ISSN 2304-0122 Ufa Mathematical Journal. Vol. 6. No 1 (2014). P. 90103

do0i:10.13108/2014-6-1-90 UDC 517.9

OPTIMAL SYSTEM FOR NON-SIMILAR SUBALGEBRAS
OF SUM OF TWO IDEALS

D.T. SIRAEVA

Abstract. We consider a twelve-dimensional Lie algebra L2 admitted by the gas dynamic
equations with equation of state of a special form. Lie algebra L1 is a direct sum of
two ideals Lj; and Y;. For Lie algebra L;; admitted by gas dynamic equations with an
arbitrary equation of state, the optimal system of non-similar subalgebras is built up to
inner automorphisms. Using the optimal system for Lie algebra L11, in the article we obtain
an optimal system for non-similar subalgebras of the sum of two ideals for L1, and Y7 and
the rule of construction of such subalgebras.
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1. INTRODUCTION
Gas dynamics equations (GDE) read as [1]
pe+ (- V)p+ pdivi = 0,
i+ (@ V)i +p *Vp =0, (1)
S+ (u-V)S=0.

Here 1 is a velocity, p is a density, .S is an entropy, p is a pressure. They related by the equation
of state p = f(p, ).

Equations (1) with a general equation of state admit maximal Lie algebra L, for which the
optimal system of non-similar subalgebras was constructed in [I]. For the Lie algebras admitted
by GDE with equation of state of special form [2], the optimal system are not constructed for
each algebra. They are not known for Lie algebras Ly & {Y1}, L1 & {¥1,Y,} and Ly; &
{Y1,Y,,Y,2}, where Y1 = 9,, Y, = p0, + p0,, Y2 = 2pp 9, + p*d,. In the present work we
construct an optimal system of non-similar subalgebras for L;; @ {Y]}, which is the sum of two
ideals.

Gas dynamics equation with an arbitrary equation of state are invariant under the action of
group (11, which is the Galilean group extended by the uniform dilatation:

1°. ' = Z 4 @ (space translations),

2°.t" =t + a, (time translation),

3°. 2 = 0%, i = Oi,00" = 1,det O = 1 (rotations),
40, 7' = #+th,ii’ = @+ b (Galilean translations),
5°.t" =tc,i" = ci (uniform dilatation).
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To group Gy, Lie algebra Lq; corresponds with a basis of operators written in the Cartesian
coordinate system

X1 =0, Xo=0, X3=0,,
Xy =t0, +0u, X5=10,+0,, Xo=10,+ Oy,
X7 =90, — 20, + V0, — w0, (2)
Xg = 20, — 20, + w0, — U0y,
Xg = 20y — Y0y + u0, — v0,, Xy = 0,
X1 =10, + 20, + y0, + 20..

The commutators of basis operators are given in Table 1, where instead of operators X;, i =
1,11, we simply write indices i:

Table 1

1 2 3 4 5 6 7T 8 9| 10 11
1 -3 2 1
2 3 -1 2
3 -2 1 3
4 -6 5| —1
5 6 —4 | =2
6 -5 4 -3
7 -3 2 -6 5 -9 8
8 3 —1 6 —4 9 -7
9| -2 1 -5 4 -8 7
10 1 2 3 10
1| -1 -2 -3 —10

2. OPTIMAL SYSTEM OF NON-SIMILAR SUBALGEBRAS L,

If the equation of state is of general form, then the maximal Lie algebra admitted by equations
(1) is Ly;. For special equations of state there appear additional operators extending the
admissible algebra to L, with k£ being the dimension of the algebra. Non-isomorphic algebras
are given in work [3]. For almost all algebras the optimal systems of non-similar subalgebras
were constructed. It remained to construct the optimal systems for Lie algebras being the
direct sum of two ideals (3 cases). Here we construct the optimal system of subalgebras for
12-dimensional Lie algebras being isomorphic one to another. These are Lie algebra no. 9:
Ly, &Y, with the equation of state p= f(p) +¢(S5) and no. 3: L33 @ Y5 with the equation of state
p=pf(g(S)p), where Y; = 0,, Yy = pd5 + pJp. These algebras are equivalent. Indeed, under

the change p = ]:), p = Inp we have Y = Y5, while the operators in L;; remain unchanged. By
D

the change, the equation of state implies the identity In(pf(5(S)p)) = f(f(9(S)p)) +g(S). The
change 7 = pg(S) yields the identity —f(f(7))+In(7 f(7)) = In(g(S)) + g(S), where variables 7
and S separate. One can assume that both the sides of the identity vanish: ¢(S) = —In(g(95));
In(7f(7)) = f(f(r)). Therefore, functions g, f are determined in terms of functions g, f, i.e.
the equations of state are consistent. At that, in system only the first equation changes
Dinp = (14 pf'(p))DInp, if f(p) is variable.

The commutator of Y; with all the operators X;, i = 1, 11, vanishes. Thus, algebra L5 is the
direct sum of two ideals Lo = L1;®{Y;}. Then we list the subalgebras of various dimensions by
means of known subalgebras Ly [4, Appendix]|. At that we make use of internal automorphisms
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appearing while solving the initial problem for the linear equation X, = [X ', Y], X' | yeo = X,
Y = X;,Y1, i = 1,11 [2] in Lie algebra Ly, where X = 2°X; +¢°Y;, X' = 21/ X; + y°'Y;. All
the internal automorphisms are compactly written in Table 2

Table 2

T [pi(2)) = pi(z) + 2a) — a) x ps(x)

() = pi(z) — 200, pa(2) = pa(x) — ai x p3(x)
O pl(x/) = Op1($)7p2(37/) = Op2($)7]93(95/) = Ops(7)
Ao | p1 (xl) = p1(x) + argpa(x), 210 104 gzt
A pl(xl) = a11p1($), ' = ay 2’0
By ?JO, = b1y’
€1 pl(xl) = _pl(x)7p2<'r/) = —pa()
€2 pz(iﬁl) = —p2($)>3310/ = —z'

where a1 = (a1, as,a3), &b = (a4, as,ag), a0, a1, by are the parameters of automorphisms, O
is the rotation matrix defined by the rotation angles around one of orthogonal axes, and ey, €9
are noticed discrete automorphisms.

We deduce the rule of construction of n-dimensional non-similar subalgebras in L, = L11®Y,
where n = 2,3,...,12, by means of internal automorphisms.

A subalgebra of dimension n in Lqy is determined by the basis a Y] + Z1, asY; + Zs, ...,
a, Y1 + Z,. We can assume that a; # 0, i.e., subalgebra in L5 essential. Then automorphism
B; makes oy = 1. Subtracting operator Y; + Z; multiplying by an appropriate coefficient from
the others gives ap = ... = a,, = 0.

Operator Z; is defined up to a linear combination of operators Zs, ..., Z,. The commutators
of basis operators of subalgebras Z; + Y, Zs, ..., Z, are

[Z1+Y1’ chj Zle] (3)

since (Y1, Z;] = 0; [Z;, Zi) = Y oy - Zi, k=2,....n

Thus, Zs, ..., Z, is an ideal of dimension n — 1 in subalgebra Y| + 7, Z,, ..., Z, C L1 and
is an ideal in subalgebra Zi,..., 7, C Ly if Z; # 0. Thus, we can list subalgebras in L5 as
follows. We choose subalgebras Zs, ..., Z, in the optimal system L;;. Then we add operator

Z1 + Y1 to the basis ones, where we subtract a linear combination of operators Zs, ..., Z, from
Zy. The form of operator Z; is specified by calculating the commutator by formula (3). The
simplest form for Z; is obtained by internal automorphisms preserving operators Z, ..., Z,.

Remark 1. Once Z; = 0, it is the trivial subalgebra of Li5. We do not add such subalgebras
in Table 3.

Let us show how one can calculate a subalgebra in the optimal system for Li5. To the
subalgebra in L;; with the number 3.35, the basis al + 4, b3 + 5, b2 — 6, a®? + b*> = 1, in
accordance with the calculation rule we add the operator Y; + 21 X! + ... +21; X! from which
we subtract a linear combination of the operators al+4, b3+5, b2—6. We find the commutators:

[al +4, Y1 + o X' + ...+ xllel] = —ax® X5+ ax® Xy + ax'' Xy — 28X + 27X — 219X,
=1 (al 4+ 4) + 1 (b3 +5) + 71(b2 — 6)

B3 +5 Y + 2 X' + .+ X = — 02" Xy + 028X, + bt X+ 27 X — 27Xy — 210X,
=Xao(al 4+ 4) + pz(b3 + 5) + 72(b2 — 6)

02 —6,Y) + 2 X'+ ..+ 2 XM =ba" Xy — b2 X, + b Xy 4+ 27 X5 — 28X, 4+ 20X,
=X3(al +4) + p3(b3 +5) + 73(b2 — 6).
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Comparing the coefficients at the like basis operators implies the system of equations: ax!! =

0;az® = ba®; —ax® = ba%b2® = —az®; —ba" — 210 = —ba" b2t = 0; —b2® = —ax®; 20 =

0;a% + b* = 1. Its solution reads as 2® = 2% = 2! = 2!! = 0. Thus, the subalgebra becomes
al +4,b3+5,02—6, Y, +2'X; + 22X, + 22 X3 + 27 X;. The internal automorphisms simplify
the form of the subalgebra.

If 27 # 0, then automorphisms T, A;; (Table 2) imply al + 4, b3 + 5, b2 — 6, Y; + ¢l + 7,
a’® + b? = 1. We obtain subalgebra 4.42 in Table 3. If 27 = 0, it yields al + 4, b3 + 5, b2 — 6,
0 1 b 0
b 0 0 -1
and z* by the angle p. Angle ¢ can be chosen so the coefficient at 3 vanishes

simultaneously

) Y Y ?

Y] + ¢l + d2 + e3. Automorphism O rotates vectors

around axes !

(tanp = _76) after the transformation, while by a change of basis the second and the third

operator cast into the original form. As a result we obtain the subalgebra al +4, b3+ 5, b2 — 6,
Y +cl+d2, a®> +b* =1, ¢ + d* = 1 with the number 4.43 in Table 3.

Theorem 1. All non-similar nontrivial subalgebras of Lis are given in Table 3, where r is
the dimension of a subalgebra, i is the index of a subalgebra of a given dimension, and in the
last two columns we provide the number of subalgebras in Ly by which we construct a subalgebra
in Lis. At that, if we neglect the operator involving Y7, we obtain a subalgebra of the dimension
less by one in the optimal system for Lq;.

Table 3
Optimal system of non-similar subalgebras for Lo
r |i | Basis of subalgebra i (L11)
r—1, ¢ 1
2 |1 | M+c7T+11, Y1 +ad+ 7 1.1 2.1
2 lad+7, Y, +bd+11 1.2,1.3 |21
3 110, Y1 +7+all 1.10 2.2, 2.5
4 [4+410,Yi+al+7 1.9 2.3
5 |7T+c¢(4+10), Y1 +al+4+10 1.5 2.3
6 |1+7, Y +10 1.4 24
7 110, Vi + 147 1.10 2.4
8 |7+¢€10,Y14+10;e=0V1 1.3,1.6 |25
9 |10, Y7+ 7 1.10 2.5
10| 10, Y7 + 11 1.10 2.6
11| 04+7T+all,Y1+4,a#0 1.1 2.7
1214, Y1+ 7+ all 1.12 2.7,2.10
1311, Y1+044+74+all;a#0 1.13 2.8
14el+7 Y, +4 1.3, 1.4 [2.9,2.10
1514, Y1 +el+7 1.12 2.9, 2.10
16| el+7, Y, +1 13,14 [2.11
17| ad+7,Y1+1, a0 1.2 2.11
18 a4+ 7410, Y, +1 1.5 2.12
191, Y 4+ ad + 7 +¢10 1.13 2.11,
2.12
20 (a4 +11, Y, +5 1.7 2.13,
2.14
2114, Y1 +ab+ 11 1.12 2.14
2211, Y7 +ad+ 05+ 11 1.13 2.15
23110, Y7 +1 1.10 2.17
2411, Y1+ 10 1.13 2.17
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254+10,Y; +al+3 1.9 2.18
263, Y, +4+ab+ 10 1.13 2.18
27 14+10,Y; +1 1.9 2.19
281, Y, +4+10 1.13 2.19
29 |al+c3+5, Y, +bl +d2+6;a> +b*+ (c+d)?=1 1.11 2.20
30|3+5,Y,+2—-6 1.11 2.21
3115, +6 1.12 2.22
32|3+4,Y; +2 1.11 2.23
33|al+2,Y; +3+4 1.13 2.23
34| 02+4,Y, +al +2 1.11, 2.24
1.12
35|al +2,Y, +4 1.13 2.24
36|3+4, Y +1 1.11 2.25
3711, Y, +3+4 1.13 2.25
3814, +1 1.12 2.26
391, +4 1.13 2.26
40 | a2+ 3, Y + 2 1.13 2.27
1 [ad+7,b4+11,Y, +4 2.1 3.3
2 110, 7+ all, Yy + 11 2.2,2.5 |32
3 |al+7,4410,Y; +1 2.3 3.6
4 147,10, +1 2.4 3.5
517,10, Y; +1 2.5 3.5
6 [10,11,Y, +7 2.6 3.2
7 14, 74+all, Y, +11 2.7,2.10 | 3.3
8 |1,b44+T7T+all,Yi+cd+dll,a#0,+d*=1 2.8 3.4, 3.12
9 |4,el+7, YV +1 2.9,2.10 | 3.13
101, a4 +7,Y; + b4+ 11 2.11 3.4
111,044+ 7, Y, +b4+c10, > + 2 =1 2.11 3.5, 3.6,
3.13
121, a4+ 7+10, Yy + b4+ c10, 0> +* =1 2.12 3.5, 3.6,
3.18
134,11, Y7 +5 2.13 3.21
144,11, Y, +7 2.13 3.3
15(4,a5+11, Y, +b5+c6,a #0, 0> +c* =1 2.14 3.21
16[1,a4+b54+11, Y, +c4d+do+e6, 2 +d>+e2 =1 2.15, 3.22,
2.16 3.23,
3.24
1711, a4+ 11, Y, +c4 +7 2.15, 3.4
2.16
181,10, Y, + a2+ b4, a®> +0* =1 2.17 3.28,
3.29,
3.33
191,10, Y, +ad +7 2.17 3.5
20(3,4+a6+10, Y, +bl +c24+d6, b* + 2 +d*> =1 2.18 3.27,
3.30,
3.31,
3.32
2111,44+10, Y, +a2+ b4, > + 0> =1 2.19 3.28,
3.29,

3.31
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2211,44+10,Y, +b4+7 2.19 3.6
23 | al+c3+5, b1+d2+6, Yy +el+ f3+¢e4, a’>+b*+(c+d)? = | 2.20 3.34
L (e2+f2=1,e=0)
2413+5,2—6,Y1+ad+T7,a#0 2.21 3.9
25|/34+5,2—6,Y; +el+7 2.21 3.9
26[3+5,2—6,Y+al +b2,a®>+0° =1 2.21 3.37,
3.40
27134+5,2—6,Y; +a2+4 2.21 3.34,
3.35
28 15,6, Y +ad+ 11 2.22 3.21
29 15,6, Y +a2+4 2.22 3.35,
3.36
30| al+2,3+4, Y, +bl4+c3+d5+eb, b*>+c2+d*+e2=1223 3.37,
3.44
31 al+2,4,Y, +b5+c6+ 11 2.24 3.22
321al+2,4,Y, +dl+e3+ f5+h6, d>+e2+ f2+h2=1]224 3.37,
3.38,
3.39,
3.41,
3.42,
3.45
3311,3+4, Y, +ad5+ 06+ 10 2.25 3.27,
3.28
34(1,3+4,Y1 +a2+b5+6 2.25 3.37
35(1,3+4,Y, +a3+5 2.25 3.37
36[1,34+4, Y +a2+b3,a°+b°=1 2.25 3.44
3711,4, Y, +7+al0+bll,a-b=0 2.26 3.12,
3.13,
3.18
38 (1,4, +ab+ 11 2.26 3.23,
3.24
39(1,4,Y; +a5+ 10 2.26 3.27,
3.29
401 1,4, Y1 +a3+5 2.26 3.37
4111,4,Y; +2 2.26 3.45
4212, 3, Y1 +ad+ 7+ 011 2.27 3.14,
3.15,
3.17
4312,3,Y; +ad + b5+ 11 2.27 3.25,
3.26
44 12,3, Y] +ad + b5+ 10 2.27 3.30,
3.31,
3.32,
3.33
4512, 3, Y, +4+ b5 2.27 3.42,
3.43
4612,3,Y,+5 2.27 3.45
4712,3, Y1 +1+b5 2.27 3.44,

3.46
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48 12,3, Y, +ad +7+0b10,b#0 2.27 3.19,
3.20
1 [7,809 Y, +11 3.1 4.1
2 17,89 Y, +10 3.1 4.2
3 11,a4+7,b4+11,Y; +4 3.4 4.5
4 [1,10,b4+7+all, Y, +c4+dll, *+d*> =1 3.5 4.3, 4.7
5 |1,4+10,a4+7,Y; +4 3.6 4.7
6 |1,10,a4+11, Y, +04+c7, 0> +c* =1 3.7 4.3, 4.12
7 15,6044+ 7+all,Yi+cd+dll,a#0,*+d*=1 3.8 4.4, 4.15
8 |3+5,2—6,al+b4+7,Yi+cl+dd, +d>=1 3.9 4.17,
4.20
9 |5,6,el+ad+T7, YV +bl+c4, 0> +c*=1 3.10, 4.16,
3.11 4.18,
4.19
10(5,6,a4+7,Y, + b4+ 11 3.11 4.4
11]1,4, 7+all, Y +11 3.12, 4.5
3.13
12(1,4,7, Y.+ 10 3.13 4.7
13(2,3,b4+7+all, Y, +c4+dll, 2+d*=1,a#0 3.14 4.6, 4.21
14(2,3,a4+7, Y, +04+11,a #0 3.15 4.6
15(2,3,a4+7, Y1 +bl+c4, b*+c*=1,a#0 3.15 4.21,
4.22,
4.24
16]2,3,1+7,Y, +ad+10 3.16 4.10,
4.11
1712,3,1+7, Y1 +al +b4, a>+0*> =1 3.16 4.22,
4.24
18(2,3,7, Y, + a4+ 11 3.17 4.6
1912,3,7, Y, +ad4+10 3.17 4.9, 4.11
2012,3, 7, Y1 +al +b4,a>+b>=1 3.17 4.21,
4.24
21[1,4,74+10,Y; +10 3.18 4.7
2212,3,a4+7+al0, Y, +bl+c(4+10), > +c2=1,a#0|3.19 4.11,
4.25
2312,3,7+10,Y; +al +010, a*> +b* =1 3.20 4.9, 4.10,
4.25
2415,6,a4+11, Y, +bd +cT, >+ 2 =1 3.21 4.4, 4.26
25(1,a44+5,b4+c6+11,Y, +dd+e6, d*>+e>=1 3.22 4.27,
4.28,
4.29
26[1,4,ab+11, Y1 +05+c6, >+ =1,a#0 3.23 4.29
2711,4,11, Y1 +7 3.24 4.5
2811,4,11, Y7 +5 3.24 4.29
2912,3,a4+05+11, Y, +cd+d5+eb6, > +d*+¢e*=1,]3.25 4.30,
b#£0 4.31
3012,3, a4+ 11, Y, + b4+ 7 3.26 4.6
31(2,3,a4+11, Y, + b4+ 5, b*+ % =1 3.26 4.30,
4.32
3213,al +02+6,44+10, Y, +cl+d2, 2 +d*=1 3.27 4.35,

4.36
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3311,2+4,10, Y1 +a2+ b3, a® +b* =1 3.28 4.37,
4.38
3411,4,10,Y, + a7+ 11 3.29 4.7, 4.12
35| 1,4,10, Y7 +7 3.29 4.7
36(2,3,44+a5+10, Yy + bl +cH+db, b* +c* +d* =1, |3.30 4.35,
a0 4.39
3712,3,5+10, Y, +al + 05+ c6, a*> +b* +* =1 3.31 4.36,
4.37,
4.38,
4.39
3812,3,e4+10,Y, +al +7 3.32, 4.9, 4.10,
3.33 4.11
39(2,3,4410,Y; +al +05, a*+b* =1 3.32 4.35,
4.39
4012, 3,10, Y] +al +b5, a2 +0* =1 3.33 4.37,
4.38,
4.40
41| —a2 + b3+ 4, al +d2 — 3+ 5, =bl + 2 + e3 + 6, | 3.34 4.41
Yi+ f1+g2+h3, f2+g*+h? = 1, a®(e—d)*+b*e2+32d* =
1
42 1al +4,03+5,b2—6,Y, +el+7,a®>+b =1 3.34, 4.17,
3.35 4.18
43 | al+4,b3+5,02—6, Y1 +cl+d2, a®>+bv* =1, 2+d*> =1 3.35 4.41,
4.42
44 14,5,6, Y, +a7+11 3.36 4.15,
4.26
4514,5,6, Y, +el +7 3.36 4.16,
4.18
46 14,5,6,Y; +1 3.36 4.43
47 | al+3,01+5,cl +d2+6, Y, +el+ f2+4, e+ f2=¢, | 3.37 4.41
P+c24+d2=1
48 [al +3, b1 +5,cl +d2+6, Y, +el + f2, 2+ f2 =1, |3.37 4.44,
V+c2+d>=1 4.47
49 [al +3,5,6,Y; +b4+11 3.38 4.27,
4.28,
4.29
50| al +3,5,6, Y, +bl +c2+4, 0> +c=¢ 3.38 4.41,
4.43
51| al +3,5,6, Y, +bl+c2, 0> +c* =1 3.38 4.46,
4.47
52[1,3+5,a2+6,Y; +02+c3+4,a# —1 3.39 4.41
5311,3+5,a2+6, Y1 +02+c3, >+ =1 3.39, 4.44,
3.40 4.47
5411,34+5,2—6, Y1 +ad+7 3.40 4.20
55|1,34+5,2—6,Y, +b2+c3+4 3.40 4.41,
4.42
56| 1,5,6,Y; +ad+ b7+ 11 3.41 4.19,
4.28
5711,5,6, Y, +b4+7 3.41 4.19
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58(1,5,6, Y1 +a2+b3+4,a®>+b* =¢ 3.41 4.41,
4.43
5911,5,6, Y +a2+0b3, a2 +b* =1 3.41 4.47
602,34, Y1 +7+0b11,0#0 3.42 4.21
61]2,3,4, Y, +b1+7 3.42 4.21,
4.22
622, al +3,4, Y, +l+b5+c6, 0> +c*=1 3.42 4.44,
4.47
63]2,al+3,4, Y, +1 3.42, 4.48
3.43
64 12,3, 4, Y, +a7+11 3.43 4.21
6512,3,4, Y, +el+7 3.43 4.21,
4.22
66|2,3,4, Y1 +el+adb+06,a>+0*>=1 3.43 4.44,
4.47
6711,2,34+4,Y,+ab+ 06+ 10 3.44 4.35,
4.36,
4.37
6811,2,34+4,Y,+a>+6 3.44 4.44,
4.45
6911,2,34+4, Y, +a3+5 3.44 4.45
70(1,2,34+4,Y;+3 3.44 4.48
7101,2,4, Y1 +ad+b6+cl0+dll, 2 +d?> =1 3.45 4.30,
4.35,
4.36,
4.38
7201,2,4, Y, +b5+6 3.45 4.47
7311,2, 4, Y1 +a3+0b5, a>+b2=1 3.45 4.45,
4.46,
4.48
7411,2,3,YV1+ad+7+ecl0+cll,c#£0=ec=0 3.46 4.23,
4.24,
4.25
7511,2,3, Y, +ad+ 11 3.46 4.33,
4.34
76| 1,2,3, Y, +e4+10 3.46 4.39,
4.40
7711,2,3 Y, +4 3.46 4.48
1 [7,8,9,10,Y; +11 4.2 5.1
2 |1,a4+7,10, b4+ 11, Y, +4 4.3 5.2
3 15,6,a4+7 b4+11,Y, +4 4.4 5.4
4 12,3,a4+7,04+11,Y; +4 4.6 5.6
5 |1,4,10, 7+all, Y, + 11 4.7 5.2
6 |2,3,10,7+all, Y, +11 48,49 [5.3
7 12,3,e1+7,10, Y, +1 4.9,4.10 | 5.8
8 12,3,al4+7,4+10,Y,+1 4.11 5.9
9 |1,4,10,11, Y, +7 4.12 5.2
1012, 3,10, ab+ 11, Y, + b5 +¢6, b+ =1 4.13, 5.10
4.14
11]2,3,10, 11, Y, +7 4.14 5.3
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1214,5,6,7+all,Y; +11,a#0 4.15 5.4
1314,5,6,7, Y, +al +b11,a® +b* =1 4.16 5.4, 5.18
14al+4,3+52—6,b1+7 Y, +1 4.17 5.25
15(al+4,5,6,b14+7, Y, +1,a>+0* =1 4.18 5.18
16[1,5,6,b4+7+all, Y, +cd+dll, Z+d>=1 4.19 5.5, 5.18
17(1,34+5,2—6,a4+7,Y; +4 4.20 5.25
1812,3,4,74+all, Y, +11,a #0 4.21 5.6
192,34, 7, Y1 +bl+cll, >+ =1 4.21 5.6, 5.24
20(2,3,4,1+7,Y,+1 4.22 5.24
2111,2,3, b4+ 7+all, Y, +cd+dll, c+d>=1,a#0 [4.23 5.7, 5.23
2211,2,3, a4+7, Vi +bd+cll, >+ =1 4.24 5.7, 5.24
2311,2,3,a4+7,Y, +bd+cl0, 0>+ =1 4.24 5.8, 5.9,
5.24
2411,2,3,a4+7+10, Y, +bd+c10, 0> + 2 =1 4.25 5.8, 5.9,
5.28
2514,5,6,11, Y, +7 4.26 5.4
261, a4 +5,6,b4+11, Y, +4,a#0 4.27 5.29
2711,5,6, a4+ 11, Y, +bd+c7, 02+ 2 =1 4.28 5.5, 5.29
2811,4,6,a5+11, Y, +5 4.29 5.29
2912,3,a4+6,b4+cH+11,Y, +dd+e5, d>+e2=1 4.30 5.30,
5.31 5.32
3012,3,4,a5+11, Y, +b54+c6, > +c2=1,a#0 4.31 5.32
3112,3,4, 11, Y, + 7 4.32 5.6
3212,3,4,11, Y, +5 4.32 5.32
3311,2,3,a4+11, Y, +04+7 4.33, 5.7
4.34
34(1,2,3,a4+11, Y, + b4 +c5, 0>+t =1,a#0 4.33 5.33
3511,2,3,11, Y, + 4 4.34 5.34
36[2,3,al+5 4+06+10,Y, +cl+d6, Z+d>=1 4.35 5.13,
5.15,
5.17
3712,3,al4+5,64+10, Y, +bl +c6, b+ =1 4.36 5.14,
5.16,
5.17
3812,3,1+5,10,Y; +al +06, a*> +b* =1 4.37 5.12,
5.14,
5.16
3912, 3,5,10,Y; + a6 + 11 4.38 5.10
4012, 3,5, 10, Yy +al + b6, a® + b* =1 4.38 5.12,
5.14,
5.16
4111,2,3,4410,Y; +ad+7 4.39 5.9
4211,2,3,4410, Y, + a4+ b5, a®> + > =1 4.39 5.17
4311,2,3,10, Y, +ad + 7+ bl11 4.40 5.8
4411,2,3,10,Y; +ad +b11, a> + 02 =1 4.40 5.11,
5.12
45 |1, a2+03+4, c3+5,d2+6, Y1 +3, a*> +b*+ (c+d)* =1 | 4.41 5.36
46[1,4,3+5,2—6,Y, +7 4.42 5.25
4711,4,3+5,2—6,Y; +a2+ 03, a*> + > =1 4.42 5.36
48 11,4,5,6, Y, +7+all 4.43 5.18
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4911, 4,5,6,Y; +11 4.43 5.29
50(1,4,5,6,Y +2 4.43 5.35
512, 1+a3,3+5,6,Y, +03+c4, > +c%=1 4.44 5.36,
5.37
5212,3,1+5,6,Y; +a4+ 10 4.45 5.13,
5.14
5312,3,1+56, Y, +4 4.45 5.36
54 12,3, 1+5,6,Y; +1 4.45 5.37
5512,3,5,6, Y, +a4+ b7+ 11 4.46 5.1,
5.31
56[2,3,5,6, Y, +a4+ b7+ 10 4.46 5.15,
5.16,
5.26,
5.27
5712,3,5,6, Y, +4+a7 4.46 5.20,
5.35
5812,3,5,6, Y +al +b7,a®+0*=1 4.46 5.21,
5.22,
5.37
59 |14a3,2,5,6,Y; +b4+11 4.47 5.30,
5.32
60 1+a3, 2,56 Y, +b3+cd b¥>+c2=1 4.47 5.35,
5.36,
5.37
61[1,2,3,4, Y, +7+all,a#0 448 5.23
62]1,2, 3,4, Y, +7+al0 4.48 5.24,
5.28
63]1,2, 3,4, Y +ab+0b10, a®> + b =1 4.48 5.12,
5.17,
5.37
641,23, 4, Y +ab+ 11 4.48 5.33,
5.34
6 [1 [1,5,6,a4+7 b4+11,Y, +4 5.5 6.4
2 11,2, 3,a4+7,04+11,Y, +4 5.7 6.5
3 11,2,3,10,b44+7+all, Y1 +cd+dll, 2+d>=1 5.8 6.3, 6.11
4 11,2,3,a4+7,4+10,Y;, +4 5.9 6.11
5 12,3,5,10, a6+ 11, Y; +6 5.10 6.12
6 |1,2 310,11, Y, +ad+7 5.11 6.3
7 11,2,3,10,11,Y; +4 5.11 6.14
8 [1,2,3,10,4+all, Yy +b4+7 5.12 6.3, 6.11
9 [1,2,3,10,4+all,Yi+bd+c5, 0+ =1 5.12 6.13,
6.14,
6.21
10]2,3,al+5,6,4+10,Y74+1,a#0 5.13 6.22
11[2,3,14+5,6,10,Y; +1 5.14 6.21

lin work [], Appendix, Optimal system of subalgebras of main algebra, in subalgebra 5.19 there is a misprint,

see book [I], Appendix, Table 2, subalgebra 5.10.
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1212,3,5,6,e4+10, V1 +al + b7, a®> +b*> =1 5.15, 6.8, 6.9,
5.16 6.10,
6.21,
6.22
13]1,2,3,6,4410, Y1 +ad+b5, a>+b>=1 5.17 6.21,
6.22
1411,4,5,6,7+all, Y, + 11 5.18 6.4
15(2,3,5,6,7+all, Yy +bd+cll, B+ 2 =1 5.19, 6.6, 6.15,
5.22 6.17
16 5,6,a4+7, Y +bd+11,a#0 5.20 6.6
17 5,6,a4+7, Y +bl+c4, B2+ =1,a#0 5.20 6.16,
6.17,
6.19
18 5,6, 1+7, Y +a4+10 5.21 6.9, 6.10
19 5,6, 1+7, Y, +4 5.21 6.16
20 5,6, 1+7, Y1 +1 5.21 6.19
21 5,6,7 Y +4+010 5.22 6.10,
6.17
22 5,6, 7 Y +10 5.22 6.8
23 5,6,7, Y +1 5.22 6.19
24 3,4, 7+all, Y +11 5.23, 6.5
5.24
25(1,2,3,4,7,Y; +10 5.24 6.11
26 5,6, a4 +7+al0, Yy +bl +cd+c10,0° +c* =1, | 5.26 6.10,
0 6.20
2712,3,5,6, 7+10, Y, +al +b10, a®> +b* =1 5.27 6.8, 6.9,
6.20
28 3,4,7+10,Y; +10 5.28 6.11
29 5,6,11, Y, +7 5.29 6.4
30 5,6,b4+11,Y, +7 5.30 6.6
31 ,a4+5,6,b4+11,Y, +4 5.30, 6.23
5.31
3212,3,5,6,b4+11,Y, +c4+7 5.30, 6.6
5.31
33 4,6,ab+11,Y; +5 5.32 6.23
34 3,4,11, Y, +7 5.33, 6.5
5.34
3511,2,3,4,a5+11, Y, + b5+ ¢6, 0> + > =1 5.33, 6.24
5.34
3612,3,4,5,6,Y, +a7+11 5.35 6.15,
6.23
3712,3,4,5,6, Y1 +al +b7, a2+ 0> =1 5.35 6.16,
6.17,
6.25
38 4,5,1+6,Y; +1 5.36 6.25
39 3,5,6,Y; +ad+b7+11 5.37 6.18,

6.24
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4011,2,3,5,6, Y1 +ad +b7+cl0,a®? + >+ =1 5.37 6.19,
6.20,
6.21,
6.22,
6.25
1 [4,5,6,7,8,9, Y, +11 6.1 7.2
2 11,2,3,7,8 9, YV, +11 6.2 7.1
3 11,2,3,7,8,9,Y, 4+ 10 6.2 7.3
4 11,2,3,a44+7,10,b4+11,Y; +4 6.3 7.5
5 12,3,56,a4+7,b4+11,Y; +4 6.6 7.8
6 123,56, 7+all, 10,Y; +11 6.7,6.8 |74
7 12,3,5,6,el4+7,10,Y; +1 6.8,6.9 |7.6
8 12,3,56,al +7,4+10,Y; +1 6.10 7.7
9 1,2,3,4, 7T+all, 10, Y; + 11 6.11 7.5
10]2,3,5,6,10,11, Y, +7 6.12 7.4
11]1,2,3,4,10,ab+11, Y1 +05+c6, >+ =1,a#0 [6.13 7.10
121]1,2,3,4,10,11, Y, +7 6.14 7.5
13]1,2,3,4,10,11,Y; +5 6.14 7.10
14(2,3,4,5,6,7+all, Y; +11 6.15, 7.8
6.17
15(2,3,4,5,6,1+7,Y,+1 6.16 7.12
16]2,3,4,5,6,7,Y; +1 6.17 7.12
1711,2,3,5,6, b4+ 7+all, Y, +c4d+dll, > +d*> =1, |6.18 7.9, 7.11
a#0
1811,2,3,5,6,a4+7,Y, +b4+11 6.19 7.9
19(1,2,3,5,6, a4 +7+¢€10,Y; + b4+ 10, >+ =1 6.19, 7.6, 7.7,
6.20 7.12,
7.13
20(1,2,3,5,6,10,Y; +ad +b7+cll,a®> + 0> +c2 =1 6.21 7.6, 7.10,
7.14
2111,2,3,5,6,4+10,Y; +ad +b7,a> +b* =1 6.22 7.7, 7.14
2212,3,4,5,6,11, Y, +7 6.23 7.8
2311,2,3,5,6,a4+11, Y, +bd+c7, 0>+ =1 6.24 7.9, 7.15
2411,2,3,4,5,6,Y, +a7+ 11 6.25 7.11,
7.15
2501,2,3,4,5,6,Y; +a7+ 010, a> +b* =1 6.25 7.12,
7.13,
7.14
1 ]1,2,3,7,8,9,10, Y, + 11 7.3 8.1
2 11,2,3,5,6,10,b4+74all,Yi+cd+dll, > +d>=1|76 8.2, 8.3
3 11,2,3,5,6,a4+7,4+10,Y; +10 7.7 8.3
4 11,2,3,5,6,a4+7,b4+11, Y, +4 7.9 8.4
5 11,2,3,5,6,10, a4 +11, Y, +bd+c7, b2 +c* =1 7.10 8.2, 8.5
6 [1,2,3,4,5,6,7+all,Y; +11 7.11, 8.4
7.12
7 11,2,3,4,5,6,7+¢10, Y] + 10 7.12, 8.3
7.13
8 11,2,3,4,5,6,10,Y; +a7+bll, a> +b* =1 7.14 8.3, 8.5
9 11,2,3,4,5,6,11,Y; +7 7.15 8.4
1 [1,2,3,5,6,a4+7,10,b4+11,Y, +4 8.2 9.1
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2 [1,2,3,4,5,6, 7+all, 10, Y; + 11 8.3 9.1
3 11,2,3,4,5,6,10,11,Y; +7 8.5 9.1
101 |1,2,3,4,5,6,7,8,9, Y, + 10 9.2 10.2
2 11,2,3,4,5,6,7,8,9,Y; + 11 9.2 10.1
11(1 |1,2,3,4,5,6,7,8,9, 10, Y, + 11 10.2 1.1

Remark 2. If we cross out Y] in the last operator in the basis for L5, we obtain the subalgebra

in L;; whose index is indicated in the last column.

1
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