ISSN 2304-0122 Ufa Mathematical Journal. Vol. 6. No 1 (2014). P. 104{110]

do0i:10.13108 /2014-6-1-104 UDC 517.9

ON INTEGRATION OF AUTOMORPHIC SYSTEMS OF
FINITE-DIMENSIONAL LIE GROUPS
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Abstract. The present paper contains certain results on integration and order reducing
of automorphic systems for finite-dimensional Lie groups.
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INTRODUCTION

A system of differential equations is called automorphic with respect to a Lie group G if each
solution of this system is obtained from one fixed solution by action of transformations in the
group [II, Sect. 25].

It was shown in work [2] that some finite extension (as a rule, of zero order) of each auto-
morphic system finite-dimensional Lie group is a completely integrable system.

In the present paper for completely integrable Pfaff systems we prove theorems on order
reducing for the system admitting Lie symmetry, on a sequential order reducing for the system
admitting more than one-parametric Lie symmetries, and on the integrating factor for one-
dimensional systems.

The first and the third theorems are direct generalization of similar theorems for ordinary
differential equations described in [I, Sect. 8]. Other ways of employing an admissible Lie
symmetry for the order reducing of ordinary differential equations are described in works [3],
41, [5].

Generally speaking, the calculation of admissible group for completely integrable Pfaff system
(as for a system of ordinary differential equations) is not simple than integrating the original
system. But the automorphic system of a finite-dimensional Lie group G admits a Lie group
which is given “for free”: it is the restriction of group G on the manifold determined by the
system.

In what follows all the constructions are local and are made in neighborhoods of general
points, and all the considered functions are smooth enough.

1. SYMMETRIES FOR PFAFF SYSTEM
We consider the completely integrable Pfaff system
w=dy— o' (z,y)dz" — - —o"(x,y)dz" =0, x€R", yecR™ (1)

System is called completely integrable in some domain of space R™ x R if for each point
of this domain an n-dimensional integral surface of system passes through (in this case
for each point just one surface passes through) [0, Sect. 23]. In accordance with Frobenius
theorem [0, Sect. 26], system is completely integrable if and only if the external derivatives
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dw belongs to the ideal generated by forms w. The latter is true if and only if dw|,—o = 0. And
this condition is equivalent to the identities

[Di7Dj]:0, i,jzl,...,n, (2)
where
Di=0,+¢ -0, i=1,...n (3)
Indeed,
dw|y—o = — Z D;o'da? A da' = — Z(ngoi — D" ) da? A da'.
i\j >
The one-parametric group with the infinitesimal operator
L=¢(x,y) 0p +n(x,y) -0y (4)
is admitted by system if and only if
[L,D;] =0, i=1,...,n, (5)

where

L=L—¢'Di— = "Dy = (1= €6 = = €"9") -0, =11+ 0, (6)
This fact can be established straightforwardly or one can employ a similar statement for the
generalized symmetries [3, Lm. 5.12]. The matter is that the generalized symmetries of system
coincide with point ones.

It follows from relations and @ that, in particular, each linear combination of operators
(3) with coefficients depending on variables z, y is admitted by system and these linear com-
binations form an ideal of the algebra admitted by system . It is also clear that component
¢ of field L is an arbitrary vector-function of variables x, y.

2.  ORDER REDUCING FOR PFAFF SYSTEM

Theorem 1. Suppose Pfaff system 1s completely integrable and admits the one-
parametric Lie group with operator . Then once m > 1, the knowing of the universal
wmwvariant for operator (@ allows us to reduce the dimension of system by one.

Proof. Universal invariant of operator @ can be chosen as
oot TNy, T (T ).

If an one-dimensional mapping t(z,y) is so that Lty = 1, then rankd(.J,¢)/dy = m [I], and
hence, for each z the mapping

y' = J(x,y) = (J'(z,y), ..., J" ), ¥ =v(x,y) (7)

is a local transformation of space R™. By , operators are the operators of invariant
differentiation for the algebra generated by the operator @ Therefore the mapping D.J is an
invariant of this algebra and is expressed by its universal invariant, i.e., there exists a mapping
0 such that DJ = 6(z,J). In view of this fact, in terms of variables z, ¢/, 3" system is
written as

dy = Jydx + Jy,dy = DJdx = 0(x,y')dz, (8)
dy" = Dipdx = 9(z,y,y")dz. (9)

System consists of m — 1 equations for m — 1 functions. Equation @D should be integrated
after the integration of system . m
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Remark 2.1. If function v satisfies additional conditions
D=0, 1=1,...,n, (10)

then equation @D casts into the form dy” = 0, i.e., it can be written as the closed relation
y” = const. It is clear that there always exists a function ¢ satisfying conditions . The
question is just how to find its analytic representation. But the same concerns the universal
invariant.

3. FURTHER ORDER REDUCING

Lemma 1. Suppose the operators L1 = &, - 0,, Ly = & - 0,, D = n- 0, acts in space R¥ and
satisfy the conditions
[Ll, D] - 0, [LQ, D] - O
Let also the mappings ¢ : R¥ — R¥' ¢ : R* — R obey the conditions
Lip=0, Liw=1 DyY=0, rankdp/0x=Fk— 1.

Then
[La|ar, D] = [L2, D]y, = 0,
where M = {z € RF : ¢(2) = 0}.

Proof. After the change of variables

operators Lo and D are written as
Ly =&(2,2")0., + &2, 2")0.n, D' =n'(z)0..

Indeed, D¢ is the universal invariant of operator L; and thus it is expressed in terms of universal
invariant ¢. Then

(Lo, D'}y = ((1265(2", 2") = &5 (2, 2")') - O + (- )0 ) | =

= (€5(2,0) = & (2, 0)') - B = [ Loy D' p)-
It is clear that [L}, D] = 0 and therefore the restriction of this commutator on manifold M
vanishes. 0

Lemma 1 implies the theorem which allows one to reduce sequentially the order of the system
once the group is wide enough.

Theorem 2. Each symmetry of system transformed by (@ and restricted then to the
space of variables (x,y') is admitted by system
4. FIRST ORDER (m =1)

Theorem 3. Suppose that Pfaff system 15 completely integrable, admits one-parametric
Lie group with infinitesimal operator andm =1, i.e. we are given one Pfaff equation. Then
= 1/1 is an integrating factor for this Pfaff equation.

Proof. To prove the theorem, we need to establish the existence of a function u(x,y) such that

ou 1 ou @

— == =——, 1=1,...,n.
ay 77]7 a‘rz va] ) Y Y
In its turn, such function u exists if
a1 0 ¢ d ¢ Y
g g L _ 9% o ij=1,...n (11)

o, Ay 7 Or; 7 Ox; 7
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These conditions are satisfied by , . Indeed, the left hand side of the former expression in
1) after the differentiation is written as 77 2(7,, + 7,¢" — 4,0;77) and up to a factor it coincides
with the left hand side of expression . The left hand side of the latter expression (|11
after the differentiation is written as 772(¢} i) — @', — ¢, + ¢’7;,). Substituting then the
expressions for 7,,, 7, in (5) and for ¢} in (2), we see that it vanishes. O

5.  AUTOMORPHIC SYSTEMS

The restriction of Pfaff system
dys — Zyaﬂjd:vj =0, 0<|al <k,
j=1

on the manifold determined by an automorphic ( with respect to r-parametric Lie group G")

system of order k gives completely integrable Pfaff system [2]. Here a = (ay, . .., a,) are multi-
indices, |a] = a; + -+ + «, and |y;| = 1, at that, the component with index i is equal to
one.

The restriction of k-th prolongation of group G on the manifold determined by an automor-
phic system is obviously admitted by Pfaff system. Application of Theorem 1-3 allows us to
reduce the order of Pfaff system or completely integrate under the sufficient rank of the group.

6. EXAMPLE 1
Pfaff system
du = — <u + c\/]%) uydt + uydex,
dp = — (p +tu(e® —y+ 1)/6\/93_/1?) wdt +
+ (2 =y +1)/en/pP/puidz, (12)

dp = — (vp + uc\/@) uydt + cy/ppurd,
duy = —(v+1)/2u3dt

is equivalent to the automorphic system

Ug + Ul + p_lpx - 07 Pt + UPg + PUy = 07 Pt + UPy + YPUz = O,
Do = C\/PP Uy, px:(cz—'y+1)/c\/p3/pux, Upy = 0

from Example 1 in work [2]. Here constant ¢, (c3 # ) in [2] is replaced by constant c. Below
we treat the case v # 1.

The restrictions of first prolongation of the operators in the admissible group on the manifold
determined by the system read as

L1 = 8t, L2 = 335, L3 = t@m + (9u, L4 = tat + l'ax — Ulaul,
Ls = t0, — u0, + 200, — u10y,, L¢ = p0,+ p0O,.

In what follows, for the order reducing of the system we employ sequentially operators Lg,
L3, and Ly. In each step we indicate the universal invariant, function v, new representations
of operators D,, D,, and remained operators L. New representation for the Pfaff system is not
written since it is completely determined by operators D;, D,. The superscript indicates the
step. While writing out the universal invariant, we introduce the notations for new variables.
In each step function ¥ obeys condition (|10)).
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First step (operator Lg). Universal invariant is ¢, , u, uy, p1 = p/p.

P = Inp—2(c—y+1)/(y—1)In <20\/]%>+2(c2—7)/(7—|—1)1nu1,

Dy = 0 —ui(ey/pr + u)dy — ui(y +1)/20u, + prus(1 —¥)(1 4+ u/(c\/P1))0y,,
Dy = 0+ w18y + prua(y — 1)/ (cy/p1) 0y,

Ly = (1—tu)dy, + (pituy (1 — Y))/(e\/P1)0py »

Ly = —wd, —prui(y —1)/(cy/p1)0y.
Second step (operator L}). Universal invariant is ¢, , uy, py = 2y/p1—tuuy (y—1)/(c(tus —1)).

W= - 2epi/(y - 1),
Df = 0 —uj(y+1))/20u + (p2ur(y = 1))/ (2(tus = 1))0p,,
D = 0y + (ui(—y +1))/(c(tur — 1))3p,
Ly = (w(y = 1)/(c(tur = 1))y,
Third step (operator E%) Universal invariant is ¢, x, u;.
U3 = (2epatuy — 2epy — YHtug + 2yurw + 2y + tuy — 2wy — 2)/(2ui(y — 1)),
D} = 9, —ui(y+1)/20,,,
D = o,
Finally we obtain one-dimensional Pfaff system
duy +uj(y +1)/2dt =0,

which is easily integrated uy = 2/((y + 1)t + ¢4), where ¢4 is some constant.

Returning back to the original variables and employing the expressions for the invariants and
relations ¢ = ¢;, i = 1,2,3, where ¢; are some constants, we obtain the general solution of
system ((12)):

u=(co(y— Dt +2x+ ¢y — 2c5 + cocq) /(v + 1)t + ¢4),

—c?
p= 61(462131)02/(%1)*1“?(7 )/(7+1)7 p=pip, w =2/((v+1Dt+cs),

where p; = (7 — 1)%(z — cat + ¢4/2 — ¢3)?/(c(ca + (v + 1)t))*.

7. EXAMPLE 2

In work [7] there was found an admissible group and there was constructed a group foliation
for the Karman-Gooderley equation

— UglUgy + Uyy + Uy, = 0 (13)
with respect to the infinite-dimensional part of the admissible group. To construct the au-
tomorphic system, here there was used a finite-dimensional subgroup of the admissible group
generated by the operators

Ll = 8x> L2 = aya L3 = aza L4 = 281/ - yam
Ls =y0, + 20, — 2u0,, Le¢ = 20, + 3ud,.
The solutions to equation ({L3|) which form six-dimensional orbits in the extended spaces under

the action of the group generated by operators satisfy one of two following automorphic
system:

(14)

up = (3/2)*(up +ud)', g = (3/2)"°(uf + u2)*P fu,
Uny = (3/2)%2(uy +u2)Puy fu,  upe = (3/2) (uy + 1) Pus /u, (15)
Uy = 3/2u2 Ju, Uy = 3/2uyusfu, . = 3/2ul/u;
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o 1/3 2 2\1/3 . —1/3 2 2\2/3
up = (3/2) 3 (W +u2)?, uge = (3/2) 73wl + ul)? u,
Ugy = (3/2)3(u2 +u2) Puy) fu,  ues = (3/2)3(ul + u2)Pu. /u, (16)
Uy = (3ul —u2)/(2u),  uy. = ugu)/u,  u.. = (—ul + 3ul)/(2u).

In what follows, to reduce the order of automorphic system ([15) we employ sequentially
operators Lo, L4. Pfaff system equivalent to system can be written as

du — (3/2)*3(0* + w?)Ydx — vdy — wdz = 0,
dv — (3/2)*2(? + w?)Y3vdx — 3/(2u)vdy — 3/(2u)vwdz = 0,
dw — (3/2)*3(v? + w?)YPwdz — 3/ (2u)vwdy — 3/(2u)w?dz = 0.

Then the restrictions of first prolongation of operators Ly, Ly on the manifold determined by
system followed by the factorization with respect to the ideal are written as follows:

Ly = —vd, —3/(2u) (0?0, + vwd,),
Ly = (—vz+wy)d, + (2uw — 3v°z 4 3vwy)/(2u)d, +
+  (=2uv — 3vwz + 3w?y)/(2u)0y.
First step (operator Ls). The universal invariant is z,y, z, v; = v/u*?, w, = w/u*/?.
o= 2u/v+y+ 2w/v,
DL = 0, + (3/2)2(W? + w})Y3(0y + 010y, + w10y, ),
D) = 9, D! =0, L= wdy —vi0y,.
Second step (operator L}). The universal invariant is z,y, z, vy = /03 + w?.
Y? = arctg (v /w) + 32/3975/3, 3/2(vi + wf)_l/g,
D? = 8, (3/2*/2y"0,,, D? =0, D?=0.

Y v z

As a result we get one-dimensional Pfaff system duvs + (3/2)%/3/2v)*dz = 0, which can be

easily integrated vy = (2/v/12+c3)~3/2. Returning back to the original variables and employing
the expressions for the invariants and relations 1" = ¢;, i = 1,2, where ¢; are some constants,
we obtain the general solution to system :

u=4(x/V12 + c3)*/(ysin(cy) + 2 cos(cy) + ¢1)?. (17)
In the same way one can obtain the general solution to system :
u=2/9(z+c1)’/((y +c2)’ + (2 + c3)?). (18)

Remark 7.1. The above examples of solutions demonstrate application of the results of this
paper and we do not claim that other known methods can not be applied here. In particular,
solutions (17)), as ¢ = c3 = c3 = 0 equal x3/(32%), 2/923/(y* + 2?), respectively, and they
are self-similar solutions to equation (13|). Hence, solutions , can be obtained from
self-similar solutions by means of translations and rotations.

For bulky calculations we employed system of analytic calculations “Reduce 3.8”
(http://reduce-algebra.sourceforge.net).
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