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NONLOCAL SOLVABILITY CONDITIONS
FOR CAUCHY PROBLEM FOR A SYSTEM OF
FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS
WITH SPECIAL RIGHT-HAND SIDES

M.V. DONTSOVA

Abstract. We consider a Cauchy problem for a system of two quasilinear first order partial
differential equations with special right-hand sides. We obtain the conditions of a nonlocal
solvability of this Cauchy problem. The study of the nonlocal solvability of the Cauchy
problem for a system of two quasilinear differential equations with special right-hand sides
is based on the method of an additional argument. The proof of the nonlocal solvability of
the Cauchy problem for a system of two quasilinear first order partial differential equations
with special right-hand sides relies on global estimates.
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1. INTRODUCTION

There are various methods for studying solvability of systems of first order partial differential
equations. For instance, there are classical methods of characteristics, Galerkin’s method, flows
methods, additional argument method [IJ.

The additional argument method is a new way for studying solvability of systems of first
order partial differential equations. It does not replace other known methods but complements
them [2]. In many cases the application of this method allows one to find more effectively and
specifically the conditions of local solvability in original coordinates for systems of nonlinear
and quasi-linear first order differential equations without employing inverse function theorem
[2}-13).

In work [3] first by means of the additional argument method there were determined the

nonlocal solvability conditions for the Cauchy problem for the systems
Owu(t, x) + (au(t,x) + bu(t, x))0u(t,x) = 0,
{ O (t,x) + (cult,z) + gu(t,x))0v(t, x) = 0,

(1)

where u(t, z), v(t, x) are unknown functions, a, ¢, b, g are known positive constants, (¢,z) € Qr,
where Qp = {(t,2) |0 <t < T,z € (—00,00),T > 0} subject to the initial conditions

U(O,ZL’) = 901(1‘)7 U<O= .%‘) = @2(I)7 (2)

©1(x), wo(z) are given functions.
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By means of the additional argument method in work [4] there were found nonlocal solvability
conditions for the Cauchy problem for the systems

{ Owu(t, z) + (au(t,z) + bu(t, ) + hy)Ou(t, x) = fi(t, x), 3)
Ow(t, x) + (cu(t,x) + gu(t,x) + he)dv(t, z) = falt, z),

subject to initial condition (2), where u(t,z), v(¢,z) are unknown functions, a, ¢, b, g, hi, ho
are known positive constants, fi, fo are given functions, (t,z) € Qr.

Systems , appear in various problems in natural sciences, for instance, in describing
the spreading of finite intensity perturbation under non-stationary one-dimensional flow of ideal
gas [B]. A particular example of such systems is the Frankl system of equations [6], [7].

We consider the system

{ Owu(t, z) + (ayu(t, z) + byo(t, x))0u(t, ) = agu(t, x) + bov(t, x), n
O (t,x) + (crult, z) + gro(t, x))0,v(t, x) = gov(t, ),

where u(t, z), v(t, z) are unknown functions, aq, b;, ¢1, g1, i = 1,2, are given positive constants,
as, go are given constants.

Various methods were applied for studying the solvability of a system close to . The
description of many modern approaches is contained [I]. For instance, in [I] there was made
an analysis of solvability on the basis of the classical methods of characteristics as well as
by employing the notion of the generalized solution. Both these approaches, as many others,
have their advantages and disadvantages. For instance, in the method of characteristics the
solvability condition in the original coordinates is the existence of the inverse function for
the solution to a characteristic equation. Finding the inverse function is a more complicated
problem than the original one. This is one usually does not solve it and assume instead the
possibility of the inverse change of variables [1].

In the present work by means of the additional argument method we determine the nonlocal
solvability conditions for the Cauchy problem for system subject to initial conditions on
Qr, where aq, b;, ¢1, g1, © = 1,2, are given positive constants, as, go are given constants.

In accordance with the additional argument method, for problem , we write the ex-
tended characteristic system [7]-[11]:

dn (s, t, )

s = ayu(s,m(s,t,x)) + bv(s,m(s,t,x)), (5)
W = clu(57 772(3, t, 1‘)) + glv(s, 7’]2(8, t, l‘)), (6)
du(s, 77;(55’ ) s, (s, t,2) + byo(s, m(s. £,2)), (7)
! ®)
771(1577571) =7, 772(t7t’x) =, (9)
u(0,m1(0,¢,2)) = @1(m(0,¢,2)), v(0,72(0,¢,2)) = @2(12(0, 2, 7)) (10)

The feature of this system is that it involves unknown functions as superpositions that compli-
cates essentially the proof of solvability.
We introduce new unknown functions:
wi(s,t,x) =u(s, (s, t,x)), was,t,x)=uv(s,n(s,t,x)),
ws(s,t,x) =v(s,m(s,t,x)), wa(s,t,z)=u(s,ns,t,x)).
Then the extended characteristic system casts into the form:
dn (s, t, )

P aywy (s, t, ) + byws(s, t,z), (11)
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dno(s,t,x
% = C1UJ4(5, ta l’) + gle(Sa t7 Z'),
d t
W = &2w1(87t7$) + b2w3(87t7$)7
S
dwsy(s,t, )
et it t
ds 92w2<37 ,l’),

ws(s,t,x) =wa(s,s,m), wa(s,t,x) =wi(s,s,n),

nl(tvtvr) =, 772(t,t,9€) =,

wl(ovtvx) = ()01<771(07t7$))7 w2<0>t7x) = 902(772(07t7*r))‘
Unknown functions n;, w;, i = 1,2, j = 1,4 depend not only on ¢ and z, but also on additional

argument s. Integrating equations f w.r.t. argument s and taking into considerations
conditions —, we obtain the equivalent system of integral equations:

t

m(s,t,x) =z — / (aywy + byws)dr,

s
t

ne(s,t,x) =z — /(clw4 + grws)dT,

S
S

wi(s,t,x) = o1(m(0,t,2)) + / (agwy + byws)dr,

0
s

wa(s,t, ) = pa(n2(0,t, 7)) + /ggwng,
0
ws(s,t,z) = ws(s,s,m),

’lU4(S, t, ZL‘) = U)l(S, S, 772)

Substituting , into —, we get
t

w1(57t>x> =¥

UJQ(S, tv ZL’) = 2

ws(s,t, z) = wy

wy(s,t,z) = w;

We shall write that constants Ky, Ky, Ks, ...

0
t s
:B—/(clw4(7,t,:£) +g1w2(7—7t>$))d7— +/92w2(7—7tax)d7_7
0 0

t

S,8,T — /(a1w1 + byws)dr |,

s
t

$,8,T — /(Clw4 + gle)dT

s

x— /(a1w1 + byws)dr | + / (agwn (7, t, ) + bows (7, t, x))drT,
0

(12)
(13)

(14)
(15)
(16)
(17)

(18)
(19)
(20)

(21)

(27)

are determined by the initial data if these

constants are determined by given characteristics of the problem, the norms and the extrema

of known functions by means of closed algebraic, differential or integral expressions, i.e., in the

framework of the original problem they can be expressed by a particular number.
The following lemma holds true.
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Lemma 1. Suppose that functions wi(s,t,x), we(s,t,z) solve system of integral equations
f, are continuously differentiable and bounded together with its first derivatives. Then
functions u(t, x) = wi(t,t,x), v(t,z) = wa(t, t,z) solve problem (), on Qq, To < T, where
Ty s a constant determined by the given data.

Lemma 1 is the basis of the additional argument. Lemma 1 can be proven in the same way
as in works [7]-[11].

2. EXISTENCE OF LOCAL SOLUTION

In order to prove the solvability of problem , in the class of bounded functions, we
shall make use system of integral equations —.
We denote

I'p = {(S,t,l’)|0 <s<t<T, xe (_OO,+OO), T > 0},
C, = max {sup‘gol(,l)ui =1,2, l:()’_Q}, | = max{ay, |as|, b, b, c1, g1, |go|}
R

1Ul} = sup |U(s,t, ), [f]] = sup [f(t, 2)],
I'r QT

and C1?2%(Qr) stands for the space of functions differentiable w.r.t. ¢, twice differentiable
w.r.t. x, having mixed second order derivatives and bounded together with its derivatives on
Qp, Core2-an () indicates the space of functions continuous and bounded together with its
derivatives up to order a,, w.r.t. mth argument, m = 1,n on unbounded subset Q, C R",
n=12 ...

We introduce conditions playing the key role in the proof of nonlocal solvability of Cauchy
problem , :

ay > 07 bz > 07 1 > 07 g1 > 07 80/1<'r) > 07 9012(£C) > 07 L= 17 2. (28)

In the following theorem we formulate the conditions for the existence of a local solution to

Cauchy problem , , whose smoothness w.r.t. x is not less than for the initial data.

Theorem 1. Suppose that p; € C*(R), i = 1,2, and conditions hold true. Then for
each Ty > 0, where T, = min 25;@,17%01)’ Cauchy problem , has the unique solution
u(t,z),v(t,z) € CY*2(Qr,) determined by system of integral equations (24)—(27).

We split the proof of this theorem into two lemmata.

Lemma 2. System of integral equations f has the unique solution w; € CYHY(T'p,),

11
25C,17 100 )

where j = 1,4 , Ty = min

Proof. We prove this lemma by the scheme described in [13]. This is why we provide only key
milestones.

We define the zero approximation of the solution to system of integral equations f
by the identities:

wig(s, t,x) = @1(x), wa(s,t,z) = wa(x), wso(s,t,x) = pa(x), wi(s,t,z)=¢(x).
The first and subsequent approximations for system of equations f are introduced
by means of the recurrent sequence of systems of equations (n =1,2,...):
t s
win(s,t,x) =p1 | — /(alwm + bywsy,)dT | + / (agw1, + bowsy, )dT, (29)
0 0
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t

Wan(s,t,x) = o | © — /(01w4n(7',t,x) + qrwen (7, t,x))dT | + /ggwgn(T,t,x)dT, (30)
0

0
t

W3y (8,1, %) = Wagn—1y | 5,8, — /(alwln + bywsy, )dT |, (31)

s
t

Win (5,1, 2) = Wign—1) | 8,5, — /(clw4n + grway,)dT | . (32)

We define t_he zero approximation for system of equations f by the identities wjon =
Wj(n-1), ] = 1,4

The first and subsequent approximations for system of equations f are introduced
by the formulae

t s
w’ff{l(s,t,x) =g |z — /(alwlfn + blwéfn)dT + / (agw’fn + bzwlgn)dT, (33)
0 0
t S
wéﬁ[l(s,t,x) =@y | & — /(clwf,fn(T,t,m) —i—glwgn(T,t,x))dT + /g2w’§n(7,t,x)d7, (34)
0 0
¢
wlgrfl(s,t, T) = Wan—1) | 5,8, & — /(alw’fn + blwlgn)dT , (35)
¢
k+1 _ k k
wiy (5,1, T) = Wim_1) | 5,5, — /(clw4n + qrws, )dT | . (36)
In the same way as in [I3] we prove that for each 0 < t < T3, where T} = mm(mc 53,

successive approximations 1’ are bounded, continuous and converge to a continuous
solution to system (29)—(32) satisfying the estimates ||w;,|| < 2C,, j = 1,4.
In the same as in [13], we establish that for each 0 < ¢t < Ty, where T} = min(5-5—

exist the derivatives d,wj,, j = 1,4 and the estimates
[0pw1n]l <A4C,,  [|0swan|l < 4C,,  |Gpwsn|l < 6C,,  ||Ozwan|| < 6C

200,07 41) there

hold true.
For each 0 < t < T3, where T7 = min(QOC 1 4l) the successive approximations determined

by system (|29 . converge to the solution of system ([24] . and the estimates

lwjll <2C,. j=T4.
hold true. Then we prove that wj,, — w;; = 0 wj, j = 1,4, where functions O LW are
continuous w.r.t. all its arguments on I'y,, T = min . The estimates ||0,w;|| < 4C,,

i=1,2, [|[Oyws]| < 6C,, ||0,ws]] < 6C, are valid.
In the same way we prove that w;, j = 1,4 have continuous and bounded derivatives w.r.t.
t on I'z,. The uniqueness of the solutions can be proven in the same as in paper [13]. ]

256' l’ 10l

Lemma 3. Under conditions functions {w;}, j = 1,4, being solutions to the system

2, 2, .
of equations ([24)—(27), have continuous and bounded derivatives %, 88;'?, j =14, in I'p,

1 1

where Ty = min (25_%1’ o0
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Proof. We (Eerentiate twice successive approximations — w.r.t. z and denote w} =
Wingz, J = 1,4. It yields the system of equations:

t s
Wi =— ¢} /(aluﬂf + biwy)dT + / (agwi + bow? )dT
0 0 (37)

t 2

+ 90/1/ 1= /(alwlnx + b1w3nx)d7- )

0
2

t s t
wy = —pl /(clef + grw3)dT + /ggwgdr +¢5- | 1— /(Clw4mc + 1wanz)dT | (38)
0 0 0
t 2 t
n_ , n—1 n n
W3 = Wy . 1— /(alwlnx + blw?)n:r)dT - wQ(nfl)m /(alwl + b1W3 )dT7 (39)
t 2 t
n_ , n—1 n n
wy =wi | 11— /(clw4m + 1Wane )AT | — Win—1)2 /(clw4 + grwy)dT. (40)

Under conditions (28)), in view of the above established estimates |w;,| < 2C,, j = 1,4,

t
41C,

we have | [(awy, + b’LUgn)d’T‘ < H(lJwinll + wsall) < 4HC, < g5 < 0.16. In the same way,

s
t

f(01w4n + glw2n)d7‘ < 0.16.

S

We fix a point xy and consider the set ,, = {z |rg — 0.16 < & < 27+ 0.16}. Let us prove the
equicontinuity of functions wf, wy w.r.t. = € £2,,, which implies the equicontinuity of functions
wl, wy w.r.t. x in the chosen arbitrary point zy, i.e., on R. The equicontinuity of functions wy,
wy w.r.t. x is employed in the proof of convergence for successive approximations wy, j = 1,4.
We take z1, 29 € 2,,. Let us prove the inequalities

r1 — 1’2|, (41)
T — $2|, (42)

|771n (37 ta xl) — Mn (37 t, x2) |
|772n <S7 t, $1> — M2n <S7 t, $2) |

where
t

mn(s,t,z) =z — /(alwln(r, t,x) + byws, (1, t, x))dr,

s
t

Non(s,t,x) = x — /(clw4n(7,t, x) + grwen (7, t, x))dT.

s

Differentiating successive approximations f w.r.t. x, we obtain

t t

Wine =0 | © — /(a1w1 + byws)dr | - | 1— /(alwlm + bywsp, )dT
\ 0 0 (43)

+ /(melm« + bowsp, )T,
0
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t t s

Wone = 90/2 x—/(61w4n+g1w2n)d7 . 1—/(01w4m+91w2m)d7 +/92w2nxd7', (44)

0 0 0
t

W3nz = W2(n—1)z * 1- /(alwlnx + blwi’mz)dT ) (45)

s
t

Wiyng = Wi(n—1)z * 1- /(Clw4nax + glw2nax)d7— : (46)

S

System (43)—(46) is equivalent to

Wine =¢) a1w1 +byws)dr | - | 1— /(alwlm + bywsy, )dT | exp(azs)

-/ 0
+ /bgwgm exp(aq(s — 7))dr,

t t

Wona = QOIQ r— /(Clw4n + glw2n)dT : 1- /(clw4na: + glw2na:)d7— eXp(g23)’ (48)
0

Wanax = wl (n—1)zx Clw4nx + glw2nx)d7— . (50)

t
Wany = Wa( / a1 Wing + b1wsn, )dT | | (49)
We suppose that
W1 (n—1)z = 07 W2(n—1)z = 0. (51)
Under conditions , by means of the properties of integrals, absolute values and supremum
of functions we prove that for each n € IN the inequalities
t t

1— /(alwlm + bywspe)dT >0, 1— /(clw4nx + g1wopg )dT > 0 (52)

s

hold true on I'y,. It follows from 1) that wsne = 0, wpe = 0.
Under conditions by (7)), (48) and inequalities (52)) we get

wlnx = 0 Wongx 2 0.

Since W1ing > 07 Wong 2 O, W3nz 2 07 Wang > Oa we have
t t

1-— /(alwlm + bjwsp)dr <1, 1— /(01w4m + g1waop, )dT < 1. (53)

S S

By inequalities , (53) and finite increment theorem we arrive at inequalities , .
Under conditions (28)) by , and the properties of integrals, absolute values and
supremum of functions we get the inequalities

|w? (S’ t, xl) - w? (37 t, x2)| <Py, + (O@lt + lt)(l("j;Z (S, t, xl) - w? (37 t .172)|
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+ |w;} (S’twrl) - wg (S>t’x2>|)a
lws (s,t,21) —ws (s,t,22)| <Pop + |w§_1(s, S, M (8,8, 21)) — w;‘_l(s, S, Mn (8, ¢, 22))]
+ 4C, Mt (|w] (s,t, 1) — Wi (8,8, 22)| + |wy (s,t,21) — wy (5,1, 22)]),

where
D1y — ]«ozmn(o, 1)) = (0, 22) ) (5, £, 1)

+ (p/1/(771n<0a t? xQ))[n%ms(O? tv xl) - n%na:(oa tv x2>]
t
(0,1, 21)) — & (1 (0, £, 2)) / (@ (r, b, 20) + ol (£, 1) ],
0

n—1

(I)Qn = |Wy (57 S, 771n(5a ta‘TQ)) ’ [n%nx(‘s?t’xl) - n%nz(‘S’t?'xQ)]

t

— /(aw? (1,t,21) + bwi (1, t, x1))dT

s

[wan—1)z(5, 8, Mn (5,1, 1)) — Won—1)2(5, 5, M1 (5, ¢, 22))]],
t

Mn (s,t,2) = — /(awln (1,t,x) + bws, (1,t,x))dT.

s
_ . 1 1 . o .
Thus, on I'p,, where 75 = min (25_%1’ 1—()[), the inequalities

lwi (s,t,21) —wi (s,t,22)| <Py, + 0.14(|w] (s,t, 1) — wi (5,1, 22)]
+lws (s,8,21) = w5 (5,1, 72)]),
|wh (s,t,m1) — Wi (s,,02)] <Pap + Wi (8,8, M1n (5,8, 21)) — Wb (8,8, Min (8,1, 72))]|
+ 0.16(Jwy (s,t, 1) — wi (8,8, x2)| + |wi (s,t,21) — w5 (s,t,22)|)

hold true.

Employing the uniform continuity and equicontinuity as well as the boundedness of all the
functions in ®q,, ®,,, for each arbitrarily small number £ we can choose 6 > 0 such that
®y, < 0.5e, Dy, < 0.5¢ as |x1 — xy] < J for each n.

n—1 n—1
g )( (n—1)

Suppose that |w S,t, 1) —wy (8, t,x2)| <€ as |r; —x2| <. Then

lwi (s,t,21) —wi (s,t,29)| < 0.5 + 0.14(|w (s,t, 21) — W (s, t, T2)|
+ |wg (37t7$1) - w? (57t7x2)|)7
20

‘w? (Sataxl) o w? (87t7$2)‘ + |("']£T’>Z (57t7x1) - wg (87t7$2)| < 78‘

Therefore, |w} (s,t,z1) —w} (s,t,22)] < € as |1 —x2] < 0. In the same way we obtain
|wh (s,t,21) —wh (s,t,22)| < € as |xy — 29| < 6. Thus, sequences {w!(s,t,z)}, i = 1,2, are
equicontinuous w.r.t. x € (.
We consider the system of equations
t s
@ = =1 (m(0,t,2)) /(alaz? + by )dr + /(agw? + bowy )dT
0 0



76 M.V. DONTSOVA

2

+¢f - 1- /(alwlz + byws,)dr |
0

t s t 2
0y = —ph(n2(0,¢, 7)) /(61&}2 + grwy)dr + /gch;LdT +h- [ 1— /(c1w4z + qrweg)dT |
0 0 0
t 2 t
wy = @3’1 1= /(alwlz + biws, )dT | — war (s, s,m(s,t, 7)) /(aldj? + bywy)dr,
t 2 t
Wy = dﬂf’l 1= /(clw4x + qrweg )dT | — wi(s, s,ma(s,t, ) /(cld)ff + g1w03)dr.

Under condition (28), we obtain that &} — @;, j = 1,4, on 'y, and the estimates
o] €2C,,  lanll <20, las]| <3C,, [0l < 3C,

hold true.
Inequality

N+k

loon™ = o] - flooz™ = o

N

(%)k(H”{V — @] + [|on’ — @a]) + 4¢

yields that w) % — &1, W™ — &y as N — 00, k — 0o. We also get that wf — @3 as n — oo,
Wi — @4 as n — 0o.

2
We obtain that wjp; — wjz. = @;, where the functions 86 2, j = 1,4, are continuous and
bounded on I'y, under conditions (28)). Thus, there exist continuous and bounded derivatives

w; i =T,4 on 'y, under condition (28). ]

oxt ?

3. EXISTENCE OF NONLOCAL SOLUTION

Theorem 2. Suppose that p; € C*(R), i = 1,2, and conditions . ) hold. Then for each
T > 0 Cauchy problem (), (2) has the unique solution u(t,x), v(t,r) € CY*23(Qr) determined

by the system of integral equations f.

Proof. We differentiate the system of equations (4) w.r.t. = and we denote p(t,z) = u,(t, ),
q(t,z) = v, (t,z). It leads to the system of equations

Oip + (aqu(t, x) + b1v(t, 2))0up = —a1p® — bipq + asp + bag,
0hq + (cru(t, z) + giv(t, ©)) 0,9 = —g14° — c1pq + 924, (54)
p(0,z) = ¢ (z), ¢(0,z) = py(x).

To system of equations f, we add extra two equations

dvi(s,t,x
% = —a17; — bine(s, s,m) + axyi + baye(s, s,m),
’ (55)
dya(s,t, o) )
T ds —g17; — ani(s, 5,m2)72 + 927

subject to the conditions 71 (0,t,z) = ¢} (), Y2(0,t, ) = ©5(n2).
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We rewrite system of equations ((55)) as
( S

Y (s,t,x) = i(m) + / [—a177 + (ba — biy1) Y2 (7, 7,m) + asm]dr,

" (56)

Ya(s,t, ) = @h(n2) + / (=173 — a1 (7,7, 12) 72 + g2Y2)dT.
\ 0

Under conditions , the existence of continuous solution to system on I'p,, where

_1 1
25C,17 101 )°

approximations:

T = min is made the successive approximations method. We introduce successive

(

= +/ —ar (V1) + (b2 — by )ve (7, Ty m) + aonpldr,
0

P = h(m) + / ~01(1)” = e (7,7 m) % + g2z ldr,
0

\

and 7 = @y(m), 7% = 902(772)
Under conditions , the estimates |y""!] < 2C,, Inia| < 1, |yet < 5C,, i = 1,2, hold

true on I'p,. Let us prove the convergence of successive approxnnatlons on FT2 We consider
the inequalities:

S

n n n n— 2 n n— n—
=gl < [l = () + ulagag =t g lr
0

S

A A R A A

0
L A e IO | | o et I VA | o e i [ R |
+t ([ =+ [ =) -

Taking into considerations the estimates || < 20, 1 = 1,2, we obtain
727" = 2| < (6UC, + 1t) |77 — 3 7H| + QU1Cy, +1t) |75 — 57| -

In the same way we arrive at the inequality

n+1

et — || < (61C, + 1) |72 — 23| + 201G, ||y — Y|

We sum up the latter inequalities to obtain

i 3 =3l < BIC, + 2 (g — w7+ I =D

lvr™ =7+ s

We see that for 0 <t < 15, where T5 = min (250 5 101) the inequality

P =+ et = sl < 052(]]ap = |+ ([ =)

holds true. Thus, we conclude that successive approximations 7', ¢ = 1,2, converge to a
continuous solution of system in I'z, under conditions (28). This solutions satisfies the
estimates |y;| < 2C,, i =1,2.

1
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We consider the system of equations

(

wor = @1 () ma + | [(a2 — 26171 — b1y (7, 7,m1) )war + (ba — biya )was (7, 7, 1) ) dT,

. S ~—0.

way = @y (1)2) Now + / 92 — 29172 — a1 (T, T, 12) Jwaz — Crwan (7,7, 72) Yanjea] AT
\ 0
(58)
The proof of existence of continuous solution to system is made by the successive ap-
proximations method

(Wi =0 (m) M

+ /[(C@ —2a171 — b1y (7, 7,m1) )wyy + (ba — biyn)way (7,7, 1) Mie)dT,
0 (59)

s

W?z“ —<P'2/ (n2) Mo + / [(92 — 20172 — 11 (7, T, M2) )wyy — c1wsyy (7,7, 12) 7277%] dr.

\ 0

Under conditions , the estimates ||wy;™'| < 5C,, i = 1,2, hold true on I'z,.
We consider the 1r1equaht1es

S

ot | <[ 2]+ i oy - b dr

0
s

+r/u+wm-wynnmww%%nnmﬂw.
0

Taking into consideration the estimates |v;| < 2C,, ¢ = 1,2, we obtain

ntl _ w;llH < (61tC, + 1t) ngl — w’;fl” + (2ltCy, + 1) Hw;g — w;l{lH )

e
In the same way we arrive at the inequality:

il w;lQH < (61tC, + 1t) Hw;g — w’;{l” + (2ltCy, + 1) ngl — wgl’lH )

(o

We sum up the latter inequalities to obtain

||°~’nJrl Wzl” + HWNJrl Wgz” < (8ltC’<p + 2575)(”(*’21 Wy 1” + ”WQQ Wao 1”)
We see that for each 0 <t < T5, where Ty = min(250 1 101) the inequality
HWnJrl way || + ”WnH — wy| < 0.52(]|wy; — wyy 1” + [Jwgs — w;"”z‘lll)

holds true.
Therefore, successive approximations {wh;}, i = 1,2, converge to a continuous solution of

system (58) on I'y, under conditions .
Inequality

|

’Yﬁ+p—w21 + H’)/é\!;rp—w% 052 H’ylx w21|| + H’y%—wggﬂ)—l—Be

follows that |1 " — war|| + ||7ee * — was|| — 0 as N — oo, p — oo. Thus, lim 7;," = wa,
n—oo

1 = 1,2. Therefore there exists a continuous derivative w.r.t. x of the solution to system

s Yiz = a; = wy;, and the estimates ||7;z|| < 5C,, i = 1,2, hold true. In the same way as

in paper [3], we prove the existence of continuous derlvative w.r.t. t of the solution to system
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(56G). Since there exists a differentiable solution to problem (56)), then v (¢, t, z) = p(t, ) = d,u,
Ya(t, t,z) = q(t,x) = Oyv.

In the same way as in [3] we establish that successive approximations converge to the
continuous solution to system possessing continuous derivatives w.r.t. ¢t and x.

Therefore, 1 (1,4, ) = plt, 2) = Oy, 3(t, 6,7) = g(t, ) = Dyv.

It follows from f that

s

wy(s,t, 1) = p1(n) exp(ags) + /b2w3 exp(ag(s —7))dr,  wa(s,t,x) = pa(n2) exp(ges).
0
We obtain that

[wal| < Cpexp(lga|T),  [Jwn ]l < Cp exp(laz|T)(1 + Tba exp(|g2|T)).
Therefore, the estimates
[oll < Cp exp(lgo|T), [Jul] < Cpexp(|as|T)(1 + Tby exp(|g2|T)) (60)

hold true.
By we get

(

Yi(s,t,2) =) (m) exp(— [ (a1y1 + biya (T, 7,m1) — az)dr)

o\

S S

i / boa (7, 711 exp(— / (@ + by vym) — a)dv)dr,  (61)

Yo (s, t, ) =ph(m2) exp(— [ (9172 + c1m (T,7,1m2) — g2)dT).

o\

\

Under conditions we obtain 7; > 0, i = 1,2, hence, ||| < Coexp(|g2|T), |l <
C,exp(|az|T)(1 4+ Ty exp(\g2|T)) It 1mphes the estimates

1020[] < Cpexp(|ga|T), [|0xull < Cp exp(lag|T)(1 + Tby exp(|ga|T)). (62)

In the same way as in the paper [3] we establish that for each ¢ and = the estimates

‘822u| Eu COSh(t 012021) + E21\ / % smh(t 012021), (63)
21

|8 2U| E21 COSh(t 012021) + Ell\ / % sinh(t 012021), (64)
12

where Fyq, Fo, C19, Cy1 are constants determined by initial data.

The obtained global estimates , f allow us to continue the solution on each given
segment [0, 7). Taking u(To, z), v(To, z) as the initial conditions, we continue the solution to
some segment [Ty, T1], and then, taking u(7y, z), v(T1,x) as the initial condition, we continue
the solution to the segment [T}, T5]. The length of the resolvability interval does not decreases
since it is determined by the quantities ||0,u||, ||0,v|| bounded by global estimates valid on
each resolvability interval. The second derivatives satisfy estimates , , where we take
T as t. As a result, in a finite number of steps, we can continue the solution to each given
segment [0, 7.

The uniqueness of solution to Cauchy problem , can be proven by applying estimates
similar to those used in the proof of convergence of successive approximations. O
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Exmaple. We consider the Cauchy problem for the system

Owu(t, ) + (u(t, z) + 4v(t,x))0u(t, z) = —2u(t, z) + 3v(t, x), o
{ Ow(t, z) + (Tu(t,z) + bv(t, x))0v(t, ) = —v(t, x), (65)
where u(t, x), v(t, ) are unknown functions, (t,z) € r subject to the initial conditions:
arctan 1
u(0,2) = p1(r) = ——,  v(0,7) = @a(x) = — (66)

4 5(e 4+1)
Since p; € C?(R), i =1,2, 0, =1>0,b; =4>0,¢,=7>0, gg=5>0,by=3>0,

o (x) = m > 0, ph(z) = ——£—5 > 0, by Theorem 2, Cauchy problem (65, has the
t

5(ex_+l)
unique solution u(t, z), v(t,z) € C*?%(Q7).
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