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ON A.F. LEONT’EV’S INTERPOLATING FUNCTION

O.A. IVANOVA, S.N. MELIKHOV

Abstract. We introduce and study an abstract version of an interpolating functional. It
is defined by means of Pommiez operator acting in an countable inductive limit of weighted
Fréchet spaces of entire functions and of an entire function of two complex variables. The
properties of the corresponding Pommiez operator are studied. The A.F.Leont’ev’s interpo-
lating function used widely in the theory of exponentional series and convolution operators
and as well as the interpolating functional applied earlier for solving the problem on the
existence of a continuous linear right inverse to the operator of representation of analytic
functions on a bounded convex domain in C by quasipolynomial series are partial cases of
the introduced interpolating functional.
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erator
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INTRODUCTION

Let G be a bounded convex domain in C; A(G) is the space of germs of functions analytic on
the closure G of the domain G with the natural topology of inductive limit of Banach spaces
sequence. A.F. Leont’ev introduced (see [1, Ch. IV, Sect. 2]) interpolating function wy,(u, f)
defined by a special entire function L of exponential type and applied it for calculating the
coefficients in expansions of functions in A(G) into exponential series with exponents being
the zeroes of L. The interpolating function was introduced also in other situations and was
employed for calculating coefficients of exponential series or generalized exponential series for
functions in various spaces. It was also applied for other issues in theory of exponential series,
in the theory of exponential polynomial, convolution operators, in interpolation problems.

For solving the problem on existence of linear continuous right inverse (LCRI) for the oper-
ator of representation by the series of quasi-polynomials of functions analytic in G, in [2, Sect.
3] there was introduced interpolating functional Qg(u, 2z, f) being an analogue of interpolat-
ing function wy (u, f) defined by some entire function Q(u, z) of two complex variables pu, z.
Functional €2g and its analogues were used for solving problem on existence of LCRI for the
operator of representation by the quasi-monomials series of functions analytic in a bounded
convex domain in C [3]; for the operator of representation by the Mittag-Leffler functions of
functions analytic in p-convex domain (p > 0) [5]. Moreover, a version of functional Qg was
employed in solving the problem on existence of LCRI for the operator of representation by
generalized exponentials series of Bjorling type ultra-distributions on a multi-dimensional real
cube [6].

In the present work we introduce an abstract version of interpolating functional, in particular,
of interpolating A.F. Leont’ev function. It is introduced by means of Pommiez operator acting
in a weighted (LF')-space of entire in C functions. In this connection, in Section 1 we study
the properties of Pommiez operator. The interpolating functional is introduced and studied
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in Section 2. In Section 3 we provide the realizations of interpolating functions for particular
spaces. In the present paper we restrict ourselves by the examples motivated our study. The
interpolating functional can be also useful in many other situations in which the dual space
for the main space is realized as a weighted space of entire functions. We expect to devote a
separate paper to analyzing such situations as well as to applications of interpolating functional
to the theory of exponential series and to convolution operators.

1. POMMIEZ OPERATORS AND THEIR PROPERTIES

In this section we study the Pommiez operator acting in some weighted (LF)-space (i.e., in
the countable inductive limit of Fréchet space) E of entire functions. For a continuous function
v:C — R and a function f : C — C we denote

|/ (=)l
)= ey
Let continuous functions v, : C — R be such that
Unktl < Unk < Ungi, N,k € N
As usually, A(C) indicates the space of entire (in C) functions. We introduce Banach spaces
En = A{f € A(C) : pu, . (f) < +o0}, n,k €N,
and weighted Fréchet spaces
E,:={f € AC) :py,, (f) <+oo VEeN}, necl.

We note that E, is continuously embedded into F,,; for each n € IN. We define weighted
(LF)-space E as follows:

E:=ind E,.
n—
We make the following assumptions for functions vy, x:
Vn Im Vk 3s 3C > 0: sup v,4(t) < inlf 1vm’k(t) +C, 2 € C, (1)
[t—z]<1 t—z|<
and
Vn 3m Yk 3s : lim (v (2) — vn5(2)) = +00. (2)
Z—r 00

For f:C— C, h € C we let 7,(f)(2) := f(z+h), z € C.
Proposition 1. 1) Suppose that condition (1) is satisfied. Then

(a) Space E is invariant w.r.t. the differentiation, i.e., for each function f € E we have
flek.

(b) Space E is invariant w.r.t. a shift, i.e., 7,(f) € E for each f € E and h € C.

2) Suppose that condition (2) is satisfied. Then for each n € N there exists m € IN such that

each bounded in E, set is relatively compact in E,,.

Proof. Statement 1) is obvious.

2) Suppose a set B is bounded in E,,. For the given n, we choose m € IN by condition (2).
We then choose a sequence f; € B, j € IN. Since it is bounded on each compact set in C, by
Montel theorem there exists a subsequence (f;,)rew converging uniformly on each compact set
in C to a function f € A(C). It is obvious that f € E,, C E,,. For k € N we define s € IN by
(2). Since sup py, ,(f;,) < +o0, then

relN

pvm,k:(fjr - f) — O as r — oQ.

Hence, set B is relatively compact in E,,. O
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Lemma 2. Suppose that conditions (1) and (2) hold. For each f € E, z € C there exists

m € IN such that
hm Tﬂ(f) - Tz(f)

p—z w—z

= Tz(f/>
m B,
Proof. 1t is obvious that

t) — ()t
hm TH(f)() T(f)() :f/(t+Z)ITZ<f/)<t)
p—rz W=z
for each t € C. The maximum modulus principle and condition (1) yield that set {W :
0 < | — z| < 1} is bounded in some space F,, and thus, it is relatively compact in some space

E,,. Therefore, in F,, there exists lim % equal to 7,(f"). O

n—>z

We shall assume that space E contains a function which is not identically zero. Then there
exists a function go € E such that go(0) = 1.
We fix z € C. An operator D, : E — A(C) is introduced as follows: for f € F

[fomeare g
DN = {f’() BOFE), ==

Remark 3. Farlier operator D, was studied and applied in the case gy = 1 in the spaces of
analytic functions with no restrictions for their growth (cf., for instance, works [7]-[12] and the
references therein). In those cases it was referred to as Pommiez operator. We shall employ
the same name also for operator D, introduced above.

Let us prove some properties of operator D.,.

Lemma 4. For each p,z € C the identity

Dﬂ(f) - Dz(f) = (/‘L - Z)DM(Dz(f)) + f(z)DM(T—z(QO))a f S (3)
holds true.

Proof. We choose i, z € C, u#z. If t#z, t#u, then
D.(f)(t) — D.(f)() SO =gt =) f(p) () = go(t — 2)f(2)

t— t—=z
_ @O = 2) + 90t = 2) f(2)(t = 1) = golt = p) f(1)(t — 2)
(t =)t —2)
and
f)—go(t=2)f(z) _ ot — f(w)—go(p—2)f(2)
ERUXIS ) g — "
=<f(t)(u —2) = golt = 2)f(2)(n — 2) — go(t — p) f (u)(t = 2)
+ g0(t = gl — 2 F ()t = 2)) /(= 2)(t = 2)(t = ).
Hence
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—go(t —2)f(2)(t — 2) + go(t — w)golp — 2) f(2)(t — 2)
(t—2)(t —p)
D10 - DA + (o) LI Z D =l =
=Du(f)(t) = D=(f)(t) = f(2)Du(7-2(90)) ().
It is clear that the identity
(1= 2)Du(D=()(t) = Du(f)(t) = D=(f)(t) = f(2) Du(7-2(90)) (1)
holds true as t = p and t = z since the functions in both sides of this identity are entire. Since
D, (1-.(90))(t) =0, as t € C, i1 = z, the latter identity holds true also for 1 = z. O

Remark 5. If g9 = 1, identity (3) becomes
D,—D,=(pu—2)D,oD,.

+

Lemma 6. Suppose that condition (1) holds true. Then

(i) For each n € N and bounded in C set M there exists m € N such that for each z € M
operator D, linearly and continuously maps E, into E,,.
(ii) For each n € N, bounded in E,, set B, and bounded in C set M there exists m € IN such
that the set
{D.(f): z€ M, f € B}

1s bounded in E,,.
Proof. (i): Due to (1) there exists ny € IN for which the set

{r_.(90) : 2 € M}

is bounded in E,,. We choose m € IN associated with ny := max{n,n;} by means of (1) for
k € IN we define s € IN by (1) as well.
We take f € E,, and fix z € M. Suppose that |t — z| > 1. Then

1D-(S)O] _ 1f({E) — go(t — 2) f(2)| £ ()] |9o(t — 2))
opunsl®) S optenl) oD me® T N expuna(t) @
Ifjt—2 <1
D)) <|w§111‘>:1 |f(w) = go(w — 2) f(2)] _ S |f(w)] e S |90(w — )|
exp Ui (t) exXP Vi (1) = exP Vi (1) exp U (1) (5)
< (P )+ M (7-sl0) 50 (S0 ) = 0t ).

Thus, for each k € IN
Pun i (D=(f)) < +o0,

ie., D,(f) € E,. Hence, for each z € M operator D, maps linearly F, into E,,. Since the
graph of operator D, : E, — FE,, is closed, by the closed graph theorem [13, Thm. 6.7.1],
operators D, : E, — E,,, z € M, are continuous.
(ii): Suppose that a set B is bounded in E,, i.e., supp,, (f) < +oo for each I € N. It
feB

follows from condition (1) that the set {7_.(go) : 2 € M} is bounded in some space E,,,. We let
ny := max{n;n;} and choose the associated m by means of (1). Fixing then k, we choose s by

(1). Since B is bounded in E,, then sup |f(z)| < 4+o00. Thanks to inequalities (4)-(5) and
zEM,fEB

taking into consideration that sets B and {7_.(go) : 2 € M} are bounded in E,,, we obtain:

sup  Prmk(D.(f)) < +oo.
zeM,feB



ON A.F. LEONT’EV’S INTERPOLATING FUNCTION 21

Thus, the set {D,(f):z € M, f € B} is bounded in E,,. O

Lemma 7. Suppose that conditions (1) and (2) hold true. Then
(ili) For eachn € N, each bounded in E,, set B there existsm € N such that lim D, (f) = D,(f)

n—z
in E,, uniformly in f on B.

(iv) For each f € E, z € C there exists r € N such that in E, the limit lim 2e==)

pn—rz H—Z
well-defined and is equal to D,(1_,(f")).
(v) For each f € E, z € C there exists r € N such that in E,

Jm D“(f; - ZDZ(f) = D2(f) + f(z)D.(7—.(g0))-

Proof. (iii): Let n € IN and a set B be bounded in E,. By Statement 2 in Proposition 1 there
exists m; € IN such that B is relatively compact in E,,,.

It is clear that D, (f) — D.(f) as p — z pointwise for each function f € E. By Statement (ii)
of Lemma 6 there exists msq for which the set

{Du(f): lp—2l<1,f€B}

is bounded in E,,,. Hence, by Statement 2 of Proposition 1 this set is relatively compact in some
space E,,,, where ms > m;. It follows that for each f € B in E,,, the limit lim D, (f) is well-
n—z

defined and it is equal to D,(f). By Statement (i) of Lemma 6 there exists m > mg such that
operators D, | — z| < 1, linearly and continuously map E,,, into E,,. By Banach-Steinhaus
theorem [13, Corollary 7.1.4], lim D, (f) = D.(f) in E,, uniformly in f on B, i.e.,

n—z

lim sup py,, (D, f) — D=()) =0
n—rz feB

for each k£ € IN.
(iv): We fix f € E and 2z € C. As pu # 2, since D, (7_,(f)) =0,

DM(T—Z(f» T—Z(f) _T—M(f)>
w—z p—z '

= ,( (6)

By Lemma 2, there exists m € IN such that in F,, the limit lim T=(N)=7oulf)

n—>z H—Z

is well-defined and

pn—z
E,, (see the proof of Lemma 2). By (iii) and Statement (i) of Lemma 6 there exists r € N for
which lim D,,(g) = D,(g) in E, uniformly in g on B and operator D, linearly and continuously
n—z

it is equal to 7_,(f’), and the set B = {M 0<|p—z < 1} is relatively compact in

maps E,, into E,. Employing this fact and identity (6), it is easy to show that in E, the limit
lim 220==U) i5 defined and it is equal to D, (7_.(f")).

n—z H=—z

(v): Due to identity (3), as p # z
Du(TfZ(QO))

D) = D.f) _ ;
L = D (D) + ST,

and Statement (v) follows from (iii) and (iv). O

Let us prove one more result on the estimate of growth D, (f)(t) w.r.t. t and p for f € E.
Lemma 8. Suppose condition (1) holds true and go = 1. Then Vf € E Im Vk,l 3A > 0:
1Du(f) ()] < Aexp(mp(p) + vma(t)), t,p € C.



22 O.A. IVANOVA, S.N. MELIKHOV

Proof. We observe that function gy = 1 belongs to E if and only if there exists ny € IN such
that for each n > ng and s € IN

inf —00.

inf Uns(2) > —00 (7)
Without loss of generality we can assume that ng = 1. Let f € E,. By condition (1), there
exists m > r such that for each [ € IN there exist s € IN and C' > 0 for which

sup vps(w) < vpy(t) +C, t € C.

|[w—t]<2
For k,l € N (employing the maximum principle if [t — u| < 1) we obtain: for each ¢, u € C
[Du(HO < sup [f(w)] + [ f ()] < po,..(f) exp(vmi(t) + C) + pu,,, (f) exP Vn e (11)

lw—t|<2

= (s () XD(C — (1)) + Doy () 5D~ a(1))) D01 1) + s (1),
It remains to note that due to (7)

sup (o, (f) exp(C' = Vi k(1)) + Do, . (f) exp(—vm (1)) < +o0.

2.  (-INTERPOLATING FUNCTIONAL AND ITS PROPERTIES

In what follows E is the space of entire functions defined in Section 1 and the family of
function (v, k)nken defining this space obeys conditions (1) and (2). Assume that F is a
complex locally convex space (LCS) possessing the following properties:

(F1) (F, E) is a dual pair w.r.t. the bilinear form (z, f), v € F, f € E.
(F2) The topologies in F' and E majorize weak topologies o(F, E) and o(F, F'), respectively.
(F3) There exist elements ey € F, A € C such that

lex, ) =g()\), geE, XeC.

Remark 9. A natural example of space F obeying conditions (F1)-(F3) is a topologically
dual space E' for E with a topology majorizing the weak topology o(E', E). In this case ey are
delta-functions:

lex, f)=ex(f)=f(\), A€C, fEE.
On used here notions in the duality theory see, for instance, [14, Ch. 2].

Definition 10. Let Q be an entire in C? function such that Q(-,z) € E for each z € C.
Q-interpolating functional is the mapping Qg : C* x F — C defined by the identity

QQ(:u?zax) = <anM(Q('az))>a wze€C, xel.

Let us prove some properties of functional Q2g. We denote Ny := INU {0}. For LCS H the
symbol H’ denotes the topologically dual space of H.

Theorem 11. (i) For each p,z, A € C
(A= 1)Qq(k, 2, ex) = Q(A, 2) — go(A — 1)Q(1, 2).-
(i) Qo(p, 2,-) € F' for each p,z € C.

(iii) Suppose that a mapping z — Q(-, z) possesses the following property: for each compact set
M in C there exists n € IN such that for each s € IN

Sup p'Un,s<Q(" Z)) < +OO
zeM

Then Qg+, -, x) € A(C?) for each x € F.
(iv) If go =1, then Qq(-, z,x) € E for each z € C and x € F.



ON A.F. LEONT’EV’S INTERPOLATING FUNCTION 23

Proof. (i): Bearing in mind property (F3), for u,z, A € C, u # A, we obtain:
(A =) (1, 2, ex) =(A = p){ex, Du(Q(- 2))) = (A = ) Du(Q(:, 2))(A)
(3 — @A) Z 0 = 1QUnE) _ oy Ly g0 Q).

A—p
If 4 = A, identity (i) is obvious.
Statement (ii) is implied by property (F2).
(iii): We fix z € F and z € C and take p € C. By Statement (v) of Lemma 7 there

exists r € IN such that in E, the limit Alim0 D”%Z_D“(Q(-, z)) is well-defined and is equal to
>

DX(Q(-, 2)) + Q(u, 2) Dy (7-,(g)) = h. Hence, due to (F2), the limit lim QQ(”A”’Z’;)_QQ(“’Z’I)
Ap—0 H

is well-defined and is equal to (x, h). Thus, function Qg(u, 2, z) is entire w.r.t. p.
We fix € F and p € C. Expanding entire function Q(t, z) into the power in z series for a
fixed t € C, we obtain:

Qt,2) =Y a;(t)7, t,z € C, (8)
=0
where a; € A(C). We choose z € C. By Cauchy inequalities
P Q(, &)
<lz+1 .
(1) < — jeN,, teC.
‘aj( )| (‘Z| + 1)J J € Ng S

Let n € IN be such that for each s € N

Cs ‘= Sup pvns(Q(ag)) < +00.
[€1<]2]+1

We fix t € C. Then for each j € Ny
Cs exp vy, s(t)

|aj(t)‘ < (‘Z| n 1)3

Thus, series (8) converges absolutely in some space F,, w.r.t. t to Q(t, z), where n depends on
z. By Statement (i) in Lemma 6 there exists m € IN such that D, linearly and continuously
maps E, into E,,. By property (F2), the linear functional

g (z,9), g€ E, (9)

is continuous on F, and thus, its restriction on each space Ej;, [ € IN, is continuous, too. In
particular, it is valid for £, [14, Ch. 5, Prop. 5]. Therefore,

Qop, z,7) = (x,(DL)(Q(t, 2))) = <$’ <Dﬂ)t<§: aj(t)zj>>

- <x’§Du(aj)zj> B 2<anu(aj)>Zja

and the latter numerical series converges absolutely. Thus, function Qg(u, z,x) is entire w.r.t.
z. By Hartogs’ theorem [15, Ch. 1, Sect. 2, Subsect. 6], Qq(2, u, z) is entire in C? function
w.r.t. (u,z) for each x € F.

(iv): We fix z € C and x € F. By (iii), Q¢(u, 2,2) is an entire in p function. Since linear
functional (9) is continuous on E = ind proj E,, then ¥n € N 3s € N 3B > 0:

n— ¢

[Qq(k, 2,2)| < Bpu, .(Du(Q( 2))). (10)
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By Lemma 8, Im Vk,[ A > 0:

[Du(Q(, 2) ()] < Aexp(vm(p) + vmi(t), p,t € C. (11)
Inequalities (10) and (11) with n = m, | = s imply that for each k € IN

10 (1, 2,2)| < AB exp v i(p), p € C.
Hence, Qq(-, z,z) € E. ]

3. EXAMPLES

1) Interpolating function wy (u, z) introduced by A.F. Leont’ev (see [1, Ch. IV, Sect. 2]) is
a particular case of functional ().

Let G be a bounded convex domain in C; G be the closure of G in C; 0 € G; A(G) be the
space of functions analytic on GG with the natural topology of inductive limit of Banach spaces
sequence. Let Hg be the support function of G, i.e.,

Hg(z) :==supRe(zt), z € C.
teG

We let F := A(G). As E we consider the weighted Fréchet space

. _ |f(2)]
E={feAqQ) ‘ Y € N[ flli=sup o s < +oo},

i.e., in our case
Un,k(z) = HG(Z) + |Z|/k7 n7k S IN: ZAS C,

and all LCS’s E,, coincide. The family of functions (v, x)n ken satisfy conditions (1) and (2).
By F we denote the Laplace transform:

F()(2) := @i(exp(tz)), 2 € C, v € A(GQ)".
As it is known [16, Thm. 4.5.3], F is a topological isomorphism of strongly dual space A(G)j,

of A(G) on E. The bilinear form
(x,f)=F '(f)(x), x€F, feE, (12)
defines the duality between F' and F, i.e., condition (F1) is satisfied. Due to (12), condition
(F2) holds as well. If e)(2) := exp(Az), A, z € C, then
(ex, [y =f(\), AeC, fek,

and thus, condition (F3) is satisfied. Let L be an entire function of exponential type with the
adjoint diagram G. In accordance with [1, Ch. IV, Sect. 2],

t

orln) = 5 [0 [ ate - gerac)ar,

211
c 0

where v is the function associated with L in the Borel sense, C' is a contour enveloping G and
located in the analyticity domain of x and ~.
We let Q(p, 2) := L(p), pu, z € C. Since 0 € G, as gg we can take go = 1. Let us show that

QQ(/L,Z,.Z‘) = QJL(,U,Z'), M,z € Ca reF.

Since for u,z € C the linear functionals Qg (u, z,-) and wr(u, ) are continuous on F' (State-
ment (ii) of Theorem 11 and [1, Property 5, P. 243], respectively), by the completeness of the
family {e) : A € C} in F, it is sufficient to show that

QQ(/’L7 2, 6)\) = wL(:ua 6)\)
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for A € C. Since Q(u, z) = L(u) for each p, z € C, then

QQ(/L, 2 6)\> _ Q(/\v Z/i : i(ﬂ? Z) _ L();)\ : i(ﬂ) .

By [1, Property 3, P. 242], we also have

L(A) — L(p)
A—p

2) Interpolating functional introduced in [2, Sect. 3] on the base of A.F. Leont’ev interpo-
lating function is also a particular case of the functional studied in the present work.

Let G, Hg be as in 1); F' := A(G) be the space of functions analytic in G with the topology
of uniform convergence on compact sets in G. As E we consider the countable inductive limit
of weighted Banach spaces:

wL(:“ﬂ e)x) =

:{fEA(C)‘EInE]N]f]n. sup )]

"8 exp(Ha(z) — [2]/n) +o0},

i.e., in the present case
vnk(2) = Ha(2) — |2|/n, n,k €N, z € C,

and all LCS’s E,, are Banach spaces. The family of functions (v, )n ken satisfies conditions (1)
and (2). Let ey(z) :=exp(Az), A\, z € C.
The Laplace transform

F(p)(2) :=plez), 2€ C, p € A(G),

is a topological isomorphism of strongly dual space A(G); for A(G) on E [16, Thm. 4.5.3]. The
bilinear form

(o, f)=F (), z€F, feE,
defines the duality between F' and E. As in 1), conditions (F1)-(F3) hold true.

Let @ be an entire in C? function such that Q(-,z) € E for each z € C. In accordance with
[2, Sect. 3, Def. 3.1], Q-interpolating functional is introduced as follows:

t

i) = F QU2 ([ ot - ) exp(ue)a). .z € €. v € A(G).

0

To distinguish it from our functional, we have denoted it slightly different than in [2]. In the
present case we can also take gy = 1. The continuity of functionals QQ(M, z,-) and Qqg(u, 2, -)
on A(G) = F ([2, Sect. 3, Lm. 3.2 (b)] and Statement (ii) of Theorem 11, respectively), the
completeness of the system {e) : A € C} in A(G) and the identity Qq(p, z,ey) = QQ(,u, z,ey)
for each p1,z, A € C yield that Qg = Qg on €2 x F. We note that the identity Qq(u, 2, ey) =

M was established in [2, Lm. 3.2 (b)] for u = z; it is obviously true for each p, z € C.

3) Let G be a bounded convex set in C containing the origin. Suppose that G is locally
closed, i.e., it has a countable fundamental system of compact subsets G,, C G, n € IN. We can

assume that all the compact sets G,, are convex and G,, C G, 41, n € IN (see, for instance, [4],
[17], [18]). Let F' := A(G) := prOJ A(G,,) be the space of the germs of functions analytic in G

with the topology of projective hmlt of (LB)-spaces A(G), n € IN. We introduce a weighted
(LF)-space E :=ind proj A,x, where a Banach space A, is defined as

=k
- - 1)
Auk = {1 € AC) Il = sup o O s

< oo},
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Hg, is the support function of GG,,. In the present case
Unk(2) = Hg, (2) + |2|/k, 2 € C, n,k € N;

the family (v, x)nren Obeys conditions (1) and (2).
As above, e)(z) := exp(Az), A, z € C. The Laplace transform

Fp)(z) :=ple.), 2 € C, p € A(G),

defines a topological isomorphism of strongly dual space A(G); for A(G) on E [17, Lm. 1.10].
The bilinear form
<z, f>=F Y f)(z), x€F, f€E,
defines the natural duality between F' and F; properties (F1)-(F3) are satisfied.
Let L be an entire in C? function such that L(-,z) € E for each z € C. In [4, Sect. 3]
L-interpolating functional € 7 was introduced as

t

(1,5 0) 1= F UL [ ol - ) explue)de), pize €. x e

0

And in this case we again can take go = 1. We let Q := L. As in 1) and 2), due to the
continuity of the functionals Q; (u, z, ) and Qg(u, z,-) on F' ([4, Lm. 3.3] and Statement (ii)
of Theorem 11, respectively), the completeness of system {e, : A € C} in F and the identity
Qo(p, z,en) = Qz(u, 2,ey) for each p, z € C, the identity Q; = Qg holds true on C? x F. We
observe that identity Q; (i, z,e)) = %}Lf‘”)
obvious that it holds true for each p, z € C.
The authors thank A.V. Abanin for valuable remarks.

was established in [4, Lm. 3.3] for u = z; it is
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