𝛼‖+1(𝑓). (13)
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If ‖𝛽‖ > 0, 𝑥 ̸= 0, letting 𝜂 = − 𝑥𝑡
‖𝑥‖ with 𝑡 > 0, by (12) we obtain that

‖𝑥𝛽(𝐷𝛼𝑓)(𝑥)‖ 6𝑠𝑛(1)𝑝𝜈,𝑛+‖𝛼‖+1(𝑓)𝑒−𝑡‖𝑥‖𝑒𝜙𝜈(𝑡)‖𝑥‖‖𝛽‖

6𝑠𝑛(1)𝑝𝜈,𝑛+‖𝛼‖+1(𝑓)𝑒
sup
𝑟>0

(−𝑡𝑟+‖𝛽‖ ln 𝑟)
𝑒𝜙𝜈(𝑡)

=𝑠𝑛(1)𝑝𝜈,𝑛+‖𝛼‖+1(𝑓)𝑒‖𝛽‖ ln ‖𝛽‖−‖𝛽‖−‖𝛽‖ ln 𝑡𝑒𝜙𝜈(𝑡).

Since for each 𝑘 ∈ Z+

inf
𝑡>0

(−𝑘 ln 𝑡+ 𝜙𝜈(𝑡)) = − sup
𝑡>0

(𝑘 ln 𝑡− 𝜙𝜈(𝑡)) 6 − sup
𝑡>1

(𝑘 ln 𝑡− 𝜙𝜈(𝑡))

= − sup
𝑢>0

(𝑘𝑢− 𝜓𝜈(𝑢)) = −𝜓*
𝜈(𝑘),

by the previous estimate we obtain

‖𝑥𝛽(𝐷𝛼𝑓)(𝑥)‖ 6 𝑠𝑛(1)𝑝𝜈,𝑛+‖𝛼‖+1(𝑓)𝑒‖𝛽‖ ln ‖𝛽‖−‖𝛽‖𝑒−𝜓
*
𝜈(‖𝛽‖). (14)

If ‖𝛽‖ > 0 and 𝑥 = 0, then 𝑥𝛽(𝐷𝛼𝑓)(𝑥) = 0. By inequalities (13) and (14) it follows that

‖𝑥𝛽(𝐷𝛼𝑓)(𝑥)‖ 6 𝑠𝑛(1)𝑝𝜈,𝑛+‖𝛼‖+1(𝑓)‖𝛽‖!𝑒−𝜓
*
𝜈(‖𝛽‖)

for each 𝛼, 𝛽 ∈ Z𝑛+, 𝑥 ∈ R𝑛. Thus,

max
‖𝛼‖6𝑚

sup
𝑥∈R𝑛,𝛽∈Z𝑛+

‖𝑥𝛽(𝐷𝛼𝑓)(𝑥)‖
‖𝛽‖!𝑒−𝜓*

𝜈(‖𝛽‖)
6 𝑠𝑛(1)𝑝𝜈,𝑛+𝑚+1(𝑓), 𝑓 ∈ 𝐸(𝜙𝜈),

for each 𝑚 ∈ Z+. In other words, ‖𝑓‖𝑚,𝜓*
𝜈
6 𝑠𝑛(1)𝑝𝜈,𝑛+𝑚+1(𝑓), 𝑓 ∈ 𝐸(𝜙𝜈). It means that

mapping ℱ acts from 𝐸(𝛷) into 𝐺(Ψ*) and is continuous.
Let us show that ℱ is surjective. Let 𝑔 ∈ 𝐺(Ψ*). Then 𝑔 ∈ 𝐺(𝜓*

𝜈) for some 𝜈 ∈ N. In
accordance with the proof of Lemma 4, 𝑔 ∈ 𝑄(𝜓*

𝜈+𝑛). Then

(1 + ‖𝑥‖)𝑘‖(𝐷𝛼𝑔)(𝑥)‖ 6 𝑁𝜈+𝑛,‖𝛼‖(𝑔)𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘), 𝑘 ∈ Z+, 𝛼 ∈ Z𝑛+, 𝑥 ∈ R𝑛. (15)

Let

𝑓(𝜉) =
1

(2𝜋)𝑛

∫︁
R𝑛
𝑔(𝑥)𝑒𝑖⟨𝑥,𝜉⟩ 𝑑𝑥, 𝜉 ∈ R𝑛.

Let 𝛼 = (𝛼1, . . . , 𝛼𝑛), 𝛽 = (𝛽1, . . . , 𝛽𝑛) ∈ Z𝑛+, 𝜉 ∈ R𝑛. We denote 𝛾𝑠 = min(𝛼𝑠, 𝛽𝑠) for 𝑠 =
1, . . . , 𝑛, 𝛾 = (𝛾1, . . . , 𝛾𝑛). Employing the identity

(𝑖𝜉)𝛽(𝐷𝛼𝑓)(𝜉) =
(−1)‖𝛽‖

(2𝜋)𝑛

∫︁
R𝑛

∑︁
𝑗∈Z𝑛+:𝑗6𝛾

𝐶𝑗
𝛽(𝐷𝛽−𝑗𝑔)(𝑥)(𝐷𝑗(𝑖𝑥)𝛼)𝑒𝑖⟨𝑥,𝜉⟩ 𝑑𝑥

and inequality (15), we estimate the absolute value of 𝜉𝛽(𝐷𝛼𝑓)(𝜉). We have

‖𝜉𝛽(𝐷𝛼𝑓)(𝜉)‖ 6
1

(2𝜋)𝑛

∑︁
𝑗∈Z𝑛+:𝑗6𝛾

𝐶𝑗
𝛽

∫︁
R𝑛

‖(𝐷𝛽−𝑗𝑔)(𝑥)‖ 𝛼!

(𝛼− 𝑗)!
‖𝑥‖‖𝛼−𝑗‖ 𝑑𝑥

6
1

(2𝜋)𝑛

∑︁
𝑗∈Z𝑛+:𝑗6𝛾

𝐶𝑗
𝛽

𝛼!

(𝛼− 𝑗)!

∫︁
R𝑛

‖(𝐷𝛽−𝑗𝑔)(𝑥)‖(1 + ‖𝑥‖)‖𝛼−𝑗‖+𝑛+1 𝑑𝑥

(1 + ‖𝑥‖)𝑛+1

6
𝑠𝑛(1)

(2𝜋)𝑛

∑︁
𝑗∈Z𝑛+:𝑗6𝛾

𝐶𝑗
𝛽

𝛼!

(𝛼− 𝑗)!

𝑁𝜈+𝑛,‖𝛽‖(𝑔)(‖𝛼‖ − ‖𝑗‖ + 𝑛+ 1)!

𝑒𝜓
*
𝜈+𝑛(‖𝛼‖−‖𝑗‖+𝑛+1)

6
𝑠𝑛(1)𝑁𝜈+𝑛,‖𝛽‖(𝑔)𝛼!

(2𝜋)𝑛

∑︁
𝑗∈Z𝑛+:𝑗6𝛾

𝐶𝑗
𝛽

(‖𝛼‖ − ‖𝑗‖ + 𝑛+ 1)!

(𝛼− 𝑗)!
𝑒−𝜓

*
𝜈+𝑛(‖𝛼‖−‖𝑗‖).
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We note that condition 𝑖4) for 𝛷 implies that

2𝜓𝑘(𝑥) 6 𝜓𝑘+1(𝑥+ 𝑏𝑘) + 𝑙𝑘, 𝑥 > 0,

for each 𝑘 ∈ N, where 𝑏𝑘 = lnℎ𝑘. Then in accordance with Lemma 2, for some 𝐴𝑘 > 0

𝜓*
𝑘+1(𝑥+ 𝑦) 6 𝜓*

𝑘(𝑥) + 𝜓*
𝑘(𝑦) + 𝑏𝑘(𝑥+ 𝑦) + 𝐴𝑘, 𝑥, 𝑦 > 0. (16)

Employing inequality (16) and letting 𝑐1 = 𝑠𝑛(1)𝑒
𝐴𝜈+𝑛

(2𝜋)𝑛
, we get

‖𝜉𝛽(𝐷𝛼𝑓)(𝜉)‖ 6
𝑐1𝑒

𝑏𝜈+𝑛‖𝛼‖𝑁𝜈+𝑛,‖𝛽‖(𝑔)𝛼!

𝑒𝜓
*
𝜈+𝑛+1(‖𝛼‖)

∑︁
𝑗∈Z𝑛+:

𝑗6𝛾

𝐶𝑗
𝛽(‖𝛼‖ − ‖𝑗‖ + 𝑛+ 1)!𝑒𝜓

*
𝜈+𝑛(‖𝑗‖)

(𝛼− 𝑗)!
.

We observe that (𝑚1 +𝑚2)! 6 𝑒𝑚1+𝑚2𝑚1!𝑚2! for 𝑚1,𝑚2 ∈ Z+. It yields that

(𝑚1 + · · · +𝑚𝑛)! 6 𝑒(𝑛−1)(𝑚1+···+𝑚𝑛)𝑚1! · . . . ·𝑚𝑛!, 𝑚1, . . . ,𝑚𝑛 ∈ Z+. (17)

Employing this inequality and letting 𝑐2 = 𝑐1𝑒
𝑛+1(𝑛+ 1)!, we obtain

‖𝜉𝛽(𝐷𝛼𝑓)(𝜉)‖ 6
𝑐2𝑒

𝑏𝜈+𝑛‖𝛼‖𝑁𝜈+𝑛,‖𝛽‖(𝑔)𝛼!

𝑒𝜓
*
𝜈+𝑛+1(‖𝛼‖)

∑︁
𝑗∈Z𝑛+:𝑗6𝛾

𝐶𝑗
𝛽

𝑒‖𝛼‖−‖𝑗‖(‖𝛼‖ − ‖𝑗‖)!𝑒𝜓
*
𝜈+𝑛(‖𝑗‖)

(𝛼− 𝑗)!
.

Using inequality (17) once again, we get

‖𝜉𝛽(𝐷𝛼𝑓)(𝜉)‖ 6
𝑐2𝑒

𝑏𝜈+𝑛‖𝛼‖𝑁𝜈+𝑛,‖𝛽‖(𝑔)𝛼!

𝑒𝜓
*
𝜈+𝑛+1(‖𝛼‖)

∑︁
𝑗∈Z𝑛+:𝑗6𝛾

𝐶𝑗
𝛽𝑒

𝑛(‖𝛼‖−‖𝑗‖)𝑒𝜓
*
𝜈+𝑛(‖𝑗‖).

Thus,

‖𝜉𝛽(𝐷𝛼𝑓)(𝜉)‖ 6
𝑐2𝛽!𝑒(𝑏𝜈+𝑛+𝑛)‖𝛼‖𝑁𝜈+𝑛,‖𝛽‖(𝑔)𝛼!

𝑒𝜓
*
𝜈+𝑛+1(‖𝛼‖)

∑︁
𝑗∈Z𝑛+:𝑗6𝛾

𝑒𝜓
*
𝜈+𝑛(‖𝑗‖)

𝑒𝑛‖𝑗‖|𝑗!
.

Applying inequality (17) one more time and letting 𝑐3 = 𝑐2𝛽!
∑︀

‖𝑗‖>0
𝑒
𝜓*
𝜈+𝑛(‖𝑗‖)

‖𝑗‖! (series∑︀
‖𝑗‖>0

𝑒
𝜓*
𝜈+𝑛(‖𝑗‖)

‖𝑗!‖ converges (cf. Corollary 1)), we obtain

‖𝜉𝛽(𝐷𝛼𝑓)(𝜉)‖ 6 𝑐3𝑒
(𝑏𝜈+𝑛+𝑛)‖𝛼‖𝑁𝜈+𝑛,‖𝛽‖(𝑔)𝛼!𝑒−𝜓

*
𝜈+𝑛+1(‖𝛼‖).

Hence, in view of inequality (1), we find a natural number 𝑠 = 𝑠(𝜈, 𝑛) > 𝑛 + 1 and a constant
𝑐4 > 0 (depending on 𝜈, 𝑛, and 𝛽) such that

‖𝜉𝛽(𝐷𝛼𝑓)(𝜉)‖ 6 𝑐4𝑁𝜈+𝑛,‖𝛽‖(𝑔)𝛼!𝑒−𝜓
*
𝜈+𝑠(‖𝛼‖).

Thus, if 𝑚 ∈ Z+, the last inequality implies

(1 + ‖𝜉‖)𝑚‖(𝐷𝛼𝑓)(𝜉)‖ 6 𝑐5𝑁𝜈+𝑛,𝑚(𝑔)𝛼!𝑒−𝜓
*
𝜈+𝑠(‖𝛼‖), 𝛼 ∈ Z𝑛+, 𝜉 ∈ R𝑛,

where 𝑐5 > 0 is a constant depending on 𝜈, 𝑛, and 𝑚. By Theorem 2, 𝑓 can be holomorphically
continued to an entire function 𝐹𝑓 in 𝐸(𝛷). It is obvious that 𝑔 = ℱ(𝐹𝑓 ). The proof of
Theorem 2 (see inequalities (3) and (8)) shows that there exists a constant 𝑐6 > 0 (depending
on 𝜈, 𝑛, and 𝑚) such that

(1 + ‖𝑧‖)𝑚‖𝐹𝑓 (𝑧)‖ 6 𝑐6𝑁𝜈+𝑛,𝑚(𝑔)𝑒𝜙𝜈+𝑠+3(‖Im 𝑧‖)

for 𝑧 ∈ C𝑛. Therefore, 𝑝𝜈+𝑠+3,𝑚(𝐹𝑓 ) 6 𝑐6𝑁𝜈+𝑛,𝑚(𝑔). In view of inequality (11) we obtain
𝑝𝜈+𝑠+3,𝑚(𝐹𝑓 ) 6 𝑐7‖𝑔‖𝑚,𝜓*

𝜈
, 𝑔 ∈ 𝐺(𝜓*

𝜈), where 𝑐7 > 0 is a constant depending on 𝜈, 𝑛, and 𝑚. It
follows the continuity of the inverse mapping ℱ−1.

Thus, we have proven that Fourier transform makes an isomorphism between the spaces 𝐸(𝛷)
and 𝐺(Ψ*).

4.3. On an approach for constructing family Φ. Let 𝑈 = {𝑢𝜈}∞𝜈=1 be a family of
non-decreasing convex functions 𝑢𝜈 on [0,∞) such that for each 𝜈:
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1. lim𝑥→+∞
𝑢𝜈(𝑥)
𝑥

= +∞;
2. given 𝑀 > 0, there exists a constant 𝐴(𝑀, 𝜈) > 0 such that

𝑢𝜈(𝑥) 6 𝑥 ln
𝑥

𝑀
+ 𝐴(𝑀, 𝜈), 𝑥 > 0;

3. given 𝐴 > 0, there exists a constant 𝐾(𝜈,𝐴) > 0 such that

𝑢𝜈+1(𝑥+ 𝐴) 6 𝑢𝜈(𝑥) +𝐾(𝜈,𝐴), 𝑥 > 0;

4. there exists a constant 𝑎𝜈 > 0 such that

𝑢𝜈(𝑥) − 𝑢𝜈+1(𝑥) > 𝑥 ln 2 − 𝑎𝜈 , 𝑥 > 0;

5. there exists a constant 𝐴𝜈 > 0 such that

𝑢𝜈+1(2𝑥) 6 2𝑢𝜈(𝑥) + 𝑥 ln 4 + 𝐴𝜈 , 𝑥 > 0.

Suppose that family Φ consists of functions 𝜙𝜈 defined on [0,∞) by the rule: 𝜙𝜈(𝑥) =
𝑢*𝜈(ln(1 + 𝑥)), 𝑥 > 0 (𝜈 ∈ N). It is clear that functions 𝜙𝜈 do not decrease and are continuous
on [0,∞). First two conditions follow that the constructed family satisfies condition 𝑖1). The
third condition ensures condition 𝑖2). By the forth condition it is easy to get that for each
𝜈 ∈ N

𝑢*𝜈(𝑡+ ln 2) − 𝑢*𝜈+1(𝑡) 6 𝑎𝜈 , 𝑡 > 0.

Hence, for each 𝑥 > 0 we have

𝜙𝜈(2𝑥) = 𝑢*𝜈(ln(1 + 2𝑥)) 6𝑢*𝜈(ln(2(1 + 𝑥))) = 𝑢*𝜈(ln 2 + ln(𝑥+ 1))

6𝑢*𝜈+1(ln(𝑥+ 1)) + 𝑎𝜈 = 𝜙𝜈+1(𝑥) + 𝑎𝜈 .

Thus, family Φ satisfies condition 𝑖3). Condition 𝑖4) holds for Φ, too. While checking it, we
make use of the following simple statement.

Proposition 2. Suppose that 𝑢, 𝑣 ∈ ℬ and there exist numbers 𝜏 > 0 and 𝐴 > 0 such that

𝑣(2𝑥) 6 2𝑢(𝑥) + 2𝜏𝑥+ 𝐴, 𝑥, 𝑦 > 0.

Then

2𝑢*(𝑥) 6 𝑣*(𝑥+ 𝜏) + 𝐴, 𝑥 > 0.

Proof. For each𝑥 > 0 we have

2𝑢*(𝑥) = sup
𝜉>0

(2𝑥𝜉 − 2𝑢(𝜉)) 6 sup
𝜉>0

(2𝑥𝜉 − 𝑣(2𝜉) + 2𝜏𝜉) + 𝐴

= sup
𝜉>0

((𝑥+ 𝜏)𝑡− 𝑣(𝑡)) + 𝐴 = 𝑣*(𝑥+ 𝜏) + 𝐴.

Returning back to checking condition 𝑖4) for Φ and employing fifth condition for 𝑈 and
Proposition 2, for each 𝜈 ∈ N and 𝑥 > 0 we have

2𝜙𝜈(𝑥) =2𝑢*𝜈(ln(1 + 𝑥)) 6 𝑢*𝜈+1(ln(1 + 𝑥) + ln 2) + 𝐴𝜈

=𝑢*𝜈+1(ln((2𝑥+ 1) + 1) + 𝐴𝜈 = 𝜙𝜈+1(2𝑥+ 1) + 𝐴𝜈 .

It follows that condition 𝑖4) holds true, at that, as ℎ𝜈 we can take any number greater than 2.
Thus, family Φ satisfies the hypothesis of Theorem 3. Thus, Fourier transform makes an

isomorphism between spaces 𝐸(𝛷) and 𝐺(𝑈).
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5. Special case of family 𝛷

In the proof of Theorem 4 we shall make use of the following three lemmata.

Lemma 5. Let 𝑔 ∈ ℬ. Then for each 𝛿 > 0

lim
𝑥→+∞

𝑔*((1 + 𝛿)𝑥) − 𝑔*(𝑥)

𝑥
= +∞.

Proof. Let 𝛿 > 0 be arbitrary. For 𝑥 > 0 by 𝜉(𝑥) we denote the point at which the function
𝑢𝑥(𝜉) = 𝑥𝜉 − 𝑔(𝜉) attains the supremum over the set [0,∞). We note that 𝜉(𝑥) → +∞ as
𝑥→ +∞. Otherwise there exists a number 𝑀 > 0 and a sequence (𝑥𝑗)

∞
𝑗=1 of positive numbers

𝑥𝑗 tending to +∞ such that 𝜉(𝑥𝑗) 6 𝑀 . Then 𝑔*(𝑥𝑗) = 𝑥𝑗𝜉(𝑥𝑗) − 𝑔(𝜉(𝑥𝑗)). But it contradicts

to the identity lim𝑥→+∞
𝑔*(𝑥)
𝑥

= +∞. Hence, lim𝑥→+∞ 𝜉(𝑥) = +∞. Together with inequality

𝑔*((1 + 𝛿)𝑥) − 𝑔*(𝑥) > (1 + 𝛿)𝑥𝜉(𝑥) − 𝑔(𝜉(𝑥)) − 𝑥𝜉(𝑥) + 𝑔(𝜉(𝑥)) = 𝛿𝑥𝜉(𝑥), 𝑥 > 0,

it completes the proof.

The next statement follows easily from the results by S.V. Popenov (see Lemma 4 in [9]) and
this is why we do not provide its proof.

Lemma 6. Let 𝑢 ∈ 𝑉 . There exists a constant 𝐾 > 0 (depending on 𝑢) such that

(𝑢[𝑒])*(𝑡) + (𝑢*[𝑒])*(𝑡) > 𝑡 ln 𝑡− 𝑡−𝐾, 𝑡 > 0.

The next lemma was proven in [8].

Lemma 7. Let 𝑢 ∈ ℬ. Then
(𝑢[𝑒])*(𝑥) + (𝑢*[𝑒])*(𝑥) 6 𝑥 ln𝑥− 𝑥, 𝑥 > 0.

Proof of Theorem 4. Let 𝜈 ∈ N, 𝑓 ∈ 𝐺(𝜓*
𝜈). We fix 𝑚 ∈ Z+. Since 𝑓 ∈ 𝑄(𝜓*

𝜈+𝑛) (see the proof
of Lemma 4), then for each 𝑘 ∈ Z+, 𝛼 ∈ Z𝑛+, ‖𝛼‖ 6 𝑚, 𝑥 ∈ R𝑛,

‖(𝐷𝛼𝑓)(𝑥)‖ 6
𝑁𝜈+𝑛,𝑚(𝑓)𝑘!𝑒−𝜓

*
𝜈+𝑛(𝑘)

(1 + ‖𝑥‖)𝑘
. (18)

Taking into consideration that 𝑗! < 3𝑗𝑗+1

𝑒𝑗
for 𝑗 ∈ N and employing inequality (16) and the

non-decreasing of function 𝜓*
𝜈+𝑛, we obtain

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6

3𝑘𝑘+1𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝑒𝑘𝜇𝑘
6

3𝜇𝑡𝑡+1𝑒−𝜓
*
𝜈+𝑛+1(𝑡)+𝜓

*
𝜈+𝑛(1)+𝑏𝜈+𝑛𝑡+𝐴𝜈+𝑛

𝑒𝑡𝜇𝑡

for each 𝑘 ∈ N, 𝑡 ∈ [𝑘, 𝑘 + 1) and 𝜇 > 1.
We employ (1) to obtain

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6 𝐶1𝜇𝑒

(𝑡+1) ln 𝑡−𝜓*
𝜈+𝑠(𝑡)−𝑡 ln 𝑒𝜇+(𝑏𝜈+𝑛−𝑠 ln 2)𝑡,

where 𝑠 > 𝑛 + 2 is a natural number and 𝐶1 is a positive constant depending on 𝜈, 𝑛, and 𝑠.
We choose 𝑠 ∈ N so that 𝑠 ln 2 > 𝑏𝜈+𝑛. We find a constant 𝐶2 > 0 (depending on 𝜈, 𝑛, and
chosen 𝑠) such that

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6 𝐶2𝜇𝑒

𝑡 ln 𝑡−𝜓*
𝜈+𝑠(𝑡)−𝑡 ln𝜇.

Now by Lemma 6 we obtain

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6 𝐶3𝜇𝑒

(𝜙*
𝜈+𝑠[𝑒])

*(𝑡)−𝑡 ln𝜇,
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where 𝐶3 is a positive constant depending on 𝜈, 𝑛, and chosen 𝑠. It follows that

inf
𝑘∈N

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6 𝐶3𝜇𝑒

inf
𝑡>1

(𝜙*
𝜈+𝑠[𝑒])

*(𝑡)−𝑡 ln𝜇
. (19)

It is obvious that

inf
𝑡>1

(︀
(𝜙*

𝜈+𝑠[𝑒])
*(𝑡) − 𝑡 ln𝜇

)︀
6− ln𝜇+ (𝜙*

𝜈+𝑠[𝑒])
*(1);

inf
0<𝑡61

(︀
(𝜙*

𝜈+𝑠[𝑒])
*(𝑡) − 𝑡 ln𝜇

)︀
>− ln𝜇+ (𝜙*

𝜈+𝑠[𝑒])
*(0).

Thus,

inf
𝑡>1

(︀
(𝜙*

𝜈+𝑠[𝑒])
*(𝑡) − 𝑡 ln𝜇

)︀
6 inf

0<𝑡61

(︀
(𝜙*

𝜈+𝑠[𝑒])
*(𝑡) − 𝑡 ln𝜇

)︀
+ (𝜙*

𝜈+𝑠[𝑒])
*(1) − (𝜙*

𝜈+𝑠[𝑒])
*(0).

Denoting (𝜙*
𝜈+𝑠[𝑒])

*(1) − (𝜙*
𝜈+𝑠[𝑒])

*(0) by 𝑚𝜈 , we get

inf
𝑡>1

(︀
(𝜙*

𝜈+𝑠[𝑒])
*(𝑡) − 𝑡 ln𝜇

)︀
6 inf

𝑡>0

(︀
(𝜙*

𝜈+𝑠[𝑒])
*(𝑡) − 𝑡 ln𝜇

)︀
+𝑚𝜈 .

Returning back to (19), we obtain

inf
𝑘∈N

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6 𝐶3𝑒

𝑚𝜈𝜇𝑒
inf
𝑡>0

((𝜙*
𝜈+𝑠[𝑒])

*(𝑡)−𝑡 ln𝜇)
. (20)

For each 𝑗 ∈ N we choose 𝜃𝑗 ∈ 𝑉𝜙*
𝑗 [𝑒]

. Then

‖𝜃𝑗(𝜉) − 𝜙*
𝑗 [𝑒](𝜉)‖ 6 𝑟𝑗, 𝜉 > 0; (21)

‖𝜃*𝑗 (𝜉) − (𝜙*
𝑗 [𝑒])

*(𝜉)‖ 6 𝑟𝑗, 𝜉 > 0, (22)

where 𝑟𝑗 is a positive constant depending on 𝜙*
𝑗 [𝑒] and 𝜃𝑗. By (20) and (22) we get

inf
𝑘∈N

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6 𝐶4𝜇𝑒

inf
𝑡>0

(𝜃*𝜈+𝑠(𝑡)−𝑡 ln𝜇),

where 𝐶4 = 𝐶3𝑒
𝑚𝜈+𝑟𝜈+𝑠 . Employing the formula for inversion of Young transform [10], we

obtain

inf
𝑘∈N

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6 𝐶4𝜇𝑒

−𝜃𝜈+𝑠(ln𝜇).

By inequality (21) it yields

inf
𝑘∈N

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6 𝐶5𝜇𝑒

−𝜙*
𝜈+𝑠[𝑒](ln𝜇),

where 𝐶5 = 𝐶𝜈,4𝑒
𝑟𝜈+𝑠 . Thus,

inf
𝑘∈N

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

𝜇𝑘
6 𝐶5𝜇𝑒

−𝜙*
𝜈+𝑠(𝜇).

Employing this inequality and the non-decreasing of 𝜙*
𝜈+𝑠, we have

inf
𝑘∈N

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

(1 + ‖𝑥‖)𝑘
6 𝐶5(1 + ‖𝑥‖)𝑒−𝜙

*
𝜈+𝑠(‖𝑥‖), 𝑥 ∈ R𝑛. (23)

We observe that using condition 𝑖3) for 𝛷, it is easy to show that for each 𝑗 ∈ N

𝜙*
𝑗+1(𝜉) 6 𝜙*

𝑗

(︂
𝜉

2

)︂
+ 𝑎𝑗, 𝜉 > 0. (24)

Therefore,

𝜙*
𝑗(𝜉) − 𝜙*

𝑗+1(𝜉) > 𝜙*
𝑗(𝜉) − 𝜙*

𝑗

(︂
𝜉

2

)︂
− 𝑎𝑗, 𝜉 > 0.



120 I.KH. MUSIN, M.I. MUSIN

By Lemma 5 it implies

lim
𝑥→+∞

𝜙*
𝑗(𝜉) − 𝜙*

𝑗+1(𝜉)

𝜉
= +∞. (25)

Returning back to (23), by means of (25) we obtain

inf
𝑘∈N

𝑘!𝑒−𝜓
*
𝜈+𝑛(𝑘)

(1 + ‖𝑥‖)𝑘
6 𝐶6𝑒

−𝜙*
𝜈+𝑠+1(‖𝑥‖), 𝑥 ∈ R𝑛,

where 𝐶6 is a positive number. By inequality (18) it follows that

‖(𝐷𝛼𝑓)(𝑥)‖ 6 𝐶6𝑁𝜈+𝑛,𝑚(𝑓)𝑒−𝜙
*
𝜈+𝑠+1(‖𝑥‖) (26)

for each 𝛼 ∈ Z𝑛+ obeying ‖𝛼‖ 6 𝑚. It means that 𝑞𝑚,𝜈+𝑠+1(𝑓) 6 𝐶6𝑁𝜈+𝑛,𝑚(𝑓), 𝑓 ∈ 𝐺(𝜓*
𝜈). In

view of inequality (11), we have

𝑞𝑚,𝜈+𝑠+1(𝑓) 6 𝐶7‖𝑓‖𝑚,𝜓*
𝜈
, 𝑓 ∈ 𝐺(𝜓*

𝜈),

where 𝐶7 is a positive number depending on 𝜈. It follows that the identity mapping 𝐼 acts from
𝐺(Ψ*) into 𝐺𝑆(𝛷*) and is continuous.

Let us show that 𝐼 is surjective. Let 𝑓 ∈ 𝐺𝑆(𝛷*). Then 𝑓 ∈ 𝐺𝑆(𝜙*
𝜈) for some 𝜈 ∈ N. We fix

𝑚 ∈ Z+. Let 𝑥 ∈ R𝑛, 𝛼 ∈ Z𝑛+, at that, ‖𝛼‖ 6 𝑚. Then

‖(𝐷𝛼𝑓)(𝑥)‖ 6 𝑞𝑚,𝜈(𝑓)𝑒−𝜙
*
𝜈(‖𝑥‖). (27)

Employing inequality (24), by (27) we obtain

‖(𝐷𝛼𝑓)(𝑥)‖ 6 𝑒𝑎𝜈𝑞𝑚,𝜈(𝑓)𝑒−𝜙
*
𝜈+1(2‖𝑥‖).

It is obvious that there exists a constant 𝑀𝜈 > 1 such that

‖(𝐷𝛼𝑓)(𝑥)‖ 6𝑀𝜈𝑞𝑚,𝜈(𝑓)𝑒−𝜙
*
𝜈+1(‖𝑥‖+1).

In other words,

‖(𝐷𝛼𝑓)(𝑥)‖ 6𝑀𝜈𝑞𝑚,𝜈(𝑓)𝑒−𝜙
*
𝜈+1[𝑒](ln(‖𝑥‖+1)).

It follows that

‖(𝐷𝛼𝑓)(𝑥)‖ 6𝑀𝜈𝑞𝑚,𝜈(𝑓)𝑒
− sup
𝑡>0

(𝑡 ln(‖𝑥‖+1)−(𝜙*
𝜈+1[𝑒])

*(𝑡))
.

Now by Lemma 7 we get

‖(𝐷𝛼𝑓)(𝑥)‖ 6𝑀𝜈𝑞𝑚,𝜈(𝑓)𝑒
− sup
𝑡>0

(𝑡 ln(𝑒(‖𝑥‖+1))−𝑡 ln 𝑡+𝜓*
𝜈+1(𝑡))

.

Therefore, for each 𝑘 ∈ N

‖(𝐷𝛼𝑓)(𝑥)‖ 6𝑀𝜈𝑞𝑚,𝜈(𝑓)
𝑘𝑘𝑒−𝜓

*
𝜈+1(𝑘)

(𝑒(1 + ‖𝑥‖))𝑘
.

Hence,

(1 + ‖𝑥‖)𝑘‖(𝐷𝛼𝑓)(𝑥)‖ 6𝑀𝜈𝑞𝑚,𝜈(𝑓)𝑘!𝑒−𝜓
*
𝜈+1(𝑘), 𝑘 ∈ Z+.

It means that

‖𝑓‖𝑚,𝜓*
𝜈+1

6𝑀𝜈𝑞𝑚,𝜈(𝑓). (28)

Since 𝑚 ∈ Z+ is arbitrary, then 𝑓 ∈ 𝐺(𝜓*
𝜈+1). Therefore, 𝑓 ∈ 𝐺(Ψ*). It follows from (28)

that mapping 𝐼−1 is continuous. Thus, spaces 𝐺(Ψ*) and 𝐺𝑆(𝛷*) coincide. The proof is
complete.
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