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ACCURACY ESTIMATE WITH RESPECT TO STATE
OF FINITE-DIMENSIONAL APPROXIMATIONS
FOR OPTIMIZATION PROBLEMS FOR SEMI-LINEAR
ELLIPTIC EQUATIONS WITH DISCONTINUOUS
COEFFICIENTS AND SOLUTIONS

A.R. MANAPOVA*, F.V. LUBYSHEV

Abstract. In the work we consider nonlinear optimal control problems for semilinear
elliptic equations with discontinuous coefficients and solutions with control in the conjuga-
tion boundary conditions. We construct difference approximations for extremum problems
and obtain the estimates for approximation accuracy with respect to the state.
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1. INTRODUCTION

Optimization mathematical models for systems with distributed parameters described by
the equations of mathematical physics (EMP) is the most complicated class of problems in
the optimization theory, especially for nonlinear control problems. As “nonlinear optimization
problems” for EMP we regard those for which the mapping g — u(g) from the set of admissible
controls U into the space of states W is nonlinear. The nature of specific formulations for
problems in optimal control of distributed systems depends essentially on many factors: how
the control is involved (into the free terms of state equations or into the coefficients of equations);
whether the states of a system are described by linear or nonlinear EMP; what is the structure
of set of admissible controls and target functionals; what is the smoothness of state ensured by
a given apriori smoothness of initial data and of control and so forth. Nowadays linear control
systems with sufficiently smooth initial data and state functions of controls are studied in most
details. A special interest both for practical and theoretical points of view is related with a
physical and mathematical formulation of optimal control problems, in which, due to a nature
of a studied physical process, the states are described by nonlinear EMP with discontinuous
coefficients, and moreover, originally in their physical and mathematical formulation, solutions
to EMP admit discontinuities.

The issue of numerical solving of optimal control problems leads one to the need of ap-
proximating them by simpler problems, namely, by “finite-dimensional problems”. A correctly
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constructed approximation allows one to obtain instructive results of qualitative and quanti-
tative character on the studied process. Basic issues in the approximation problem are “con-
structing” approximations, convergence of approximations w.r.t. state, functional, control,
regularization of approximations [I]-[5]. For systems with distributed parameters, constructing
and studying approximations were mainly performed for linear optimal control problems, and
with sufficiently smooth coefficients in EMP and states. Here actual issues are “constructing”
finite-dimensional approximations and studying their convergence for optimal control problems
described by nonlinear EMP with discontinuous coefficients and solutions (states). We observe
that difference schemes for equations with discontinuous coefficients but continuous flow and
solution (with with perfect-contact matching condition) were constructed and studied in [6], [7]
for EMP with classical solutions of certain smoothness. The convergence of difference schemes
for parabolic equations with discontinuous coefficients and solutions in classical formulation of
the problems with sufficiently smooth solutions were studied in works [8], [9]. We also mention
that optimization issues were not considered in these works.

In the present work, in the field related to [1]-[5], [L0]-[13], we consider mathematical models
of nonlinear optimal control problems described by semilinear elliptic equations in inhomoge-
neous anisotropic media with discontinuous coefficients and solutions (states) and imperfect-
contact matching condition [6], [T4]. A coefficient in the conjugation boundary condition serves
as a control. We construct difference scheme of extremum problems and establish estimates for
approximations convergence rate w.r.t. state.

In terms of termal physics the formulated problem can be interpreted as a problem on optimal
control by the coefficient in the boundary condition of heat-conducting media conjugation. At
that, this coefficient characterizes the thermal resistance of nonideal contact of heterogeneous
media [6], [14].

2. FORMULATION OF PROBLEMS

Let Q = {r = (r1,m2) € R* : 0 < 4 < lo,o = 1,2} be a rectangle in R? with boundary
002 = T'. Suppose that domain €2 is paritioned by the line r = £, where 0 < £ < [; (“internal
contact boundary” S = {7"1 =& 0 < ry < lg}, where 0 < £ < [j) into the subdomains
leﬁ‘:{0<r1<§, O<r2<lg}andQZEQ+:{§<r1<l1, 0 <1y <ly} (into left
and right subdomains Q; and €y, respectively) with boundaries 9Q; = 9Q~ and 9, = 00T,
Domain 2 is the union of domains ; and €2, and internal points of “contact” boundary S of
subdomains € and Q,, while 99 is the external boundary of domain 2. By I';, we denote the
boundaries of domains €, without S, k = 1,2. So, 9, = I';, U S, where parts Ty, k = 1,2,
are open non-empty subsets in 0, k = 1,2; T UTy = 9Q =I'. By n,, o = 1,2 we indicate
outward normal to boundary 0f, of domain Q,, a = 1,2. Let n = n(x) be the unit normal to
S at a point x € S oriented, for instance, so that normal n is outward for S w.r.t. domain €y,
i.e., normal n is directed inside domain €2,. In what follows, while formulating boundary value
problems for the states of control processes, S stands for the line along which the coefficients
and solutions of boundary value problems are discontinuous, while inside domains €2; and €2,
they possess certain smoothness.

Suppose that the conditions of a controlled physical process allow us to model it in the
domain Q = Q; Uy U S formed by two parts (subdomains) €; and €, and partitioned by
internal boundary S and this process is described by the following Dirichlet problem for the
semilinear elliptic equations with discontinuous coefficients and solutions:

To find a function u(z) defined on Q as u(zr) = ui(z), v € Q = O, ulz) = ux(x),
z € Qy = QF, where components uy,, k = 1,2, satisfy the conditions:
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1) functions u(x), k = 1,2, defined on Q, = Qp U0, k = 1,2, satisfy the equations

Lk U — Z (9 ( aUk) + dk( )qk(uk) = fk(l’), m Qk, k= 1,2, (1a)

and the conditions

up(z) =0, z €Ty, k=1,2, (1b)
where Ty, = 0% \ S.
2) Unknown functions ux(z), k = 1,2, obey also additional conditions on S which is the bound-
ary of discontinuity of the coefficients and solution and these conditions allow one to “glue”
solutions uy(x) and us(x) along contact boundary S of domains 0y and Qy. These conditions
read as follows

Gla) = ()t = KP(@) 32 = 0(s) (1a(o) — (@), 7€ 5. (10

If we introduce the functions

u(z) = {ul(x) x €

( ), T € Qg,
(&), & eR;
16) = { 2(82), &2 €R,

KD (x), dy (), fi(z), =€ Qi
ko(x), d(z), f(z) = ag( ) ) Yoa=12,
ktg)(l'),dg(l’),fg(l'), erQa
problem (/1] . ++ can be rewritten in a more compact form:
To find a functwn u(z) defined on Q and satisfying the equation

2

Lu(z) = =" % <ka(x)§;a) +d(z)q(u) = f(z), z€QUQ,

a=1
and conditions u(x) =0, x€ 00 =T;UT,,

[l{:l(x)g—Z} =0, G(x)= (kl(x)%) = 0(x9)[u], x€S.

Here [u] = us(z) — ui(z) is the jump of function u(z) on S; ka(z), o = 1,2, d(z), f(z) are
known functions defined in different ways in €2; and €2, and having a jump discontinuity on
S5 qa(&a), a = 1,2, are given functions defined as {, € R, « = 1,2; 0(x) = g(x), z € S, is a
control. For the described functions, we assume:

k ( ) € Wl ( X Wl (Qg) a=1,2, d(ZE) S Loo(Ql> X LOQ(QQ)7 f((L’) € LQ(Ql) X L2(92)7

1)
0<v<ka(r) <7, a=1,2,0<dy <d(x) <do, 7 €0 UQ; 1,7,dy, dy are given constants;
functions ¢, (&,) are deﬁned on R with values in R and satisfy the conditions: ¢,(0) = 0,

0<qo < (qa(&a) — 4a(€s))/(§a —&,) S L < oo for each &, &, € R, & # &, v = 1,2
We introduce the set of admissible controls

U={g(z)=0(z) € Ly(S)=H : 0< gy < g(z) <G, a.e. onS}, (2)

where Ly(S) = H is the space of controls, U C H, go, g, are given numbers.
We define a target functional J : U — R! as

g Jg /ITmm, )~ ()| d = Tu(rs ), ®
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where uél) € W(;) is a given function.

The optimal control problem is to find a control g, € U minimizing functional g — J(g) on
set U C H, namely, on solutions u(r) = u(r; g) to problem obeying all admissible controls
g =0 € U, we need to minimize functional .

We introduce the space V(21:2) Q12 = Q, UQ,, of pairs of functions u(z) = (uy (), ux()):
V(QU) = {u(z) = (ur(2), ua(x)) € Wy (1) x Wy ()}, where W (Q), k = 1,2, are Sobolev
spaces of functions defined in subdomains €2, with boundaries 0§, k = 1,2, respectively, and
with the norms [15]-[19]:

2 2
||uk||€v2l(gk) = /{Z (%) —i-Ui} dQ, k=12
Q, o=t “
2
Space V = V(Q(1?)) equipped with the scalar product (u,d), = Z(uk,ﬁk)%l(ﬂk) and the
k=1

2
norm [[u[f = Y [[uklly; o, is a Hilbert one.
k=1

One can show that in Hilbert space V(220?)) one can introduce the equivalent norm
2 2/ u\ 2 2
k
iz =" [ (a—) i+ Y [aares [l as
k=1¢ =1 k=1p, !

where [u] = ua(z) — ui(z) = u(2) — u™(2) is the jump of function u(x) on S. Here us(z) =
ut(z), z € S,and ui(z) = u (x), x € S, are the traces of function u(z) on S while approaching
from Q = QF and from Q; = Q~, respectively. It it clear that the condition u(z) € V (Q(1?)
implies the boundedness for the embedding of spaces W, (§), k = 1,2, into spaces Ly(9),
k = 1,2, since € and {2, are domains with Lipschitz boundaries 0€2; and 0€)5. In particular,
the condition u(z) € V(Q1?) yields [u(z)] € Ly(S), since here the theorem on traces [15]-[19]
holds true for each of sides ST, S~ of the contact boundary S (the restriction operator from
WHOQF) into Ly(S) is continuous). We also observe that applying the theorem on traces to €
and €, allows us to define two traces for each function u(z) € V(Q(1?)) by means of restriction
operators on S*. On the other hand, if u € V(Q(1?), its traces on different sides of S (while
approaching from €y and from 2y) are different in the general situation. The restrictions of
function u(x) on domains Q, k = 1,2: ulg, .k = 1,2, belong respectively to spaces W3 (Qy),
k = 1,2, but function u is not an element of space W3 () since it has a jump on set S while
passing from ; into Qo 6(x) = us(z) — ui(zr) = u™(x) —u (x), x € S. We note that the
criterion of belonging 9(z) € Wy () = W} (Q,UQ2US) is the gluing condition 9 (x) € W3 (Qy),
k=1,2; 91(z)|s = V2(x)|s (see, for instance, [19]).

Since €2, are domains with Lipshitz boundaries 02, k = 1,2, and I'y and I'y are respectively
their open parts (pieces of boundaries 0€; and 0€23) of positive measures mesI'y > 0, k = 1,2,
then [20] there exist some constants C; and Cy depending only on domains €, k = 1,2, and
pieces I'; and 'y, respectively, so that for each function uy(z) € W (), k = 1,2, the relations

2 2
ou
kI 0,y < CF [/Z (a_xk> A + /uide], k=1,2, (4)
a=1 «

Qk T

hold true. Since for considered domains Q, k = 1,2, the embeddings of spaces W} (), k =
1,2, into spaces Ly(0)), k = 1,2, are bounded, there exist constants C3 and C independent
of function uy(z) such that for each function uy(x) € W3 () the estimates

||uk||%2(69k) < Olz+2||uk||%/l/21(ﬂk)’ k=12,
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hold true [16], [I7] and these estimates are implied by the theorems on embedding of Wy (£2)
into Lo (0).

Let Ek be a part of 9. By W) (Qk; Ek> we denote the closed subspace of space W3 (Qy),
whose dense set is that of functions in C'(£),) vanishing in the vicinity of ka o, k =
1,2. As f‘k, we choose some pieces of boundary 0€2; of course, we do not consider the case
when one of pieces 'y degenerates to a point; W, (Qk; Fk> coincides with W3 () as T'x= 0;

o 0 o o
W (Qk;Fk) =W () as T)= 0Qx. We note that for elements u(z) € W, <Qk;Fk) the

inequality

holds true [16] with a constant Cyia(, Fk) dependmg only on €, and Fk At that, the area
of piece I‘k of surface 9, must be positive: mes I‘k> 0.

We introduce the space VF1,F2 (Q12) of pairs of functions u(z) = (u1(z), us(x)): ‘;Fh[‘2
(QI2) = {u(z) = (u1(z), ug(w)) € W3 (Q;T1) x Wi(Q;T5)} with the norm

el M—Z/Z@“’“) ko+/[ 12ds.

By a solution to direct problem for a fixed control g(x) = 6(x) € U we mean a function
u(z) = u(z; g) 6‘;F17F2 (Q(12)) satisfying the identity

Qi) = [ [Skaa) g+ dla)atwyo]ano + [ o@aias

for each ¢ EX;FIIQ (Q2)),
The following theorem holds true.

Theorem 1. For each g € U there exists the unique generalized solution u(x) =
u(z; g) E‘;pl,m (QE2)) to problem determined by integral identity (F]). At that,

|u(z, CnZka ) 10, = Cr2, Vg €U, (6)

where Cy = Const > 0.

Proof. The proof of the theorem is based on the theory of monotone operators [17], [18], [21]. At

that, one should employ substantially above introduced Hilbert spaces V (Q(12)), ‘;Fll—‘g (Q1:2))
and the equivalent norms as well as the inequalities.
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We begin with identity . It is easy to make sure that the chain of inequalities

2
0 o
1Q(u, 9)| < / {uz ||| + oL lul Iﬁl}dﬁoﬁo/l [ [[9]|ds
e « Lo
— 5 — & du 2
<max{V,dyL,, Gy} Z / E ng+ / on-i-/ (7)
0‘:19 e, 0100, s
1/2
. { / 4 + / 920 + / [z?]QdS]
Q1UQ9 S

hold true. Employing 1nequahty , one can easily establish the estimate

on+ / u2d90+/ 1%ds = Zuukuwl ) +/[u}2ds

- QlLJQQ Q1UQ9 S
%+ Z / W + / uffas| = 2l

where C? = max{1, max(C’%, C3}. Taking into consideration (§) and since ug(x) = 0 on Iy,
k=1,2, by we obtain the estimate

(8)
8uk

<C2{

Q(u,v)] < max{, oLy, G} Cilully, 19l . Vb €V,

Hence, for each fixed u GVFl,Fz form Q(u,v) defines a linear functional in Hilbert space ‘;Fh[‘2
boundary w.r.t. ¢ E‘;Fl,rg depending on function w E‘;FLFZ' We indicate this functional as
® = Au €V, r,. It is defined by the relation

(®,0) = (Au, 0) = (Au,0) s = Q(u, ), V9 €V, 1, 9)

T'1,To

o [¢] o
where operator A : Vr, r,—Vr, r, maps each element v €V, p, into a linear continuous func-

tional ® = Au in space ‘;1"17]_"2 so that the value of functional ® = Au on element v/ GX;FLFQ is
defined by relation @D

Let us consider the right hand side of identity (5)). We let (F,d) = [(9). It is easy to prove
that the estimate

2
(D] = <D I fellaw - 19kl 2@ < CsZkalle ) 10kl e
k=1

(10)

is valid, where Cs = /2 max{C1,Cy}. Thus, functional F' defined by means of the formula
(F,9) = 1(9) is bounded on \;pl,pz and moreover, this functional is linear and therefore,
F E‘;F17F2‘ Thus, identity casts into the form (Au,?) = (F,9), VI 6\;r1,r2, which by
the arbitrariness of ¥ Gl;rl,m yields the equation Au = F'

Let us show that there exists the unique solution u €V, r, satisfying identity . Thanks to
Browder theorem [21], it is sufficient to prove the continuity and strong monotonicity for oper-
ator A. It is easy to make sure that the estimate (Au — A9, u — ¥) > min{v, go}||u — ¥

Y
IR

Yu,¥ €Vr,r,, holds true. It means that operator A : Vp, r,—Vr, 1, is strongly mono-
tone. Let us prove the continuity, namely, Lipschitz continuity for operator A. It is easy
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to make sure that the estimate |<Au — AY,n)| < Cyllu -9

o)
‘;Fl,l"g ||77||‘3F1,F2> ‘v’u, 197 n GVFLFQ’

Cy = max{¥, dyL,, gy} C2, is valid. Hence,

= sup
VIira o ||77H

HAu—

< CgHU—ﬁH‘; ) Vu,ﬁ EVF17F27
ry,Ty

Vrr

i.e., operator A is Lipschitz continuous. Hence, the hypothesis of Browder theorem is satisfied,
and thus, the equation Au = F is uniquely solvable.

Employing the coercitivity (‘;F17F2 ellipticity) of form Q(u,?) on X;FIIQ: Q(u,u)
Collull> , Vu E‘;Fl,ng Cip = min{v, go}, and estimate (10), we obtain Cig|ul/:
1% v

I1.lg I'1,lg
2
Qu,u) = l(u) < Cs Y || full Lo - ||u||‘3 . It yields estimate (6) with constant Cy; =
k=1 I'y.l2
Cs - Cp. O

N WV

In what follows, while studying the convergence of difference approximations w.r.t. state
for optimal control problems, we make the following assumption for the smoothness similar to
that made in work [22] in studying difference schemes for a problem with the same conjugation
conditions. We assume that the solution to boundary value problem belongs to W2(Q;) x

W2(€y), namely, to space Vrp, 1, (Q12) Vpl ry (QUD) N {u = (u1,us) € WE() x WE()},
and for each fixed control g € U the estimate

Z g (2, 9)llwen) < MZ | fe(@) || a(en) Vg€ U, where M = Const >0,

is valid.

Remark 1. Hereinafter by C, Cy, k = 1,7, M we denote various positive constants inde-
pendent of solution u(r) = u(r; g) and control g € U (of grid solution y(x) = y(x; @) and grid
control @, € Uy, ).

3. DIFFERENCE APPROXIMATION OF OPTIMIZATION PROBLEMS. APRIORI ESTIMATES
FOR ERRORS AND CONVERGENCE RATE OF GRID EXTREMUM PROBLEM W.R.T. STATE

Because of numerical solving of optimal control problems an essential interest is arisen by the
issue on approximations of infinite-dimensional optimization problems (] . by a sequence
of finite-dimensional optimal control problems. In what follows we construct approximations
for problems on the base of the grid method (see [5], [6]) and study the convergence of these
approximation w.r.t. state as the step h of the discretization mesh tends to zero. To approxi-
mate problems (I)—(3), we shall employ some grids on [0,l,], @ = 1,2, and in ﬁ We introduce
one-dimensional non-uniform grids w.r.t. x; and zy: @0, = {xg“) € 10,1, : =0, N,, 20 —

0, :c& o) = loy Pai, = J:(“’) x(i“_l), lo = 1, Na}7 a =1,2, as well as the non—umform grid w.r.t.

z1 and 5 in the domain Q = Q; U Qy: © = &y X @Ws. It is clear that one can always construct
grid @; on [0, ;] so that the point z; = & is its node.

While solving practical problems, it is reasonable to choose uniform steps hgl) and th)
domains Q; and Q,, respectively, and basing on the position of the point z; = £, the number
of nodes should be fixed by the assumption A" ~ A, We let 2\ — 20" = ny i =1, N,
and mgQ) — x§i2‘1> = ho, i = 1, N,. Value z; at the point z; = £ is denoted by ze, and the
corresponding index of node is indicated by Nig, 1 < Nig < Ny — 1.
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We introduce the grids:
o) = {a\™ =ihy €[0,€]: i =0, Nig, Nyghy = €},
w? {20V =iihy € [€,1] i1 = Nig, Ny, Nighy =11},
w9>—aé”\{x1—o:m &, w? =2 \{o =& o =Lk

= {xQ =ighy € [0,1y] 1 iy =0, No, Nohy = Iy}, wy =15 \ {w2 = 0,25 = Ir};
o =oPun?; w =0V ue?: 50 =5 x oy

o® = 5(12) X W w® = w(l) X wy; w? = W§2) X Wa;

w=o" =50 ur® = @Y ua?) x o,

= {2 = i\hy, iy =0, Ny, Nyghy = €, (Ny — Nyghhy =y —g 1< Nig < Ny — 1} x @,
w= w(l’Q) = w® x w®:; wg = w§ N (0,¢&], wgl) = wl N[0, ¢),

wi” N(EL), w0 =w* x@;;
vg = {:cl =&, @y = hg, 2Ry, ..., (Ny — Dhy} = {2y = €, 25 = ishy, ig = 1, Ny — 1};

) = 0w® \ 7g; w§1)+ X wy = wH Uryg =@\ 4V

and Jw® = ©w* \ w* is the set of boundary nodes of grids @*, k& = 1,2. For studying
convergence of difference approximations we shall make use of scalar products, norms, and
semi-norms of grid functions defined on various grids. The set of grid functions y;(x) defined
on the grid @™ = @ x @, € =0 is denoted by H\" (@), while the set of grid functions
yo(2) defined on the grid @® = o{? x @, ¢ O, = Q" is indicated by H\>(@®). Set H* (@®)),
k = 1,2, equipped by the scalar product and norm

1/2
(Yrs Vi) £y Zyk z) fnha, Yl p,@e) = (Yrs yk)L/Q(w(k))
)
is denoted by Ly(@®), k = 1,2. Here hy = hy(z;) is the mean step of grid wﬁ” and @\, and
hy = hy(x4) is the mean step of grid @y, [6]. By W, (@) and W, (@®) we denote the spaces of
grid functions defined on grids @® and @®, respectively, with the scalar products and norms:

(yk7 Vk)Wl( Z ykxlykgnhth + Z ykzgykxghth + (yk7 Vk)L2( (k))7

WP 3, ECN

MM%WM:WV%W+MMi@mak:LZ

where

IVell? = Y vi b+ Y yinhihe, k=12

wgk)+><52 wgk)xw+

We introduce space V (@1?) of pairs of grid functions y( ) = (y1(x),y2(x)) by the identity
V(@) = {y(z) = (yi(z),p(x)) € W3 (@W) x W3 (@®?)}. Being equipped with the scalar
product and norm

2

2
(v, V)V(D(I’Q)) = Z(yk,%)w;(w(k))a ||y||%/(g<1,2)) = Z ||yk||124/21@<k))7
k=1

k=1

V(@1?) is a Hilbert space.
We define grid analogues of scalar products for the traces of grid functions yx(z) and vi(z),
r € W*, on boundaries Ow® of grids @w®, k = 1,2, by the formulae (yk,vk)LQ(aw(m) =
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S yr(@)vp(x)m(x), k = 1,2, as well as grid analogues of the norms in Ly(Ow®) gener-
2€w k)
ated by the scalar products

HkaiQ(aw(k)) (yk,yk Lo (8w(k)) Z yk Tk k=1,2,
Ow(F)
( hi(z1), T € wg), xo =0, lo;
n(z) = { hel@2), Ty € wy, 1 =0,§;
hi(21) + ha(2) v ey
\ 2 ’ ’
hy(x1), T € w%l), xy = 0, ly;
To(z) = ha(w2), Ty €Ewa, 71 =&, li;
ha(@y) + ho(w2) - Do)
\ 2 ’ ’

m
and 7 ®) is the set of the corner points of rectangle ), k = 1,2. For instance, written in all
the details, the grid analogue of the norm in Ly(0w™) is defined by the identity

lyil7, 0wy = D (030, 22) + 47 (€, w2) [ Pa(a) + > [yi(@1,0) + 47 (w1, 1a) ().

T €W T1€EW]

o (k)
Suppose now that 7 = = 0wn I‘k A *) = 9w \ 44 is the subset of boundary nodes dw®
of grid @® c O, k = 1,2. By Ly(@™;~®) we denote the normed subspace of space of grid
functions Ly(@®) vanishing on v¥)| k = 1,2, with the norms

[ > vi(@)hahy + 5 Z Yi(x)hihy

z€w®) 906’75
1
Z yk h1h2 + 3 2 Z yi(£a$2)h1h27 k= 1727
xew(k> ToEwa

induced by the scalar products

(Uhs U8) Ly @ity = >, Ye(@)ve(x)hohy + 5 Z yi(z)ve(x)hihe,  k=1,2.

zEwk) xG’YS
It is easy to see that
(yl: Ul)Lg(w(D;"/(l)) - (yh UI)L (w(1)+><w2) 9 (y27 UQ)LQ(Q(Q)W@)) - (927 UQ)L (wéQ)_sz) .
By W} (@™®: ~*) we indicate the subspace of space of grid functions W3 (@w®)) vanishing on
Bk =1,2.
We introduce spaces I?Iv(l)v(?) (@) and X;W(l)ﬁ/@) (@12 of pairs of grid functions y(z) =

(v1(2), y2(2)):
]0{7(1)7@ (5(1,2)) = {y(q;) = (yl(x)7y2(x)) c L2(w(1) (1)> X Lo ( (2);7(2))}7

]

Voo @) = {y(z) = (n(2), 12(2)) € Wy (@W;7 M) x Wy @?;4)}

with the norms

2
2 _ 2 2 _ 2 2
I(_)I’Y(l)’y@) o ; HkaLZ(w(k),'Y(k))7 ‘(} - ||vyk|| + |Hy]||L2(’ys)

(142
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By egl)(xl) we denote elementary sells of the segment [0, &]:

V(@) ={r1 @ — 05k <1 <a1 405k}, o €w) [0,
651)(0) = {r1:0<r <0.50}, 651)(5) ={r; : £ —0.5h; <r <&,

while 652)(1‘1) stands for the elementary sells of the segment [, [1]:

eD(a1) = {ry 11 — 0.5k <71 <y +05h ), €w? e n],
egz)(@ ={r1: £ < <E40.50}, (2)(11) ={ry:l4 —0.5h <ry <L}

We also introduce elementary sells of the segment [0, lo]:

GQ(ZEQ) = {7“2 Lo — 05h2 < T2 < Tro + 05h2}, To € Wy C [O, lQ],
62(0) = {7”2 -0 é T2 g 05h2}, 62(l2> = {Tg . l2 — O5h2 § T2 < lg}

By eM(z) = eM (2, 25) = egl)(ml) X ey(19), ¥ € W) = wgl) X Wy C € we denote elementary
sells of domain ;, while e (x) EE(Q)(xl,xg) = e?) (71) X ea(x2), ¥ € w® = ng) X Wy C gg
are the elementary sells of domain Q5. Let v(x) = vy(x), € 5. For functions vy (z), x €

we define Steklov averaging operators S w.r.t. variables z,, a = 1, 2:

1 h (1)
Swlvl(x) = h_ / 'U1<T17I2) dTla T S wgl)’ hl = hl(l‘l) = { L 1 = wl :

1 0-5h17 €Ty = 07 fa
egl)(acl)
- 1 o h27 Tg € Wa,
S%o(z) = + / o(@ ) dry, w €T e =Ta(w2) =5 g,
2 5ha, =0,l,.
ea(x2)

By means of one-dimensional operators S*» acting in the direction of z,, a = 1,2, we define
the averaging operator S* = 5™ 52 as the product of one-dimensional averaging operators.
In the same way we define Steklov averaging operators for functions v(z) = va(x), x € Q.

In what follows by H,(Zl)(w(l) Uvs) = La(w® U~g) we denote the set of grid functions vy (z),
z € wM U~g defined on the grid w™ U ~vg with the scalar product and norm

(Ulhyﬁlh)H}(ll)(w(nU,yS) = Z Vi ()01 () hiha + 5 Zvlh z)hiha,

zewk) xE'yS

HUlh(x)HZél)(w“)u'ys) = (v1p, vm)H}(lm(w(l)Uvs) )

In the same way we define the space of grid functions H\> (w® U ~yg) = Ly(w® U ys).
To optimal control problem — we associate the following difference approximations: to
minimize the grid functional

= 7 |y, @) — uly) (@) Bk = [ly(x, ®n) — ug) (2)]12, ooy (11)

zew®

under the conditions that grid function y(z) = y(x, ®n) = (y1(x, ®p), y2(z, y)) € ‘;’y“)v(”
(@?)) called the solution to the difference boundary value problems (difference scheme) for
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problem satisfies the summation identity

Qh(?/,v) = Z Zalh Y1z, Vi Nihe + (Zzagh Y1z Uiz, N1 N2

(1)+ w2 (1) w+

+5 Za% (& @2)y1z, (€ ZUQ)leQ(f,flfz)hlhz) + Zzaﬁ)y2ilv2ﬁhlh2

w2 w§2)+ w2

(ZZQZhyQMUthth +5 Zagh &, T2)Yam, (€, T2)Vaz, (€, $2)h1h2)

(2) w; w2

+ Z(I)h f,xz } [U(g,l'g h2 + { <Zd1h Q1 y1 ) 1(;p)h1h2 (12)

w(®)

+—2@@@Mmmmmmmm)(Z@L@m>xmm

w(?)

+% D don(&,2) @2y (€, ) 02 €, 932)h1h2) }

{(Z fin(@)vi(z)hihe + = Zflh &, xa)v1(€, xg)h1h2>

w()

(Z fon(x)vo(2)hahy + = Zth (&, x2)va(&, 1‘2)h1h2)} = Ilp(v),

w(2)

for each grid function v(z) = (v1(z, ®p), va(x, Pp)) EXEVQ)V@) (@™2), while grid controls ®,(z),
x € 7yg are so that

®p(x) € Up = {®), € La(vs) = Hp : 0 < go < Pp(z) <Gy, % € 75}, (13)

where Lo(vs) = Hj, is the space of grid controls ®;, defined on grid v¢ C S with the scalar
product and norm

2
(B ®1) 1,y = D o ®u(@)Pala), (242,00 = (B Bh) 1
zE€YS
wdﬂxQUd<maZMJm>muww@m@mWMwmmmms

a ah
for functions k3 (r), k2 (r), da(r), a = 1,2, fi(r), fo(r), (() (r) defined by Steklov averages:

(07 1 o (7
agh)(xl,xg) = h_2 k:% )(:1:1 — 0.5hy,m9)dry, x € w§ )+ % Wy, a=12;
ea(x2)
(o) 1 (o) (@) . + .
gy, (xl,xg):h—l ky '(r1,x9 — 0.5hy)dry, z€w;’ Xwy, «a=12;
e{™ (1)
3
2 (1) +.
a2h (§ To) = W ks’ (r1,z2 — 0.5he) dry, 2 € wy;

£—0.5h1
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£40.5h1

2
azh (f,xg) " / k(Q)(Tl,xg —0.5hy) dry, x9 € wy;
13
don () // do(r1,72) dridry, x € w® o =12
hth
e*(x)
5 3
din(§, 22) = hila / / di(r1,72) dridry,  x9 € wo;
£—0.5h1 ea(z2)
£40.5h
2
dzh(f}ﬂh) = hihy / / dz(?"l,’l”g)d?“ldrg, Ty € Wa;
& ex(x2)
fan(x) = s / fa(ry,ro) dridry, x € w9 a=1,2
e(a)(az)

3
2
f1h(§7$2) = hih / / f1(7’177’2) dridry, 3 € wo;
112

£—0.5h1 ez(x2)

£40.5h1
2
fon(§,x0) = / / fa(r1,m2) dridry, 9 € wo;
hihs
ea2(x2)
u(l) (x) // (r1,7r9) drydr ren® = xw
0h 1 2 1%12, 1 2-
h1h2
e (z

Theorem 2. Problem on solving difference scheme for each fixed control ®, € Uy is
equivalent to solving operator equation Apy = F},, where difference operator A, acting from

o

V4@ (@12 into ‘;7(1)7(2) @) and grid function F), 6‘3’7(1)7@) (@12 are defined by the
identities

(Any, ) 20 = Quly,v), (Fn,v).
'Y

Problem (difference scheme) is uniquely solvable for each grid control ®;, € U,. At that,
the apriori estimate

V@ @) = 1n(v), Yy v Ve - (14)

ly(z; <I>h)|!

2
), @12 MZ kahHL2(W(k>U’YS)’ V@, € Un, (15)
k=

holds true.

Proof. Employing the restrictions for the initial data in boundary value problem , Cauchy-
Schwarz and Holder inequalities, difference analogues of the embedding theorems, one can

make sure that for each fixed y G‘;,y(1)7(2) (@12) and for each ®;, € Uy, form Qp(y,v) and Ij,(v)

determine linear bounded functionals in the space of grid functions ‘;W)W) (5(1’2)) and thus,
they are uniquely represented by identities . Together with and by the arbitrariness of
v it implies that identity defines operator equation A,y = Fj, i.e., the difference scheme.
Moreover, one can make sure that operator A; of difference scheme preserves the main
properties of differential operator in original problem , namely, its strong monotonicity and



ACCURACY ESTIMATE OF FINITE-DIMENSIONAL APPROXIMATIONS. .. 81

Lipschitz continuity. Therefore, the hypothesis of Browder theorem [21] is obeyed, and thus,
equation Ay = F}, is uniquely solvable. Estimate follows from the coercitivity of operator
Ap. The proof is complete. 0

Problem is a grid analogue of original problem for state ([1|) with discontinuous coefficients
and solution (state).

Let us find a relatinop between solution u(r;g) to direct problem with discontinuous
coefficients and solution y(z, ®,) = (y1(z; Pp), y2(x; ®1)) to approximating difference problem
for state as h — 0 for each fixed control ¢ € U and &, € U, where U and U, are
the sets of admissible controls in g\ptimal control problems — and —, respectively.

Let u(r; g) = (ui(r; g),us(r; 9)) € ‘;1"11"2(9(1’2)) be the solution to direct problem associated
an admissible control g € U, and y(x, @) = (yi(z; Pr), ya(x; ®p)) EV,},(I),.Y(Q) (@12) be the
solution to problem (12)) associated with an admissible control ®;, € U,,. we denote byz(z) =
2(x; 9, Pp) = (21(x5 9, Pp), 22(x; 9, Pr)) = (y1(x; ) — ui (75 9), yo(z; Pp) — ua(r; g)) the error of
the method w.r.t. state.
To find error z(z) of difference problem , we obviously obtain the equation A,y — Ayu =
Wy, where grid function ¢, is the error of approximation by difference scheme is determined
by the identity

(wh’v)x? L2 @12) = (Fh = Apu, v) @) T Ih(v) — Qu(u,v), Yo €V @),
The next theorem provides an apriori estimate for the error of the method.

Theorem 3. Let g € U and ®,, € U, be arbitrary control, u(r; g) and y(x, ®y) be the asso-
ciated solutions to state problems in extremum problems f and f. Then for each
h > 0 the estimate for the rate of convergence of grid method w.r.t. state

2

IoGai ) = u(ail; oy < O3 (16 e

a=1

I + Ludauwa>) iz

2 2
0l Lasi002) D Hua”W22(Qa):| + 118720 (x2) — Pn(22) || Lieon) D Huan;(Qa)}-
a=1

a=1

holds true for extremum problem f.

Proof. We employ difference Green formula and formula for difference integration by parts and
ideas of works [1]-]5], [10]-[I3] to rewrite approximation error iy (x) by rather cumbersome
transformations to the special form:

TRPRRTREED D D) B LTINS 35 9 BLL TN
a=1 (a)+ w2 a=1 (a) w+
-5 2772 (&, 22)v1z, (&, w2) hahy — = 2772 (€, w2)vaz, (&, w2) R ho
“i “ (16)
+Zz7l(a) z)hihs + 5 ZU (& z2)v1(§, w2)hihe
a=1 y(a)

+35 2773 (&, 22)va(8, w2)hhy — ZTM z2)[v(§, x2)] - he,
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where
« « 1 o

00 = ) @, (2) = 5 [ K1 05h1,r2)

2

ea(z2)

Oug (1 — 0.5h1, o
L (1 1T2)dr2, wag )+XU.)2, a=1,2;
87”1
(07 « 1 «

070 = ) @t (@) — 1 [ K i, - 0.5ha)

ega>($1) (17)

Ouy(ry, xo — 0.5k o
Oalry, o 2)dr1, rew® xwh, a=1,2;
87’2
5 3
(€, x2) = aélh) (€, 22) U1z, (&, T2) — ™ / k) (71, 5 — 0.5h)
L dsm
) 8U1<7"1,$2—0.5h2)dr1’ - Ew;—;
87“2
and

£4+0.5h1

2 0 —0.5h
hy / k(2)(7“1>5172 — 0.5hy) wa(ry, 2 2)
1

87’2

h1h2// o (ta(r))dr, z€w®, a=1,2

e(a)

NS (€, 22) = a5y (€, w0)uzg, (€, ) —

néa) (iL‘) = dah(w)QQ(ua ilf

¢
o) = dulg ) - [ [ dnE)n o e
£-0.5
9 £+0.5h1
100 = dal wn(l€m) ~ e [ [ )i o e
3

e2(x2)

.5h1 ex(x2)

Na(2) = Pp(22) [u(€, 22)] — h% / 0(r2) [w(&, x2)] dra, 2 € wo.

e2(x2)

Taking into consideration the equation for the error A,y— A,u = v, representation ((16 . as well
as difference analogues of Sobolev embedding theorems, equivalent norms in space V.1 20.2)

(see above), Cauchy-Schwarz and Holder inequalities, we obtain the estimate

2z 9: @a)lly |, sy = 19(2: @n) = ulz:9)]l

V12 @0)
1/2
ST ) (5o
+ (%<n;“><£,x2>>2mh2)m + (%m&f")(m)%lhz)m 08)

+ (Z(ﬁéa)(faxz))%l@)l/?} + (2(774(3?2))2’11712) 1/2}-

w2 w2

+.
dry, x93 € wy;
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To estimate the left hand side of the latter inequality in terms of parameter A and to obtain
an estimate for the convergence rate of approximations w.r.t. state, it is sufficient to estimate

quantities :

> > <MK Ry PP a2 0 o =12
(a)+ w2

ZZ ) haha < MKV R o 1P l1ual Bz 0 =12
Z(mf‘ (& 2)) “haha < MRSV o [P 1ol 3 0 =12
w+

L (19)
S5 (@) hiha < MPLdoll? oo 2Pt a=12
w(a)

a 2

Y (057 (6 w2)) haha < MPL2||dal] oo 0P llualfz ) a=12
w2

Zm wa)hy < M2 [W3]10117 o) + 15720 = Bl ) Z ez 0

k=1

They are based on some cumbersome calculations and this is why we restrict ourselves by
proving, say, the first of the estimates as a = 1. It follows from the chain of inequalities

T1 9
(1) ‘ _ kD 0.5k / %) ul(m,rz)d
m (x) h1h2 / / (21— 1,72) T om2 m
z1—h1 ea(x2) x1—0.5h1
02u1(r1 s) ’
— [ 222 s | drydrs| < (hahy) V2R h /
Or10s s|ariars (hiha) ™| ||Loo(91) 1
x1—h
0? 52 1/2
/ u1 . 7"2 dmdm —i— ho / / ! Tl’ drlds
87’165
ea(z2) x1—h1 ez (z2)
_ 1
22KV | g [ (R z) Y2 urllwz oyt o) xea(en))s T € WiV X wy
which can be easily proved. The proof is complete. O

Remark 2. On the basis of accuracy estimates for approximations w.r.t. state established
in the present work, in future we shall study convergence of approrimations w.r.t. functional,
control, approximations reqularizations.
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