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ON STRUCTURE OF INTEGRALS
FOR SYSTEMS OF DISCRETE EQUATIONS

M.V. YANGUBAEVA

Abstract. In the work we describe the structure of integrals of systems of discrete equa-
tions. We consider an example of discrete Toda chain corresponding to Lie algebra of series
As.
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1. INTRODUCTION

The present paper is devoted to describing the structure of integrals for the general system
of equations on a square lattice

uil = f'(n,m,u,u19,u01), i=1,2,...,N, (1)
where u = u(n,m) is a vector-function of two discrete arguments defined on CV: u =
(u,u?, ..., u™)T. The subscripts indicates the shifts of the arguments: u,, = D? D4 u(n,m) =

u(n+p,m+q), where D,,, D,, are the shift operators. The set of dynamical variables comprises
variables u and their shifts u,, ug,, where p,q € Z. We also assume that system of equations
(1) is solvable with respect to the variables u_y 1, u_y1, u _1.

2
Definition 1. i) Function I(n,m,u, o, Usp,...,Uxp), ZN ( o ) # 0 (function F(n,

= i
=1 Buk,o

2
m, u, Ugq, Uz, ..., Ugy), Zfil (5?) # 0) is called m-integral (respectively, n-integral) for

system of equations (1)), if the identity Dy, = I (or D, F = F) holds true.

i1) Integrals I = I(n) (F = F(m)) are called trivial.

i11) A system of equation possessing N non-trivial independent integrals in each direction is
called Darboux integrable.

iv) Integrals are called independent if none of them is expressed in terms of the others and
their shifts.

Issues on Darboux integrability for hyperbolic differential equations and systems of such
equations are studied actively during many decades [1], [2]. It was proven in works [3], [4]
that a hyperbolic system is Darboux integrable if and only if its characteristic Lie ring has a
finite dimension (see also [5]). In works [6], [7] the notion of characteristic ring was introduced
for discrete equations and by means of this notion the classification of Darboux integrable
differential-difference equations u; , = f(u, u1, u,) was made. In works [§], [9] there was studied
the problem on constructing the complete set of integrals for a hyperbolic system. The structure
of the integrals for differential equations was studied in [5]. In works [10], [I1] there was
discussed the connection between Darboux integrability and breaking of the series of Laplace
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invariants for the linearized equation. Works [12], [I3] were devoted to studying Darboux
integrable discrete equations in the framework of symmetry approach.

1.1. Conditions for completeness of set of integrals for system of discrete equa-
tions. The order of the integral I = I(n,m,u,u;, U2, .., Ugp) for system of discrete equa-
tions is number k. It is assumed that there exist ¢, j such that 2 &ﬁ #0, » J # 0.

Suppose system (1)) has N independent m-integrals I, I?, ... IV of mmlmal orders k; <
ko < ... < ky, (ordl* = k;). Tt means the validity of the following conditions

1. Dpl(n,m,u,uyp,...,u50) = I(n,m,u,uyp,...,u0),k < ky if and only if I = I(n);

2. DmI(n, m,u,up,... ,uk’o) = I(n, m,u,up,... ,uk,()), ke U{Ij_l, ]{Zj),j S [2, N] if and OIlly
if I is a function depending only on n, I', I, ..., I’~! and their shifts with respect to n.

We have

Lemma 1. Suppose that system of equations has N independent m-integrals of minimal
order k. Then any other m-integral is a function of n, integrals I', I?, ..., IV, and their shifts
with respect to n.

Proof. Assume that 81 7é 0. If it is not true, we can achieve it by re-denoting the variables.

We express variable u,a0 in terms of other variables and integral I':

1 1 2 N gl
Upo =g (n,m, W, U1 0,..., U 10, U, Ug, ) (2)

Then we pass from variables n, m, u, ujo, ..., Uy to new variables n, m, u, wp, ...,
10, Uy, - Ukm I'. As a result, all the integrals I*, s = 2,3,..., N, will be rewritten as
2
— 1 oI1?
I* = I*(n,m,u, g, ..., W10, Upg, - - -, Upg, ['). Hence, we have Z@'ZQ <au;‘€0> # 0. Indeed,
otherwise in the vicinity of the point I' = iy, where iy is a complex number, the second given
integral can be expanded into the power series

= Z Ij(n, m,u,upo,-. .. ,uk_l,o)(ll — io)j. (3)

Since I', I? are m-integrals, the coefficients of series are also m-integrals of order not
exceeding k — 1. Indeed, we have

oo
m (Z I](TL, m,u,up,-. .. 7uk—1,0)(]1 - ZO)]) )
=0

Dm[2 = Z Dm[j (n, m,u, ul’o, Ce ,uk,l,o)Dm([l — io)j,

J=0

o0

- Z Dy Ii(n,m,u, g, .. ug10) (I —dg). (4)

§=0
Comparing series and and employing the uniqueness of Taylor series, we obtain the
identity
D, I;(n,m,u,uy,...,u_10) = L;(n,m,u,uyp,...,u_19),

and integral I? is a function of variables n, I' that contradicts to the independence of considered
set of integrals.

variable Uk,o in terms of other variables and integrals I*', I°

2 _ 2 3 1 72
U g = g~ (n,m,u,g,..., Wg_10,Ug, - uko,f I°). (5)
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We pass from variables n, m, u, up, ..., Up_1,, uio, ooy uly, I' to variables n, m, u, uy g,
, Up—1,0, u%ﬂo, . uko, I', I? in integrals I°, s = 3,4,..., N.
Arguing as above for the case of variable uzo and integral I3, one can show that

SV (2
=3 8“2,0

Ui,o =g*(n,m,u,uy0,..., 0 10, Ui,m . ,uivo, I' 12 %), (6)
On the i-th step we obtain the relations
uj, g :gi(n,m,u,um,...,uk_l,o,uz“ol,.. uko,ll 17,4 < N. (7)
As a result of made transformations we arrive at the formulae
Upo =g (n,mu,wyg, ... wro, I, 1Y), i=1,2,... N. (8)

Applying the shift operator D! to the latter relations, we get

ukﬂ =¢'(n,m,u,uyg,..., w10, 1%, ..., IV,
D, ... DN . DI DY), i=1,2,...,N, j=12,.... (9)
Let G be an arbitrary m-integral of order g > k:
G =G(n,m,u,uy,...,u,0).
We pass from variables n, m, u, uy, ..., U, to variables n, m, u, wyg, ..., Ug_10, I*, ...,
IV, D,IY, ..., DN, ... DI *t . DI*IN and in the vicinity of the point

1 1 2 2
<€(1)a§£87'--7§éjk,07€(2)7§£,8a"'7€;3k707"'agN) 510 9 gq koa)

we expand function G into the power series
(o] o0 (o]

G = > > >

a[1,0)+a[1,1]4++a[l,g—k]=0 «[2,0]+[2,1]+-+«[2,g—k]=0 a[N,0]+a[N,1]+--+a[N,q—k]=0

a all,1]
Galaz..‘aN (’I’L, m,u, llL(), ceey uk_lﬁo) (Il — 5(1)) [1.0] . <Dnll — Eg))
B all,g—k] [2,0] af2,1]
(Drert =)™ 2 = @) (D, — )™ .
_ al2,q—K] a[N,0] _ a[N,q—K]
(Datr =) (1 = ey (D - ) ,

where o/ = (alk,0],a[j,1], a[j,2],...,a[j,q — k]), 7 = 1,2,..., N. Since functions G, I,
IN D,IY, ... D, IN, ..., DRIt . DI7FIN are m-integrals, all the coefficients of this series
are also m-integrals of order not exceeding k — 1. Since number k is the minimal order of the
integral, G,1,2._,~ is a function of variable n.

As a result we obtain that an arbitrary m-integral G is expressed in terms of the given
integrals and their shifts with respect to n

G=G(n,I", ..., IN, D", ... . DY, . .. .DF . DITFNY,

The proof is complete. n

In what follows we prove a theorem on structure of integrals for system in the general
situation.

Theorem 1. Assume that system of equations possesses p independent m-integrals 17,
g =12,...,N, of minimal orders ki < ko < ... < ky. Then any other m-integrals is a
function of variables n, integrals I', ..., IN and their shifts with respect to n.
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Proof. Denote K = ky. We reduce the given integrals I/, j = 1,2,..., N, to the same order K
by applying the shift operator DY and adding I7. We get

DEMP 4+ = F(n,m, a0, .., Ug—k, 0, Uk—k; 4105+ - - Ur0)s  J=1,2,...,N—1. (10)
Thus, we have N integrals I', 12, ..., IN"1 IV of the same order K. We note that the
constructed integrals are independent. Then arguing as in the proof of Lemma [I, we obtain
variables uf o, @ = 1,2,..., N, can be expressed in terms of dynamical variables u, u;p, ...,
ux_10 and integrals I*, 12, ... IN=1 IV

uZKO = gi(n,m,u,ul,o,...,uK,l,fl,ﬁ,...,j:N’l,IN), i1=1,2,...,N
or, taking into consideration ((10)),
Wio=g'(n,mwur, ..., ug_y, I TN TN DERY L DE TR NI =102, N,
We apply the shift operator D] to the latter relations and obtain the formual
Wy yro =V (n,m,u ug, ... ug 1,0, DY TFIT DEHT DR
DR DR DR DR N DR N

DE kot pN=LU N DN DTN, i=1,2,...,N, k=12....
Let G be an arbitrary m-integral of order s > K:

G = G(n, m,u, 111,0, 11270, PN ,115’0).
Then, as above, we pass from variables n, m, u, u; o, gy, . . ., Us o to variables n, m, u, u; o, Uz,
coy k10, DETRL DE=RA L DRkl pR=Re g2 s pE=keip2 000 DE=ketrpz
Dy N=L piTRvatt o pEEN et iN-L N D TN DE TN T the vicinity of
the point
(€8 00 € 100+ 600 S0 Eit a1 00+ a0+
) ) } 2, 2 ) T 2,
5%\7_;1) 075%\7_;1) 5(11[*1) éf(N) (N) 5(117) )
N—1; N-1+1,07 ’Ss—kn_1,07 ) 61,0 > 1 Ss—K,0
the latter function G can be represented as the power series
o0 o0 o

G- S S S

a[l,K—ki]++a[l,s—k1]=0 a[N-1,K—kn_1]+-+a[N—1,s—kny_1]=0 a[N,0]+a[N,1]+-+«a[N,s— K]=0

1 K—kl]
K-k 1\
Gataz. .o (nym,u, g, ..., Ug_10) <Dn - £K_k1>

a[l,K—k1+1] ol skl
(foklﬂfl - 52)_191—%1) e (D’iiklll N gil_)kl) -

B a[N=1,K—ky_1] _

O![N—l,K—k‘N_l-i-l}
K—kn_1 K—k’N_1+1)

a[N,1]

a[N—1,s—kn_1]
S—kN—1>

(IN B g(N))a[N,O] (DnIN _ %N))

a[N,s—K—1] a[N,s—K]
~K-1JN _ f(N) _1> (DZ—KIN _ §(N) ) ‘

s—K s—K

3o

<Di—k1\771 V- g(N—l)

Here o/ = (alk, K —kjl,alj, K —k;+1],...,alj,s—k]), 7 = 1,2,....,N — 1, o =
(a[N,0],a[N,1],...,a[N,s — K]). Since G and all the functions DE-*J!  DE-ki+lfl
..., Dihl pE-kep2 pE-ketip2 o opsckep2 o pRoENorpven - pRekvoactipnen o
Dy N IN=L N DTN DSTE TN are meintegrals, all the coefficients of this series are to
be m-integrals of order not exceeding K — 1. The definition of minimal order integrals implies
that G 1,2 o~ is a function of variables n, I', I, ..., IV~ IV and their shifts with respect
to n.
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Thus, an arbitrary m-integral G read as
G=Gn,I",.. . IV, D, ... . DY, ... Dkt o DsTRN YY),
and thus, integrals I*, I2, ..., IV form the complete basis. The proof is complete. O

1.2. Example of a system of discrete equations with complete sets of integrals.
Consider the discrete Toda chain corresponding to simple Lie algebra of series Ay

aop01,1 — 10401 = bip,
o211 ™ 1,000, : 11
bo,obl,l - bl,ObO,l = 4ap,z- ( )
Here a = a(n,m), b = b(n,m) are unknown functions of two discrete variables n, m. In work
[14] there was constructed the characteristic Lie algebra L,, with the basis

0 0
p— X p—
8ao,—l ’ ? abo,—1 ’

Yl _ D_l 0 Dm 0 + <M B b170b07_1 + 1 ) 0

X4

m p—
aClo,l 5%,0 Q0,0 Clo,obo,oao,—l @0,—150’0 8611,0

_ bo.— 0 1 0 _ 1 0
+(OL 1,0_|_ 0,—1 ) 4t ( a-1,0 + ) + ...,

ap,0 Q0,000,—1 aCl—170 bo,—l abl,o a ao,obo,—l Q0,000,—1 ab—l,o
4 0 0 b1,0 0,0 ) 0 b_1p a_1,0 0
Yy =D} Dm:—+(—’— 2 + L 2 +...,
2 850,1 abo,o bo,o b0,0bO,—l a51,0 bo,o b0,0bO,—l (%—1,0

P = [X1,Y1], P, = [ Xy, Y], P; = [X5,Y5]. In each of these operators we neglect the terms
containing the variables with negative shifts and we solve the system of equations

P(F)=0, Py(F)=0, PF)=0. (12)

To solve system , it is sufficiently to assume that F' depends on by, ao 0, b1,0, @1,0, b2, a2
or on g, b1, @10, b2, a0, bzo. If we assume that F' depends on a smaller set of variables,
we obtain trivial integrals only. As a result we get two systems of first order linear partial
differential equations Solving these systems, we obtain two independent m-integrals of this
system
7L — bo_,o ao,obz,o 4 @’ 72 — 0,0 a2,0b1,0 bs_,o'
bl,O a1,ob1,0 ai,0 ai,0 6L1,ob2,0 bz,o
Thus, we have found the complete set m-integrals of minimal orders. The hypothesis of Theo-
rem [1]is satisfied and thus, any other m-integral is a function of n, I', I?, and their shifts.
The author thanks I.T. Habibullin for the formulation of the problem and permanent atten-
tion to the work.
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