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GENERALIZED DUNKL OPERATOR

I.I. KARAMOV, V.V. NAPALKOV

Abstract. In the paper we introduce a generalized Dunkl operator acting in the space of
entire functions on C. We study problems of harmonic analysis related with this operator
and show its connection with the Gelfond-Leont’ev operator of generalized differentiation.

Keywords: Dunkl operator, eigenfunction, Dunkl convolution operator, Dunkl transform,
characteristic function, hypercyclic operator.

1. INTRODUCTION

Let H(C) be the space of entire functions with the topology of uniform convergence on
compact sets, H*(C) is the strongly dual space for H(C), F¢ is the space of entire functions
of exponential type. It is known that space H*(C) is isomorphic to Hy({oo}), which is the
space of functions analytic in the vicinity of the point at infinity and vanishing at the point oo
(see, for instance, [I]). Moreover, if F' € H*(C) and gr € Hy({oco}) is the associated function
(according to the mentioned isomorphism), then

(F.f) = 5 [ F)or(a) (1.1

where f € H(C), C' is a closed rectifiable contour enveloping all the singularities of function gg
and located in the analyticity domain for this function.
Consider the generalized Dunkl operator A on H(C)

d m—1
Af(2) = T f() + g 3 a;flayz), zeC, (1.2)
§=0

2mij . —

where a; = em, j =0,m—1, f € H{C), m is a fixed natural number obeying m > 2.
Without loss of generality, in what follows we assume ¢ = 1.
This operator generalizes the studied before in work [2] Dunkl operator

DI() = () + S(f(2) — (=), zeC

Dunkl operators (cf. [3]) are differential-difference operators with finite groups of reflections
in some Euclidian spaces. These operators play an important role in various problems of
mathematics and physics (cf., for instance, [4]). We study problems of harmonic analysis
related with operator (Dunkl shift operators, Dunkl convolution, Dunkl transform and so
forth).

Consider the function g € Hy({oo})

m—1 2mig
1 e m
z - z —

j=0 m
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According to the aforementioned isomorphism, this function is associated with a functional
F € H*(C). We take the Laplace transform of this functional F'(u) = (F,e**). Applying (1.1)),
the transform F' can be written as

m—1 27”] m—1
o ]. 1 2mig
F(p) = 5 /6“29(2) dz = — < w) de=p+y en . (13)
C

271 271
C J=0 m J=0
Here contour C' envelopes the origin and points 27”] , 7 =0,m — 1. We introduce the function
> 4
+ ~—= —. 1.4
— F(L)F(2)...F(k)

In the second section we study the properties of eigenfunctions y, of operator A associated with
an eigenvalue A and obeying condition y,(0) = 1. We shall show that function y, is determined
by the solution y,(z) = y(\z), where function y is defined by (L.4).

Then by (1.2) we construct Dunkl shift operator 7,, (Section 3):

k

(Twf)(z )+ Z ﬁ(k) A*f(2), zweC. (1.5)

Then Dunkl convolution operator of a functional 7' € H*(C) and a function f € H(C) is
determined as

Myf](z) = T f(2) = (Tw, (ru f)(2)),  z,weC. (1.6)
In conclusion we introduce Dunkl transform of functional T € H*(C)
D(T)N) =T\ = (T,y(\2)), XeC, (1.7)

which establishes a topological isomorphism between spaces H*(C) and Pc. We also consider
generalized convolution equations, both homogeneous and non-homogeneous.

2. EIGENFUNCTION OF DUNKL OPERATOR A

Proposition 1. a) The eigenfunction yx of operator A associated with an eigenvalue A and
obeying yx(0) = 1 is unique and is determined by formula (1.4]).

b) Function y(z) is an entire function of exponential type, and its type is o = 1.

Proof. a) Indeed, let y is defined by (|1.4]), then

Aly(rz)) = A (1+ _ AAka ) - Z AW A (2.1)
k

= FOOFQR) . - F(k)
Taking into consideration that

m—1 m—1

1 1
A(zk k2 aj e a?-}—lzk _
z zZ <
Jj=0 7=0
m—1
— (k: +> af“) K= F(k)* keN, F(0)=0, (2.2)
7=0

we obtain
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Let us prove the uniqueness of eigenfunction. Let d € H(C) be such that A(d(A\z))
If d(z) = >4, bkz", where by = 1, then

= Ad(Az).
me/\ Z b\ F( = - > beF(k)(A2)" (2.3)
k=0
On the other hand,
d(Az)) = A bp(r2)¥ (2.4)
k=0
Since by = 1, it follows from ([2.3]) and ( . ) that

by, =

.  k=1,2,....
Hence, d(A\z) = y(Az).

b) We recall that function f € H(C) is entire of exponential type if

3C,a>0: |f(z)] <Cel, zeC.
It follows from (|1.4) that

~——= —. (2.5)
i [FDEFQ).. F(R)|
Let us estimate |]3(1)13(2)

= |[FWIF@)...|F(k)| =
m—1 m—1 m—1
— 1S e 2+ 3 ke ST <
Jj=0 Jj=0 Jj=0
m—1 B m—1 B m—1
< (1 + e ) (2 + e ) (k+ i ) =
7=0 7=0 =0

Since F(k) takes the values:

ﬁ(k):{wrm, ifk=Im—1,1€N:

k,ifk#Im—1,1€N,
then it is obvious that

IF()F(2)... F
Thus,

(k)| > K 2.6)
K< |FO)FQ)... (k)| < (“Tf”)' (2.7)
By we get

o) ‘ B
Z = (2.8)
k=1

Consider the function ¢ (z

Z z and let us calculate its order. We recall that
— k +m)

o
the order of an arbitrary entire function f(z)

Z arz" can be calculated by the formula (cf
k=0
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[51)
— klnk
pr =
ag
Therefore,
— klnk — klnk
P = G 8 Tk )t —
T k;lnk; I — klnk _
k—oo Ikl k=oo Inv/27k + k(Ink — 1)
1 m)!

e ———— — > ,the orders of corresponding functions satisfy inequalit
IF()F(2)...F(k)| %+ m)! P g F e
py = py. Employing estimate , we conclude 1 < p, < 1. The latter means that the order
of function y is also 1.
Let us calculate the type for y. Since p, = 1, we can employ formula (cf. [5])

T k%7 4/ ax] = (oe07)" (2.9)
_>

where ay, the coefficients of function f € H(C), 0 < py < oo and oy is the order and type of f,
respectively.

In our case
1

- F()EFQ)...Fk)
Then, employing estimate (2.6)) and Stirling approximation k! ~ v/ 27rk(§)k , we deduce

k=1,2,..., ay=1.

— 1
hm kﬂy a| = hm k — — = lim k——
Viawl = ¢w FQ2)...F(k)| ko VA

1
= k(27rl<;) eklioo Qrk)E
Applying , we find oye = e. Therefore, o, = 1. Thus, y € Fc. O]
Proposition 2. The following product formula
y(Az) - y(Aw) = 1, (y(X))(2), z,w e C. (2.10)

holds true.
Proof. Employing (1.4]), we obtain

- Nk = w &
y(Az) ylw) = (1 " ; FEQ)... ﬁ(k)) W) =)+ ) FFe) . Fu M

Since A*y(A\z) = \y(\z), then

y(A2) - y(w) =y(Az) + > o v
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3. DUNKL SHIFT OPERATOR. DUNKL CONVOLUTION
We consider first the properties of operator (|1.2)).

Proposition 3. Operator A is a continuous mapping from H(C) into H(C).
Proof. Let f € H(C). Without loss of generality we can let f(0) = 1. We write (1.2 as

,_.

m—

Af( +é 04] lz

=0 7=0

.

1 (3.1)

Then employing Cauchy integral formula, for each R > 0 we obtain

A fln < ||f|rR+2|ag| 170 = G+ D7 e < (m o+ 1122

where || f|lr = max |f(2)]. Thus, A: H(C) — H(C) is a continuous operator. O

ES

Theorem 1. If f € H(C), f(0) =1, then f can be represented as

. A’“f (0) k
g ,\ F(k)z’ z e C.

Proof. Let
= Zanz", ap =1, z € C. (3.2)

Then by the continuity of operator A for each £k € N

o0

(A*F)(2) =) anAF(z"),

n=1

(n—l)...ﬁ(n—k—i—l)z”*k, k=1n, n=12,....

=
ol
~
=
I
Pk
S
)

In particular, A*(z%) = F(k)F(k —1)... F(1) and A*(z") =0 as n < k or n > k. Hence,

(A*£)(0) = apF(K)F(k —1)... F(1).

Thus,
Ak
ap = — _AHO) Ck=1,2...
Fk)F(k—1)...F(1)
Substituting the latter into (3.2)), we complete the proof. ]

Proposition 4. Series (1.5) converges in H(C) and 7,: H(C) — H(C) is a continuous
operator.
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Proof. Let f € H(C). By (B.1)) we obtain

(A2F)(2) =f"( —l—Zoz /1—1—%1 I (av, 2t) dt

Jj1=0

m—1m—1
+ZZ@J1 J2//t1f aJ1O‘J2Zt1t2) dt,dts,
71=0 j2=0 0
1

m—1

(A F)(2) =f"(2) + oz?l /(1 + aj,t + a?1t2)f"'(ajlzt) dt

j1=0

<.

m—1m—1 1
+ Z Z (1/]1 o //tl 1 + Oéhtl + OéJIOZJQtth)f (OéhO{JQZtth) dtldtg
72=0 0 0

71=0

m—1m—1

m—1
+ Z Z Z 04]1 ]2 i, ///t t2fm Oz]loznahztthtg) dt dtqdts.

J1=072=0 j3=0

By induction we get

(A f)(z) = [ + Z D ojtal,aj,

1 1
/ /Pkn tl,..., )f(n)(&jl...Oéjkztl...tk)dtl...dtk,
0 0

where Py, is a polynomial in ¢y, ... %, 1 < k < n, satisfying inequality
n
| Prn(tis - te <k) S te €10, 1].
Then taking into consideration that |y, | = |ay,| = ... = |y, | =1, k=1,...,n, n=1,2,..,
we obtain

n m—1 m—1
n
IA"Fle <IF ™+ E <k> d > lag et P

J1=0 Jx=0

<1+Z Z >Hf =1+ " = )m")| ) n

Jj1=0 Jk=0

By Cauchy integral formula, for each R > 0

n n!
Hf( )HR < ﬁHszR-

Then
n!
A" fllr < (1+ (2" = 1)m") n||f||23- (3.3)
Employing (3.3]), we find that for each R > 0 and |z| < R
: 1
i [ 2000 [ 2l
n—oo | F(1)F(2)... F(n) n—00 n! R
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It implies that for each z,w € C series (|1.5)) converges uniformly on each compact set C x C.
Thus, 7,,f € H(C). Let us show that ||7, f||r < M(R,w)| fll2r+4mfw|- This estimate will imply
the continuity of operator 7,,. Indeed, applying (3.3]), we obtain

k

'ﬂ@+22ﬁuﬁmy”ﬁ@f\ﬂd

17w fll2 <I7wf || £t2mpw =

R+2m|w|
<l o
<1+ (14 (2F -1 < M(R, -
( +;<R+2m|w|)k( o JmE) | 1F llar-2mpw (B, w) || fll2r-+am}uw|

The obtained series converges since

_ ((1 + (28 - 1)m"’>)!w!’“)’l“ _ 2mfel

T _
e (R + 2m|uw|)* R+ 2mu]

k—o0

Therefore, 7, is a continuous operator. O

The following statement characterizes the relation between generalized Dunkl operator and
Gel’fond-Leont’ev operator.

Theorem 2. Operator (1.2)) is a particular case of Gel’fond-Leont’ev generalized differenti-
ation operator.

Proof. We take a function f € H(C):

o
= E an2"
n=0

Gel'fond-Leont’ev generalized differentiation operator (cf. [6]) acts on function f as

o

bn—k n—Fk

= an_g__z ’
n=k n

where b,, are the coefficients of some entire function F(z) of order p (0 < p < 00) and type o
(0 < 0 < 00), at that b, # 0, n > 0, and there exists

lim ne {/ by = (O'Gp)%. (3.4)
n—oo

Consider the function

o0 o0

1
= bz =1 —— —2", by=1
Z +ZF(1)F(2)F(n)

n=1

It is obvious that b, # 0, n > 0. Since function y is of exponential type, taking into consider-
ation that o =1, employlng estimate . and Stirling’s approximation, we obtain

1 . 1
hm n\/]b h_}r{)lon A — = 7}1—{20“%
_ 1
—hmn—lzehm —=c
n—=o0  n(2mn)2n n—=00 (27n )20

Therefore, condition (3.4]) is satisfied. We apply operator A to f € H(C):

= i a,\(z
n=1
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It follows from (2.2)) that A(z") = F (n)z"~1. Therefore,
0o R 0o b .
ngla F(n)z E a b 2"

:ianﬁ(n) Zan n—l Z bus 22,
n=1

n=2 "
By induction in k, we see that if identity

" o F a by
AL f(2) = anF(n)F(n—1)...F(n—k+2)z" ! = Z a2k n—ke1

b
n=k—1 n=k—1 n

o

is satisfied, then

A f(2) =AM (2) = Y anF()F(n—1)... F(n— k+ 2)A(z"F+)

= @, F(n)F(n—1)...F(n—k+2)F(n—k+1)z Zan bt i
n=~k n
Thus, we have obtained the required representation. O

Let us provide some properties of Dunkl convolution operator ((1.6)). Let X be a topological
vector space, L be a linear continuous operator in X.

Definition 1. A linear continuous operator L: X — X 1s called hypercyclic, if there exists
an element x € X (called hypercyclic vector of operator L), such that its orbit {L"x, n =
0,1,2,...} is dense in X.

Each hypercyclic operator L is topologically transitive in the sense of dynamical system,
i.e., for each pair of open and non-empty subsets U and V' in X there exists n € N such that
L"U)NnV # @.

Definition 2. Point x € X is called periodic for L if L"x = x for some n € N.

Definition 3. Operator L: X — X 1is called chaotic if it is topologically transitive and its
has dense set of periodic points.

Proposition 5. Let T € H*(C).
1) Operator (1.6) acts continuously from H(C) into H(C).
2) Dunkl convolution operator is hypercyclic and chaotic on H(C).

Proof. 1) Consider sequence (f,)nen € H(C) :
fo— f, Mplf,] = gasn— oo, f,g€ H(C).
For each w € C it follows from Proposition 4 that
Twfn = Twf as n — oo in H(C).

Then
Mr[f.](z) = Mr[f](2) as n — oo for each z € C.
Applying theorem on closed graph, we obtain that Mp: H(C) — H(C) is a continuous operator.
2) Since Dunkl generalized differentiation operator is a particular case of Gel’fond-Leont’ev
generalized differentiation operator, Theorem 1 in work [7] holds true which implies that Dunkl
convolution operator is hypercyclic and chaotic. O]

4. (COROLLARIES OF THEOREM 2

Theorem 2 implies a series of important corollaries.
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4.1. Dunkl transform. Denote by P,(C) the space of entire functions of exponential type:
If(x)|<Ce, zeC, Ca>0,
where constant C' depends on f. In this space we introduce norm p,
pa(f) = sup |f(2)]e"F.
zeC
As it is known P,(C) is a Banach space. Then

P(C:UPa((C)

a>0

Space P¢ is equipped by the topology of inductive limit. We define Dunkl functional 7' € H*(C)
by the formula

Qn

D)) = (T y(w)) = a0+ 3 FOFR).. P

n=1

where a, = (T},, w"), n >0, z € C.
Applying the result of work [8], we obtain

Corollary 1. Dunkl transform © makes a topological isomorphism between spaces H*(C)
and P(C).

4.2. Convolution equation generated by generalized Dunkl operator. Consider
Dunkl convolution operator Mr[f](z) = (T, (Twf)(2)), z,w € C. In view of (1.5 we rewrite
it as

My (f)(z) = aof(z) + Z ﬁ(k)/\’“f(z) = el f(2), (4.1)
k=1 : k=0
where
Co = ag, Cp = k cap = (Ty,w™), k=1,2,....

F()F(2)...F(k)

4.2.1.  Homogeneous convolution equation. Homogeneous convolution equation is an equation
of the form Mr[f](z) = 0. By (4.1]) we get

z) = chAkf(z) = 0. (4.2)

The characteristic function of equation (4.2) is

T(\) = (T, y(\2)) = ag + S — AP
; F()F(2)...F(k) kZ:;

Taking into consideration Theorem 2 and the result of work [9], we obtain that equation
has solutions of the form z™y(™ (), z) =0,1,...,pn, — 1, n=1,2,..., where \{, A\, ...are
the zeroes of characteristic function T()\) of multiplicities p1, po, ..., respectively.

We call the solution of the form z™y™(\,z), m = 0,1,...,p, — 1, n = 1,2,... primitive
solutions to equation . We indicate the set of such solutions by E. Let W be a set of all
entire solutions to equation (4.2)). Then [9, Thm. 3.3.5] implies

Corollary 2. The closure of linear span of set E in H(C) coincides with W .
In H(C) we consider the non-homogeneous convolution equation

Mr[fl(z) = g(2), g(z) € H(C). (4.3)
Corollary 3 ([9])). Equation is solvable in H(C) for each function g € H(C).
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