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BOUNDEDNESS OF SOLUTIONS TO ANISOTROPIC
SECOND ORDER ELLIPTIC EQUATIONS
IN UNBOUNDED DOMAINS

L.M. KOZHEVNIKOVA, A.A. KHADZHI

Abstract. In the paper we study a class of anisotropic second order elliptic equations
represented by the model equation
n n

Z(|Uza|pa_2uza)wa = Z (®a(x))y, s Pnz...2p>1

a=1 a=1
We prove the boundedness of solutions to the homogeneous Dirichlet problem in unbounded
domains located along one of the coordinate axes. We also establish an estimate for the
solutions to the considered equations with a compactly supported right hand side that
ensures a power decay of the solutions at infinity.
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1. INTRODUCTION

Let 2 be an arbitrary unbounded domain in the space R,, = {x = (21,22, ...,x,)}, Q C R,
n = 2. We consider the Dirichlet problem for an anisotropic quasilinear second order elliptic
equation

D (a(x, VU)o, =Y (Pa(x)),, . XEQ (1)
u‘m —0. 2)

We assume that functions a.(x,€), a = 1,n, are measurable w.rt. x € Q for £ € R,
and continuous w.r.t. £ € R, for a.e. x € Q. Let p = (p1,p2,...,Pn); We suppose that
1 <p; <p2 <... < p, and there exists positive numbers @, @ such that for each £, 7 € R,, and
a.e. X € () the conditions

n

Z (aa(x, f) - aa(X> 7])) (goc - na) > EZ |£O& - 7la|p"; (3)
a=1 a=1
|aa(x,€) = aa(x,n)| <@léa = Ml (&l + M), a=1,2,...,n; (4)
ao(x,0) =0, a=1,2,...,n, (5)
are satisfied.
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[.M. Kolodii [I] established the boundedness of solutions to some class of anisotropic elliptic
equations in bounded domains. At that, the boundedness of the domain was essential in his
proof. The main result of the present paper is the proof of the boundedness for the generalized
solutions to problem , in unbounded domains €2.

We suppose that ®,(x) € L, /p.—-1)(£2), @ = 1,2,...,n. The generalized solution to problem
, is treated in a “narrow” sense, i.e., as an element in appropriate anisotropic Sobolev

space H L(Q) introduced as the completion of the space C§°(Q2) w.r.t. the norm v @)
P

> vzallz,. () (the definition of the latter is given in Section 2).
a=1

In the paper we consider domains located along a selected axis Oz, s = 1,n (domain € lies
in the half-space s > 0 and the cross-section v, = {x € Q | 3 = r} is non-empty for each
r>0).

We introduce the notation: Q) = {x € Q| a < x4 < b}, values a = 0, b = oo can be omitted.
n -1 n n
Let P=n (—1 + > 1/pa> , M=p(P—ps)™t, K=Y, 1/pa< -1+ > 1/pa)
a=1 a=1 a=1

Theorem 1. Let u(x) be a generalized solution to problem (1)), with
supp @, C Q. Ry >0, a=12...,n, (6)
and conditions — are satisfied as well as

-1

"1
1<Zp—<1+£. (7)

Then for R > 2Ry/¢e, € € (0,1), the inequality

vrai Iélix lu(x)| < R% (8)

holds true, where C is a positive constant depending on p,, n, @, a, 1 Pallpe/(pa—1)-

Example 1. Let p, = p, a = 1,2,...,n. In the ball By of radius 1 centered at the origin

we consider the function uw(x) = lnr, r = |x|. [t is an unbounded solution to equation (|1
with @ (X) = |ug, [P 2y, € Lpjp-1), p < n. Thus, even in the isotropic case the belongings
Pn(x) € Ly/p—1y, @« = 1,2,...,n, are insufficient for the boundedness of solutions.

In the next theorem we prove the boundedness of a solution to problem , (Q is un-
bounded) in Q% for arbitrary R; > 0 under the assumption of higher summability of functions
®,(x) (in particular, they can be bounded).

Theorem 2. Let u(x) be a generalized solution to problem (1), with functions @, (x)
such that for each r > 0

Pal
b, (x) € L, (), ko= , a=1,2...,n, 9
( ) k ( ) (pa—l)(l—l) ( )

P
1 <! < min (K,—), (10)

s

and conditions f are obeyed with exponents p, such that

"1 (n 1

a:lpa
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Then for each Ry > 0 the estimate

vrai max lu(x)| < C (12)

holds true, where C' is a positive constant depending on pa, n, 1, @, @, Ry, mes Q*F |||, q2r -

Example 2. Let py < p, < p1 Y. 1/pa. In the ball By we consider the function u(x) = r=4,
a=1
r=|x|, A= ———1>0. Itis an unbounded solution to equation with functions
p1 > 1/pa
a=1
O (x) = |ug, [P 2uy,, s =1,2,...,n. It is easy to check that functions ®4(x) are rs-power
integrable functions in the ball By, and this exponent is less than WZ%—U’ while the exponents
n P Y 1/pa
ks in Theorem 2 are greater than p:’jl > 1/pa. Since rg < ﬁ <k, s=12,...,n, we

a=1
can state that the lower bound of the integrability exponents kq for functions ®, is close to the

lowest possible.

In [2] the authors obtained the estimates for the decay at infinity of solution to anisotropic
elliptic equations subject to the geometry of unbounded domain 2 located along a selected axis;
this was done for bounded solutions. However, the boundedness left unproven. The main aim
of the present paper is the proof of global boundedness for a generalize solutions to problem
, . It is sure that for an isotropic equations one can omit the restriction for the class of
considered domains, but in the case of anisotropic equations it leads one to substantial technical
difficulties in the proof of estimate . Estimate (12)) can be obtained for arbitrary unbounded
domains with a non-compact boundary. But here we provide its proof for domains located
along a selected axis for the consistency with estimate . A corollary of Theorems 1, 2 is

Theorem 3. Suppose that conditions —, hold true. Then a generalized solution
to problem (1)), u(x) with functions ®,(x), a = 1, n, satisfying (6)), (9), satisfies the estimate

sup [u| < C,
Q
where C' is a constant depending on ps, n, @, @, | Pal|r,, Ro, mes Q0 [,
2. AUXILIARY STATEMENTS

We denote by || - ||, the norm in the space L,(2). Let us provide an embedding theorem for
the anisotropic Sobolev space implying that || - Hﬁl @ is a norm.
P

Lemma 1. Let u(x) Eﬁ[%,(Q) and

> 1pa>1, (13)
a=1
n -1
Then u(x) € Lp(Y), where P =n (—1 + > 1/pa) , and
a=1

lullp < ALY sl (14)
a=1

HereA; is a constant depending on p,, n (see [3], []).
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Definition 1. A generalized solution to problem (1)), with ®4(x) € Ly, /pa-1)(£2),
a=1,2,...,n, is a function u(x) € ﬁ[ll)(Q) obeying the integral identity

/L(u, v)dx = /; (aa(x, Vi) — @) v, dx = 0 (15)

0
for each function v(x) Eﬁ[;(Q)

Theorem 4. Suppose that conditions f are satisfied. Then there exists the unique gen-
eralized solution u(x) to problem (1)), with functions ®(x) € Ly, /p-1)(Q2), a =1,2,...,n

and the estimate .
o—1)
> [l |12 AzZII‘P Hpa/ﬁa_l (16)
a=1

is valid, where Ag is constant depending on @, @, pq.

The proof of the existence is made by Galerkin’s approximations.
Lemma 2. As0 < a <b, a function u(x) EITIL(Q) satisfies the inequality

1
sl 5 (7)

< 25
ps:QZ ~N ps o 1”“555

(see [, Ineq. (73)]).

Lemma 3. Let u(x) Gﬁll (D) and

/IUIQ“\U Pedx <00, ¢o =0, pa=1, a=12....n
alD
—1

If condition is satisfied, then u(x) € Lg(D) as Q = 21 (1 + qa/pa> ( -1+ 21 1/pa> ,

and the estimate
K/Q

lullow < / a9y, [P dx (18)

is valid, where K = Z 1/pa< -1+ Z l/pa> , As is a constant depending on n, qq, pa (See
131, [6], [71).

Remark. It was shown by V.S. Klimov in [8] that inequality is valid also for functions
“vanishing on a rather massive subset of 7. In particular, it is true as D = Q", r > 0, for

functions u(x) GI?TII)(Q)
3. PROOF OF THEOREMS 1, 2

The proofs of Theorems 1 and 2 are based on the iterative method suggested by Yu. Moser
[9] and widely used in works by S.N. Kruzhkov [10], [4], D. Serrin [11], I.M. Kolodii [1].

We let u(x) = |u(x)| + x, x = 0, and |u,, | = |, |. For fixed numbers ¢ > 1 and p > x we
define the functions

u’ if x<u<py,
F() =
@) gt — (g - Dp? if p <7,

G(u) = {F(@)F' (@)’ — x®= P HgP+ 1Y signu, —oo < u < oo.
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A.e. on the set {x:u # u} we have

— 1
o PR i asa,
0<G'(u) = q
F'(u)Ps if u<mu.
The inequalities
pF (@ > G'(u) = F'(@),  |G(u)| < F@)F' (@™, (19)
F@) <a', F'(u)<qu'™ (20)

hold true.

Proof of Theorem 1. Let n(zs) be a non-negative Lipschitz function with the support in [p —
o,p+0] CleR/2,2R], € € (0,1), such that

]-7 Ts € [ﬁ7ﬂ7

n(zs) = 0, zs ¢ (p—0,p+0),
linear, zs€ [p—7a,p)U(p,p+ 7]

We let v(x) = nP*G(u) Eﬁ]%,(@), X = 0. A.e. on the set {x: |u| # u} we have
Ve, = NG (W) ug, + ps’* 'G(u)n,,, a=1,2,...,n
Employing , @, we find

L(u,v) =) _(aa(x, Vu) = @a) (psn™ ™' G(w)ie, + 177G (w)ug, )

F(Jul) F'([ul)P*~as(x, Vu)|.

>nPs F'(|u])? Zaa X, V) g, — ps™ |1,
a=1

By conditions f, we obtain

L(u,v) Z @ F'([u)P* Y Jug, [ = apen?* ™ F(ful) F'(|u]) 2, ][,

a=1

Integrating over x € () and taking into consideration definition , we get

[ E me i < O [ FOUDFulp o,

Q Q

et (21)

Ps—Lx.

Ug

Young inequality implies

g 1
/ﬁpSF/(|u|)ps Z |ug,, |Pedx < 5 /TIPSF/(WDPS Ps dx -+ CQ/F(|U|)pS n
) a=l Q Q
It follows from that

qps / nps

{zeQi ul<p}

el [P dX.

Uy,

n

u’(qfl)ps Z |uwa|p‘*dx < / npsF/(lqus Z |U:pa ’padx

a=1 QO a=1

<0y / u
Q

qPs

N, [P dX.




BOUNDEDNESS OF SOLUTIONS TO ANISOTROPIC ELLIPTIC EQUATIONS... 71

Assume that the right hand side of is finite. We let p tend to infinity in the left hand side
of and apply Fatou lemma

u C
/nps|u|ps(q—1) E |u$a|padx < p3 /|u|qps|nxs|psdx' (23)
q S
a=1 Q

Q

We obtain a chain of inequalities

s - ps(Q*l)
Z/ |u|17p3/p1 |( ps/m) a|padx+/<|u|77ps/pl) |(W7p5/p1)xs|psdx

aFs () 2
= Z/ ]u ps(q—1)|uxa ’panps/pl[ps(q—l)—f—pa]dx
aFs q
+ /npf(ql)/p1|u ps(q—l)|umsnps/p1 I &un”s/m’lnws P dx
Q
< Z |u|Ps(Q—1)|uxa|panps/p1[ps(q—1)+pa]dx

a#s Q

ps(qf]-)‘u Ps

U psqu

_|_C4/77P§CI/101|U
Q

05 /‘U

oalQ

. deX+C4/?7pS[qps/pll]’77;cs
Q

Psq ps[qps —p1 /101‘77 Ps Jx.

ps(q—1) ’u a‘pa Ds[Ps(q— 1)+pa]/p1dx+04/|u

Since 0 < n(z;) < 1, we apply to get

n

| Ds/P1
e

. (24)
< Cs Z/ |u ps(Q*1)|uza|panpst + C4/ ‘u Psq N Psidx < Cg / ‘u|qps N Ps Jx.
a=1 Q

It follows from Lemma 3 for ¢, = ps(¢ — 1), « = 1,2,...,n, that

ps(g—1) |(u77ps/pl)z |padx

-1

Q: <n+ps<q_1>zl/pa) (Zl/pa_1> :P+ps(q_1>K
a=1 a=1
Then and yield

1/K

/’nps/plu‘P"l‘ps(q_l)KdX < 07/‘U|QPS

Q Q

N, |P* dx. (25)

Let h = ps(¢—1)+6, 7 =P —KO = p;—0, where § = (P — ps)/(K — 1). Then
T+ Kh=P+ Kps(q—1), 7+ h = psq. In view of , K > 1, it follows from condition ([7)
that 6 > 0.

Welet p+0=p,=(1+2")R, p

o =

( =P = (L2 )R p=7 =7, = (L= 2" )eR
P="D,1 = (1—2""2)eR, R27v1 G =cR27"

R
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By we obtain
1/(Kh) 1/h

l/h
7+ Kh T+h
/’U| dx < (mma 5) T / |u|" " dx
5

QPJrO

We let h =0K", v =0,1,2,..., then

1/(9Ky+1) 1/(0K1/)
1/(9K”)2ps(1/+1 /(K"V0)
T+9KV+1 < 08 THOKY
[t < S | [
EVJrl Qﬂu
Pr+1
Denoting
1/(6K")
0, /\u|7+9Kudx ,
o

we get the inequality
O MK 0) gpa(v41)/(K6)
®y+1 < v
(eR)ps/(K"6)

0, v=012...

For v =0 we have h =0, ¢ = 1 and
081/92ps/9
O; < —(sR)Ps/9 Oo.
Hence,
1/0 55 1/K_pa/0 S (v+1)/K
v=0 2 v=0

O,41 < s = Op.
s /0 1/Kv
(5R)p/ P

Passing to the limit v — 0o, we obtain
1/6

ps dx

sup |u(x)| < / lu(x
Qf, (eR)Ps /6( -
sR/2

In accordance with Corollary 1 and employing , we have

[

1/0 »

psdx g CllRpS/e'

Pps dx < ClORps/a / ‘U/:L‘S

O2R
eR/2
Combining (26), (27), we finally get
Rs/9 c c
sup |u| < C1a - =

on, (eR)P-K/O(K=1) — Rps/0(K-1))en:K/O(K=1) ~ (ReK)M

that implies estimate (§]).

(26)

(27)

(28)
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Corollary 1. The generalized solution w(x) to problem (1)), (2) with functions ®,,
a=0,1,2,...,n, obeying @, under the hypothesis of Theorem 1 satisfies the estimate

sup [u| < C, (29)

Do,
where C is a constant independent of pa, n, @, 0, || Pallpa/(pa—1), Ro-
Proof. In (28) we let e =1/2, R =1, = 2" 'Ry, k = 1,2, .., that lead us to the inequalities
sup |u| < Cpg2E=RM 6, k=1,2,..,

Q'k
L /2
implying . O

Proof of Theorem 2. The proof is similar to that of Theorem 1. However, there are some
differences in construction of cut-off functions and estimates related with ®,, o = 1,n, and
thus we provide it in all detail.
Let n(zs) be non-negative Lipschitz function with a support in (—oo,p + o), p+ 0 < 2Ry,

such that

1, xs € (—00,p),

n(zs) = 0, s € [p+0,+00),
linear, x5 € (p,p+ o).

We let v(x) = nP*G(u) E]f]%,(Q), x = 1. Employing (19), we find

L(u,v) =Y (aa(x, Vi) + 00) (ps?* ™' G (u)na, + 0P G' (u)uy,)

a=1
>nP F'(u Zaa x, Vu)u,, — pn™ F'(u Z\@ ||, |
—psn”” 1!773:5 F(@)F'(u)" " |as(x, Vu)l—p 77’”5 e | F (@) F' (@)@

Employing conditions f. we obtain

L(u,v) Zan™ F'(u Zluxalp“ — apsn” T F (@) F' (@)~ |, ||, [
(30)
—pan” F'(1 Z (P [, | — par” ™ F (@) F' (@)~ |, || @4
a=1
We integrate (30) over x € Q and in view of ( @, we obtain
/mw ZWPWF@J“UFU e (1 [,
Q Q
+C, / WP F (@)Y |t |dx.
Q a=1
Applying Young inequality, we get
Uy, [Podx

n 1 n
Ps F/ U Ps ﬂ$ Pa dX < _ / Ps F’ M Ps
[ LS

Q

+ C / F(@)Ps|n, |P<dx + Cy Z / 1P F ()P | @ o [P/ P .
a=1

Q
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Taking into consideration , we obtain
Ty, [Podx < O / TP |, [P dx + Cs Y / | B, |Pe/ Pa=Dppagpsla=x - (31)

Z / nPs F/@)ps
a=1 Q QO a=1 Q

Assume that the right hand side of is finite. We let p tend to infinity in the left hand
side of and apply Fatou lemma

/ﬂps(q—l)mea |padX < Cy 1 / Eqpsdx+z / |®a|pa/(po¢_1)ﬂp5(q_1)dx
a=1

qps oPs
Qe = Qpto a=lg01,

Applying Holder inequality and employing @D, we arrive at the inequalities
1/1

& Cy | 1 ~
Z/ﬂps@l)\ﬂ%]padxg 3 / 7 dx (mes Qle)(l 1/
qu oPs
a:lgp o
(I=n/ 1/l 1/1
. 1
+2 / 1, [Fdx / x| | <c (1+ ) / 97
oPs
o=1 pto pto p+o

Taking into consideration Remark, we apply Lemma 3 for D = ) and function u € I}})(Q)
Thus, employing 7 we obtain

1/K 1/1

1
/\u]Pers(ql)de < Cs (1 +— ) / sl dx . (32)
O' S

p+o

Due to , K > l. Employing then (32)), we get the following chain of inequalities

/HPers(ql)KdX < Cq / u|PHPs(a=DK gx 1 Cimes Q°
Qp

Qe
« K/l
1 —apsl —qpsl
< Cq (1—|—gps) \Q/ u??'dx + Cq / u??s'dx (33)
pt+o Qpto
« K/l
1
< Gy <1+ p) / uiPsldx .
0’ S
\QP+0

Welet p+-0 =p, = (1+27")Ry, p= pyy1 = (1+27"" )Ry, 0 = Ri2771, h=Ips(q—1) +16,
T =P—K0=1(ps—0), where § = (P—Ip;)/(K—1). ThenT + hm = P+ Kpy(q — 1), m = K/I,
T+ h = lpyq. It follows from that 6 > 0.

By we get

1/(mh) 1h 1/h
C
(7/uf+mhdx < O'I?sl/h / ‘u|7+th
P pto
Leth =10m”, v =10,1,2, ..., then
1/(1omv+1) p ) 1/(16m>)
, C 1/(1om> 2ps(y+1)/(m”9) .
|u|7'+l9m +1dX < 9 (T / |U|T+l9m dx

Ry

Pu+1 Py
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Denoting
1/(16m”)
0, = /\ur“omudx ,
Pv
we arrive at the inequality
C 1/(l9m”)2p5(1/+1)/(m”9)
O, < = 0, v=012,..

s/ (OmY
Rﬁ) /(0m»)

This inequality yields

1/(16) 3 1/m” _pe/0 3 (v+1)/m¥
9 v=0 2 vr=0

Oy41 < — ©p, vr=0,1,2,...
ps/0 > 1/m¥
Rl v=0
Passing to the limit v — 0o, we obtain
1/(61)
supu(x) < Cho / a(x)P=ldx : (34)
Qf
2R
By (10), (14), (I6) we get
/ ﬂpsldX < / ﬂPdX < C’Hmes Q2Rl + CH / |U|PdX < 012. (35)
Q2R1 Q2R1 (9}
Combining (34), (35), we finally obtain (12)). O
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