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DISCRETE SPECTRUM
OF THIN PT7T-SYMMETRIC WAVEGUIDE

D.I. BORISOV

Abstract. In a thin multidimensional layer we consider a second order differential PT-
symmetric operator. The operator is of rather general form and its coefficients are arbitrary
functions depending both on slow and fast variables. The P7T-symmetry of the operator
is ensured by the boundary conditions of Robin type with pure imaginary coefficient. In
the work we determine the limiting operator, prove the uniform resolvent convergence
of the perturbed operator to the limiting one, and derive the estimates for the rates of
convergence. We establish the convergence of the spectrum of perturbed operator to that
of the limiting one. For the perturbed eigenvalues converging to the limiting discrete ones
we prove that they are real and construct their complete asymptotic expansions. We also
obtain the complete asymptotic expansions for the associated eigenfunctions.

Keywords: PT-symmetric operator, thin domain, uniform resolvent convergence, estimates
for the rate of convergence, spectrum, asymptotic expansions.
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1. INTRODUCTION

In the end of the last century a new direction in mathematical physics appeared devoted to
PT-symmetric operators. This notion indicates usually differential (or more general) operators
commuting with the composition P7T, where T is the operator of complex conjugation,
(Tu)(x) = u(x), and P is a some operator describing symmetric transformation with respect
to spatial variable, say, (Pu)(x) = u(—x). Such operators are usually non-self-adjoint and the
main interest is usually related with their various spectral properties. One of first pioneering
works initiated a impetuous study of P7T-symmetric operators are the papers [I]-[9], see also
the survey [10] as well as the references in the cited works.

One of the most interesting properties of P7T-symmetric operators is the fact that they
can possess real spectrum that gives a chance for quantum mechanical interpretation of these
operators. In particular, there was found a series of P7T-symmetric operators with real spectra,
see, for instance, [I1]-[18]. It should be stressed that the most part of studies was devoted to
the case of Schrodinger operator with P7T-symmetric potential.

A more complicated model of P7T-symmetric waveguide where the PT-symmetry was
originated by boundary conditions and not by the differential expression was suggested in
work [19]. Here there was considered the Laplace operator in an infinite straight strip with
Robin boundary condition. The coefficient in the boundary condition was pure imaginary that
ensures the required PT-symmetry. It was assumed that the coefficient differs to a constant just
by a finite function multiplied by a small parameter. The essential spectrum of such operator

D.I. BOrIsov, DISCRETE SPECTRUM OF THIN P7T-SYMMETRIC WAVEGUIDE.

(© Borisov D.I. 2014.

The work is partially supported by a grant of RFBR, a grant of the President of Russia for young scientists-
doctors of sciences (MD-183.2014.1) and a Dynasty foundation fellowship for young mathematicians of Russia.

Submitted August 14, 2013.

29


http://dx.doi.org/10.13108/2014-6-1-29

30 D.I. BORISOV

was found and it happened to be a fixed real semi-axis. The phenomenon of new eigenvalues
emerging from the threshold of essential spectrum was studied.

A series of numerical experiments performed in work [20] showed that in the case when the
aforementioned small parameter becomes finite and increases, in the spectrum of this model
there appear also pairs of complex conjugate isolated eigenvalues that behave in a quite fanciful
way. A similar model, but much more complicated, of Laplace-Beltrami operator in a strip on
a two-dimensional Riemann manifold was considered in [2I]. There was obtained a series of
general results on the operator and its spectrum.

The described model in work [19] was in fact an operator with a small regular perturbation
that simplified essentially the studying. More complicated cases of singularly perturbed P7T-
symmetric operators were considered in recent works [22], [23]. In [22] a model from [19] was
again studied but the coefficient in the boundary condition was a sufficiently smooth bounded
function and the perturbation was cutting out two small symmetric holes inside the strip.
The limiting operator here is the same P7T-symmetric operator but without small holes. The
uniform resolvent convergence of the perturbed operator to the limiting one was proven and
the estimates for the rates of convergence were established. Moreover, we studied in details
the phenomenon of new eigenvalues emerging from the threshold of the essential spectrum. It
was shown that here the necessary and sufficient conditions for existence and absence of such
eigenvalues differ substantially from similar results for self-adjoint operators [24].

In work [23] one more extension of the model in [I9] was studied. Here the strip was replaced
by a multi-dimensional layer and the singularity of the perturbation was a small width of the
layer. The main result of paper [23] is determination of the limiting operator for such model,
proving the uniform resolvent convergence of the perturbed operator to the limiting one and
establishing the estimates for the rates of convergence. The limiting operator happened to be
self-adjoint and it allowed us to state that even if the spectrum of the perturbed operator is
not real, at least, it is located near the real axis.

The present work is devoted to generalization and further developing of the results of work
[23]. We again consider PT-symmetric operator in a thin multi-dimensional layer. But in
contrast to [23], we consider an arbitrary second order scalar operator with variable coefficients,
not just the Laplacian. For the coefficients of the operator we impose rather weak smoothness
conditions as well as the conditions ensuring P7 -symmetry. Moreover, these coefficients can
depend on fast (rescaled) variable in the transversal direction in the layer that in fact make
these coefficients fast oscillating. P7T-symmetry of the operator is again originated by Robin
condition with pure imaginary coefficient.

The first part of the work is devoted to determining the form of the limiting operator. Such
operator is found, and it is essentially more complicated in comparison with [23]. It is related
to the presence of all coefficients in the perturbed operator and rather nontrivial formulae for
the coefficients of limiting operator. Here our main result is the proof of the uniform resolvent
convergence of the perturbed operator to the limiting one and establishing the estimates for
the rate of convergence. It is shown that the order of these estimates is the best possible, while
in [23] such result was absent.

In the second part of the work we consider the asymptotic behavior of the spectrum of the
perturbed operator. We first prove the convergence of the spectrum of perturbed operator to
that of the limiting operator. It should be stressed that here we can not employ the classical
theorems on spectrum convergence since the perturbed operator is not self-adjoint. Instead of
this we propose an approach based on a non-self-adjoint version of Birman-Schwinger principle
suggested in [25], [26] and we combine it the proven uniform resolvent convergence.

Then we study the behavior of perturbed eigenvalues converging to isolated limiting
eigenvalues. Here we succeeded to find a simple but original trick and to show that all such
perturbed eigenvalues are real no matter what the multiplicity is (5.17), (5.18)), (5.19). We
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note that similar results on reality of considered eigenvalues in [19], [22] were based on their
simplicity.

We also construct the complete asymptotic expansions of aforementioned eigenvalues and
associated eigenfunctions. The asymptotics are constructed first formally on the basis of
multiscale method [34] and then they are justified. And if the formal construction does not really
differ from similar constructions for self-adjoint operators in thin domains (see, for instance,
[27]-[30], as well as [31], [32]), we failed to apply the standard justification technique from
the self-adjoint case [27], [33]. Here we have to develop certain functional approach for the
justification. It should be also stressed that no results on asymptotic behavior of the spectrum
were obtained in [23].

In conclusion let us describe the structure of the paper. In the next section we formulate
the problem and state the main results. In the third section we prove general qualitative
properties of the perturbed operator. The forth section is devoted to proving the uniform
resolvent convergence and obtaining the estimates for the rate of convergence. In the fifth
section we prove the convergence of the spectrum. In the sixth section we construct formally
the asymptotic expansions for the eigenvalues and the eigenfunctions of the perturbed operator,
while in the seventh section they are rigourously justified.

2. STATEMENT OF PROBLEM AND MAIN RESULTS

Let x = (2/,x,) be Cartesian coordinates in R", n > 2, Q¢ := {z : —¢/2 < x, < ¢/2} be a
thin multi-dimensional layer in R", € be a small positive parameter and ¢ < gy, where ¢ is a
small fixed number. We denote

Q:={(2,6): 2/ e R, €€ (-1/2,1/2)}, TI:=Qx(0,¢g).

In IT we define functions A;; = A;;(2/,€,¢), A; = A;(2/,€,¢), Ay = Ao(2, €, €) satistying the
conditions

Aij(y - 8), Ai(-,8) € CHQ), Ao, - e) € C(Q), (2.1)

Aji = Aija Z Aij<x/7€>€>CiCj = Comg, ¢eR", (95/75,5) S ﬁa (2-2)

ij=1
where ¢, is a positive constant independent of 2, &, ¢, and (. Functions A;; are assumed to be
real-valued, while functions A;, Ay are complex-valued and

Aij, VaoeAij, Aj Vi eAj, Ay € Loo(I1).
Moreover, we suppose the following symmetry conditions
A2, =€ e) = Ay & e), A, =& e)=—An(d.&e), i,j=1,....n—1,
Apn (', =€ 8) = Apn (2, €,2), Aj(a', =&, e) = Aj(a), €, €), j=1,...,n—1, (2.3)
A, —€e) = —A, (2, €,6), A2/, =& ¢) = Ag(a', &, e).
Let a = a(2',€) be a real function belonging to WL (R"™!) for each ¢ € [0, g9]. We indicate
n(e) =Y sup|Ai(2,&,e) — Ay(@,§,0)| + > sup|Vae(Ai(/,€,e) — Ay(2,£,0))]

i,j=1 Q ij=1 Q
+ Z sup ’Aj<xl7 £7 8) - Aj(x/7 57 O)’ + sup \a(x’, 8) o O((Qj/, O)‘
j:1 ﬁ Rn—l

In what follows functions A;;, A;, Ao, a are assumed to be continuous with respect to ¢ at the
point € = 0, namely,

Elg}rlon(e) = 0. (2.4)
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We let
€ Ln € . Ln
Aj(x) = Ay (m’, ?,5> , Aj(x) = A (x’, ?,5> ,
Aj(x) == Ay (x’, ﬁ, 5> : af () = a2 e).
€
The main object of the study in the present work is the operator
5 a B € €
Z . % Z (A]a—x]— o ) LA B Q (2.5)

subject to the boundary condition

0 € € .
(8_V + 1a> u=0 mna O, 8y€ ZAW@_ + Ag (2.6)

where i is the imaginary unit.
Rigourously we introduce operator H¢, as that in Ly(€°) defined by the differential expression

(2.5) on the domain

D(HE) = {u € WZ () : condition (2.6)) is satisfied}. (2.7)

In what follows we call this operator perturbed.

The main aim of the work is to study the asymptotic behavior of the resolvent and the
discrete spectrum of operator H:, as ¢ — +0.

To formulate the main results we shall need additional notations. In Ly(€Q°) we define the
mappings

(Pu)(z) :=u(2', —x,), Tu:=T. (2.8)

Our first result describe the qualitative properties of operator .

Theorem 2.1. Operator H:, is m-sectorial, T -self-adjoint and P-pseudo-Hermitian, i.e.,

(HE) =THT, (H,)"=PH,P, (2.9)
and PT -symmetric
PTH, =HPT. (2.10)
The adjoint operator for H;, is given by the identity
(HE) = HE (2.11)
The spectrum of operator H;, satisfies the inclusion
o(H) CK

0

2
Q{ZGC Tm A < \/_ Rez|+ Cl+\/Cl+COC2)C3+C2}7
Co

K:= {ze@: | Im M| < & (01+\/c%+cg(|Re/\|+02)> +02}
c (2.12)

where

N 1/2
C = (ZSEPZ‘AJ'(:LJ’é?g)’) )
j=1

cy = sup?|Ag(2’,€,¢)|, c3:=2 sup a2, e)|
11 R"—1x[0,&0]
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To describe the asymptotic behavior of the resolvent for operator H:, we introduce the

limiting operator. Let

('}

1/2
Am /7 5 Anj ,’ )
o= | (o Assgte.cn)
_1/2 nn IS
v A, €, 0)Ayy (2, €, 0)
' €0 (2 €0
Af(x') = (Aj(x/7570>_ WA T )df,
; _1//2 Ann(2/,€,0) (2.13)
1/2 2( / 0)
AY(a! = / (Ao<x',§,0>+%
—-1/2

. ’ ReAn(x/7§70) ‘An(I/,§70)‘2
“HA DT 0) T A, €,0) ) 4

where 7,7 = 1,...,n — 1. In Ly(R"!) we define the operator

0
oY Y 70 0
Z 30, A 6$ Z (AJ o 8%,4 ) + AS (2.14)

1,j=1

on domain WZ(R"!). By Q° we denote the projector in Ly(£2°)

€/2
@) == [ fo)da, (2.15)
—e/2
and we let
= Q°Ly(Q), L7 := Q7 La(9), S i=1-0° (2.16)

Space L(£2°) can be represented as the direct sum
Ly(Q°) =L@ LT. (2.17)

In the sense of this expansion, the operator e %/2(H% — \)"'Q¢ acting in L for appropriate
A € C can be extended to the operator e V/2(H2 — X\)71Q° @ 0 acting in Ly(QF).
Let us formulate the main result on asymptotic behavior of the resolvent for operator #,.

Theorem 2.2. Operator H° is self-adjoint. For each A € C\ (KU o(H%)) and sufficiently
small  the operators (HS, — A\)™' and (H2 — X\)™! are well-defined and bounded. For each
f € La(QF) the uniform in € and f estimates

s = N7 = (S = N7 @ 0) £, 0, < (& + HENCN | Fllager (2.18)

and
|[(He =N f = (R =N '@ @0)f

2.19
— W RS~ N7 sy < ()OI st 219
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hold true, where C'(\) are some constants independent of €, f but dependent of A, and the
operator W : WZ(R"™1) — W3 (Q°) is determined as

W) (z,¢e) == — Z 8—%(]}/)

We discuss briefly the results of this theorem. We first note that in comparison with the
particular case in [23] the coefficients of the limiting operator are rather nontrivial and in fact
we have “mixing” of the coefficients of the perturbed operator, see (2.13).

It should be stressed independently that the estimates for the rates of convergence in
Theorem have the best possible order. Namely, if the coefficients of the perturbed operator
and function f are infinitely differentiable so that n(c) = Ce, C' = const, on the basis of
multiscale method [34] one can construct the complete asymptotic expansion for the function
(He, — A)~'f. In what follows we employ similar anzétz to construct the asymptotics for the
eigenvalues. In our case they lead to the formulae

(He =N f=((Ho =)' @0) f +eur + O +1°(e))
in the norm of Ly(£27) and
(MG~ N f = (KO — N 0 0)f — oW (MO — \) 1O f + s + O(?)

in the norm of Wj(QF), where u; = uy (2, 2,67"), us = us(2’,z,e7!) are some functions
depending on the choice f. Exactly this fact implies the optimality of the estimates for the
rate of convergence in Theorem [2.2]

Our next result describes the convergence of the perturbed spectrum. We stress that in our
case we can not employ the classical theorems on spectrum convergence since the perturbed
operator H:, is not self-adjoint. Moreover, the perturbed and the limiting operator act on
different spaces and for the perturbed operator this space also depends on ¢.

Theorem 2.3. The spectrum of operator HE, converges to that of operator HO as e — +0.
Namely, for each compact set M C C, § > 0 there ezist k(IM,0) > 0 such that for 0 < e <
k(IM, 0) the part of the spectrum o(HE) NIM of operator HE, is located in the §-neighborhood of
the part of the spectrum o(H2)NIM of operator HC. If \g is an isolated m-multiple eigenvalues of
operator HO, then there exist exactly m eigenvalues of operator HE, taken counting multiplicity
and converging to Ao as € — +0. For sufficiently small € these eigenvalues are real.

This theorem states the spectrum convergence in each compact part of the complex plane. At
that, it does not exclude the existence of points in the spectrum tending to infinity as ¢ — +0.
The statement on reality of eigenvalues converging to isolated limiting eigenvalues deserves
special attention. The only requirement is the finite multiplicity of the limiting eigenvalue, and
generally speaking, the perturbed eigenvalues converging to this limiting one are not necessary
simple. This is an advantage of our result in comparison with similar statements in [19], [22],
where the simplicity of the eigenvalues was the basis for the proof of the reality.

Our next result is devoted to obtaining the complete asymptotic expansions of the perturbed
operator converging to limiting eigenvalues of finite multiplicity as well as to obtaining the
complete asymptotic expansions for the associated eigenfunctions.
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Theorem 2.4. Suppose that the functions A;;, A;, Ao, a are independent of €, infinitely
differentiable with respect to x so that for each 3 € 71!

8'5‘Aij aIBIAj oBlA, Ifla
ox'® 7 o8 o7 P
Let \° be an isolated m-multiple eigenvalue of operator H2. Then asymptotic expansions of

€ C*(Q) N Lo (). (2.20)

eigenvalues N, k= 1,...,m, converging to \° as € — +0 read as
PEA Y A, (2.21)
p=1

where numbers A,(Cp) are defined in the sixth section. If there exists r > 0 such that for all
sufficiently small €

AL = A5l = O,k #7, (2.22)
where C' is a constant independent of €, k, j, then the eigenfunctions associated with i, can be
chosen so that they satisfy the asymptotics

Yi(x) = e 12 <¢k<x'> + o, 5)) (2.23)

in the norm of W3 (QF), where the terms of this series are determined in the sizth section.

It should be noticed that the independence of the functions A;;, A;, Ay, o of € is inessential
and is made just for simplicity. In the case the coefficients depend on ¢, the construction remains
the same and all the formulae in the sixth section are kept unchanged, one just need to assume
that the coefficients of the asymptotics depend on € and this dependence is originated by the
same dependence for A;;, A;, Ay, a. At the same time, to justify the asymptotic expansions
one has to suppose the uniform ¢ boundedness in the norm of L, (£2) for all the derivatives in
. In the case, if the coefficients A;;, A;, Ao, o are expanded into asymptotic series with
respect to €, then one can substitute these expansions into the formulae for the coefficients of
asymptotics (2.21]), (2.23)), obtain similar expansions for the coefficients and substitute them
into series (2.21)), The obtained double asymptotic series are the asymptotics for the
eigenvalues and the eigenfunctions of the perturbed operator. The described constructions,
based on simple ideas, are rather cumbersome and bulky from technical point of views. This is
the reason why we do not provide these calculations in the work restricting ourselves just to
the case when functions A;;, A;, Ay are independent of .

3. QUALITATIVE PROPERTIES OF OPERATOR H,

In the present section we prove Theorem [2.1] The main ideas are borrowed from [19, §3|.
The proof is based on the theory of sectorial sesquilinear forms, cf. [35, 1. VI|. In the space
Lo (927) we define sesquilinear form

- ou Ov - ou
be, (u,v) = (Af-—, —) + (A?—,v)
Z J 8:102 81‘j Lo () ]z:; J aiL'j L2 (99)

o (3.1)
+ Z (u’ Ajaa_v) + (A, v) Ly 00) +16°(u, v),
j=1 Lj/) LyF)
b (u,v) = / u <$', g) v <$', g) dz’ — / u (x’, —%) v (m’, —%) da’,
Rn—1 Ri-1

on the domain D(h%) := W3 (). Here b° is to be treated as a sesquilinear form in Ly(Q°) on
the domain W, (°).
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According to 35, Tu. VI, §1.1|, the real and imaginary parts of form b, read as

n ou Ov v
cr(u,v) = (Aj—,—) + (Aa— v) (u Aj— >
’ Z J 8337, 8-17] Lo () Z ! al'] Lo(29) ’ 8$] Ly (02¢) (32)

i,j=1
1 - c
+ ) ((Aoua U>L2(QE) + (u7 AOU)L2(QE))

and

1
ai(u,v) = % ((ASU,U)M(QS) — (u,Agv)L2(Qa)) + b°(a’u, v). (3.3)

The domain of these forms is again the space Wy ().
It is clear that form b , is densely defined, symmetric, and closed. The elementary estimates

Z(Asau ) < Agau)
— ! Oy’ Lo (Q) 70 ), (©9)

= (3.4)

Z sup |AS[ || 5 —

Nllza@e < OV ullZ, ) + 10 ull L0

L (09)

0 is arbitrary, and

| (Re AQ)u, u) o(09)| < eallullZ, o) (3.5)
imply the lower semi-boundedness of form b, :
c1 + cacg
(1) = ===l (qe)- (3.6)

It is easy to see that boundary term in form b ; can be estimated from below as

2

16%(afu, u)| = /a (a! )aa‘;i dz| < es]| V]l Lo |[ull oor)- (3.7)
e

Together with estimate for § = co/2 and for arbitrary § it follows that form b ; is relatively

bounded with respect to form b, ;. Namely, for each § > 0 the estimate

|5 (w, w)| < 0105, (u, w)| + C(O)[ullZ, o) (3.8)

holds true, where C'(§) is a constant independent of u. By [35, I'n1. VI, §1, Teopema 1.33], the
obtained properties of forms bf, . and b ; yield that form b is sectorial. Applying then first

a,r
representation theorem [35 Tui. VI, §2.1, Teopema 2.1], we conclude that there exists m-sectorial

operator 7?23 such that
b (u,0) = (Hou,v) Ly (3.9)

for each u € D(HE), v € D(bS). The domain of operator HZ, consists of functions u € D(h7)
such that there exists a function f € Ly(€2°) depending on the choice u and satisfying identity

be(u,v) = (f,v) L0 (3.10)

for each v € D(h). It is casy to make sure that D(HZ) € D(HZ) and operator H, is the
extension of operator H;,. To prove m-sectoriality of the operator, now it is sufficient to check the
identity H;, = H;, that is equivalent to the coinciding of domains. On the other hand, the latter
is equivalent to the fact that each solution of integral identity for each f € Ly(£2°) belongs
to D(HE). This fact means the validity of smoothness improving theorems for generalized
solutions of elliptic boundary value problems. In our case such theorem can be easily proven in
the standard way by analyzing difference quotients (see, for instance, [36, I'1. VI, §2], [19, Lm.
3.2]), and thus we do not provide the proof.
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We apply Theorem 2.5 from [35, . VI, §2.1] to obtain that adjoint operator for H¢
corresponds to the adjoint form (h%)* in the sense of the first representation theorem. According

to [35, . VI, §1.1] and by idendities (3.3)) the adjoint form reads as

(ba)*(u,v) = b3 (u,v) = b7, (u, v)
that implies identity (2.11)). Identities (2.9), (2.10) now can be proven by straightforward
calculations with employing the relations ({2.3)).
It remains to prove inclusion (2.12)). The spectrum of m-sectorial operator is a subset of its
numerical range [35 1. V, §3.10] and thus it is sufficient to prove the inclusion for the range of

our operator. Immediately from estimates (3.4)), (3.5)), (3.7) and ellipticity condition (2.2]) the

inequalities

[h5i(w, w)| < esl|Vull oo lull o) + cllullZ e (3.11)
[5s (s )] > ol VullL, o) — 261 [Vl Ly [ull Looe) — callullL, o)
follow. We let ||ul|z,s) = 1, solve the second inequality with respect to ||[Vul|z,), and

substitute the obtained estimate for ||Vul|z,(q-) into the first inequality for bf ;(u,u). Then we
get

C
b5 (u, u)| < C—3 (Cl + \/C% + co([bg, (u, w)| + Cz)) + c2
0

s (c1 + /@ + coca)cs . (3.12)
Ve Co

This inequality and the aforementioned inclusion of spectrum into numerical range yield .
The proof of Theorem is complete.

<

1650 (uw, w)| + o 1pn |Jul[z,0) = 1.

4. UNIFORM RESOLVENT CONVERGENCE

In the present section we study the behavior of the resolvent for operator as ¢ — 40 and prove
Theorem Throughout the section by C'(\) we denote inessential constants independent of
e, x, and f, but, generally speaking, they depend on .

By Theorem as A € C\ K the resolvent (H: — A\)~! is well-defined. The next lemma is
the key one in the proof of Theorem [2.2]

Lemma 4.1. Let A € C\ K, f € L. Then the uniform in € and X estimate
1(He = N7 Fllwp ey < eCONfllzacee)-

Joxazamenvcmeo. Denote v¢ := (HE, — X)~! f. Then the results of the previous section and the
belonging f € L9 follow that function v® satisfies identity

be (v, v%) = Av7IIZ,00) = (f, 0% 1a09) = (F,0D) La(e), (4.1)

where v := Qfv° € L. Since by the results of the previous section b (v°, UE)/||UE||%2(96) e K
(see (3.12)), by identity (4.1)) we obtain

I Nl 2o 103 [ a2

. o < 4.2
2z < PR (12)
We take now the real part of identity (4.1)):
e (0%, 0%) = Re A7, 00) < I1fllza(@e) [0 [l o)
and employ estimate (3.11]):
Co Vo 2 e —201 Vo Lo (e v° Lo(Qe€
IVVE[IZ, 00 IV Loy 107 2o 0 (43)

— (e2 + Re )[v7I[7,00) < Ifllzaee) 10T [12a00)-
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By (4.2) we deduce
Vo1 200) < COVS o) 0T 1 Lacoey. (4.4)
Expanding function v° into the standard Fourier series in variable z,, we arrive at the
inequality

€
o < — || Vov® 5. 4.5
o5 s < || oy < Tt (45)

We substitute this estimate first into the left hand side of (4.4):

W llzae) < E2CNIIS o) (4.6)
and then into the right hand side:

VU] Lae) < eC S Loy (4.7)
It follows now from inequality (4.2 . ) that

[0l zae) < eCN) ISl Loy (4.8)
Together with (4.7)) it completes the proof. H

In the next lemma we prove self-adjointness of operator H2 and estimate its resolvent.

Lemma 4.2. Operator H° is self-adjoint. For each X\ & o(H°) and each F € Ly(R™1) the
estimate

I(He — N7 Fllwzme < CONF | py@e
holds true, where C(\) is a constant independent of F'.
Joxasameavcmeo. It follows from identities , that functions Ay}, Aj are real and
the belongings A%,AO € WL(R™1), A € Lo (R41) hold true. The coefficient A,,(z',&,0)
is positive and is uniformly separated from zero by ellipticity condition with ¢ = (, =
(0,...,0,1). Let us show that similar ellipticity condition holds also for coefficients A?j.
By A we denote the matrix with coefficients A;;(2’, £, 0) and let ¢’ :== ({1, ..., (-1,0), ¢; € R.

Then by (2.13) and (2.2) we get

1/2
1
Z A QZCJ - / W«AC*,Z*)EW(AC/’ C’)Rn - (A€/7C*)12Rn—l) d{ (49)
ig—=1 1 nn 'S

Due to condition (2.3) the form (A-,-)gn can be employed as an equivalent scalar product in
R™ and thus by Cauchy-Schwarz inequality we obtain

(A, G < (AL, e (AG, G-

This inequality is strict since vectors ¢’ and (, are noncollinear. Therefore,
omin (A Orn (A Grn = (AC, G i) 2 C > 0.
Rn—1=

By (4.9) it yields the desired ellipticity condition.
The proof of self-adjointness for operator H2 now can be easily performed by analogy with
the proof of m-sectoriality for operator H;, in previous section. The analogue of form b, is

n—1
ou Ou
bo(u,v) := <A?.—, ) + (AO— v)
o =5 (2 0) LS

ij=1

n—1
v
+ Z (U Agﬁ ) + (Agu, U)LQ(]Rnfl).
j=1 L3/ Ly(Rn=1)

The desired estimate for the resolvent can be proven on the basis of second fundamental
inequality, cf. [37, Tor. 10, §8|. ]
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We proceed to the proof of Theorem [2.2} Denote f € Ly(9°), A € C\ (KU o (HY)). We let

Foi=c'70Q.f, FL =], ut = (Hy = N7,
U® = (H;, — \)'F", u’ = (Hy, — A1 F-
It is clear that
1F= 1z 00y + IFE N 2o 00) = 111200 (4.10)
and by Lemma [4.1]
e = Uy o) < cCOVIS oo (4.11)

Hence, it is sufficient to estimate the norm of the difference U — «°. In order to do it, we
introduce an additional corrector, which will play the key role. In fact, this corrector is the
second term in the asymptotic expansion of function U*¢, if the latter is constructed on the
basis of multiscale method. Namely, we let

nla ¢ t ¢

u (2, t,e)

w(a', €, e) = — / i Rt Rt R P / W2t e)d
(2,€,€) 63:] Apn (2!t €)

LJ= 0 0

w(z) == w (3:’, %,5) = (W) (x', %,5) :

It is clear that w® € W, (QF) for each ¢ € [0, go]. Function w*® is the above mentioned corrector
and in what follows our aim is to estimate the norm of difference of functions v°(x) := U¢(z) —

We(z), We(x) = u®(2") — ew®(x).
We first observe that function w solves the equation

a n—1 a 0 o —
Ama—°g £ Ana 4 (A tia)® =0, (#&2) €Tl (4.12)
j=1 J

It follows from the definition of functions U¢ and the proofs of Theorem 2.1l and of Lemma
that this function satisfies the integral identity

[]Z(Ua,v) — )\(UE,/U)L2(QE) = (FE, 'U)L2(Qs) (4‘13)

for each v € W3(Qf). And Lemma together with the smoothness of the coefficients of
operator H? implies the relation

n—1
9, 0
AV—— — — A0 AV — ) 0, 4.14
( Z@xl O; Z<]a% O 7 >+(0 )>u )
i,j=1 7j=1
We let v = v¢ in (4.13)) and employ identity U¢ = v* + u® + ew®. Then we get

hz<U€,’U€) — AHUEHL2(QE) = (FE,U )L2 Q) [)E( 6) + )\(WE, UE>L2(Q€). (415)

The main idea of obtaining estimate for v° is that first we transform the right hand side of the
latter identity to a more convenient form and then we estimate it by a small quantity. It will
imply the estimate for v°.
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Let us transform the right hand side. Integrating by parts, we have

ou’ .
05, 0°) — M, ) o0y = (65 + 65,0 o) + B° ( + au) , (4.16)
n—1
5 a a B 0 5 0
Z o, 2 (5~ ) (i
n—1 aAa 0 aA% 0
Z 8xn Ox; Ox,

We integrate by parts in the same way,
Ow® Ov° ) ~ < 0 ow* ) ( ow*® )
€ o = —¢ — A, — v° +eb® | A, — v |,
Z ( (%n ox; Lo(92) 2; ox; oz, Lo(02) oz,

: 13 151 g g : € £ a/UE : ana 1>
ieb® (0w, v%) = ie | a*w®, — +ie(a*=—,v )
0T ) 1y (c) 0n ) Lye)

By (E13) we gt
. Ow® A . _ 0
EA"@rL’n:_Afm<§ AnJ@_+A +iaf)u ),

0 AS n—1 _
_gzaxz max Zama (ZA"J6_+ (A + o) 0)'

The latter identities and (4.16)), (4.17)), (4.12) imply

(4.17)

he, (We v%) — A(WE,07) = G (w®,v°) + G;(uo,va) + Gg(uo, v°),
n—1 n n—1
ow® Ov° ow®
G (w®,v%) = (A?-—, —) + (A€ ,ve)
'z; j=1 ! Ox; " O L (92¢) ; ! Oz Lo (¢)
n—1
ov* , .. Ovf
+ (’LU A;ax ) -+ ((Ag — )\O)wE,UE)LQ(QE) +1e (Oz w ,a—) ,
i=1 7/ La(¢) (Q2¢)

Tn
n—1
DA
G5 (u’,vf) =1 ( 00 <o¢E 8]n> ,vg)
— 817] As L ()

(4.18)

o  oul < (. o
G (u’,vf) = — ( Bl--—,v€> + (B-—,va)
z; 0z; ]8:1:]- La(Q°) =1 ]axj Ly (Q¢)
n—1 a
— —Bu°, UE> + ((Bo — )\)uo,vs) I
jz—; (axj ’ La(99) La(29)
where ij(x) = B2, x,ete), B;(m) = Bj(a,z,ete), Bi(x) = Bo(r,x.ete),
Bij = Byj(2',§,¢), By = B;j(2',§,¢€), Bo = By(', €, ¢),
A A ALA,,;
Bz’j = Aij - Ann j, Bj = Aj - Ann]7

_ (4.19)
2 A+ A A,)?

Apn A A




DISCRETE SPECTRUM OF THIN PT-SYMMETRIC WAVEGUIDE 41

Immediately from the definition of function w*® and Lemma [4.2|it follows the estimate
G2 (", v7)| < CIF Iz [V lw ) (4.20)
We let v := Qf v°. By conditions (2.3) the identities hold

£

2

Ajn (!, 22
/denzo foreach 2’ € R"', e€]0,e)
A (2!, 22, ¢)

n|m

E
Since functions o and v are independent of &, we have uoaa—a Ag € L5 . Then quantity G5

n—1
0 0AS
GE(UO,Ua):iE :(u()_ <(1/6 J”>’,Ue>
? O AL, - Lo(QF)

i=1

can be rewritten as

that by Lemma and inequality (4.5]) yield the estimate

|G5(u°, %) | < eCIf1Lacen) 10 lwp oe)- (4.21)

We let

n—1 0 n—1

Gi(u®,v®) 1= — ( B; 5) + (BO— v)
i,j=1 al’z J ax] La(QF 7=1 ’ ax] La($2¢)
0 0 0 ¢
(%Bou v ) + ((BO — )\)’LL , U )LQ(QE)’

j=1 J L ()

where

; Ln

Tn T
B?j(x,s) = B;; <x , ?,0> : B?(m,s) = B; (x’, ?,O> . BY(x,¢) = By ( ! . ,0) . (4.22)

Then the smoothness and the boundedness of functions A;;, A;, Ay and of their derivatives and

Lemma [£.2] yield
|Gi(u”, 0%) = G5(u”, 0%)] < n(E) OO Il Lo 107 | 2o (e). (4.23)
It follows immediately from definition (2.13) of functions AY;, A9, Af and definition (4.19),
(@.22)) of functions BY;, BY, By that

177

/@Ww—wwdw%zabzmbszza

2
These identities and Lemma [4.2] yield that the relation
(FEv UE)L2(QE) - Gg(uov UE) - (gga UE)Lz(QE)
is satisfied, where function g5 belongs to space L5 and obeys the estimate
19511 o) < CN [l Lac00)-
By analogy with the deducing of (4.21)), one can check easily the inequality
|(Fyv%) pagoe) — GE(u®, 0%)] < (e + n(€) CON 1 f | nato 107|202 -
By this estimate and (4.15)), (4.18]), (4.20)), (4.21)), (4.23]) we conclude that the right hand side
in (4.15) is estimated by the quantity (¢ + n(e))C(N)|| f[|L,@2)[[v®|wi(es). Now it is sufficient to

reproduce the arguments in the proof of Lemma to obtain the required estimate for v°:

[0 ]lw @) < (€ +n(€)) CVI Il (@2)-
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We also observe one more obvious inequality implied directly from the definition of function

we:

[ Loy < ECA) S |zai00)-
The last two estimates and (4.11) imply the statement of Theorem .

5. CONVERGENCE OF SPECTRUM

This section is devoted to the proof of Theorem [2.3]
Let A lie in a compact set in the complex plane and i € C be a fixed number separated by
the distance 1 from the set K U o(H2). Consider the equation

(Mo —Nu=f, [ € L) (5.1)
and let us study its solvability. We rewrite it as
(Ho —ptpu—Nu=f
and apply operator (H: — p)~' which is well-defined by Theorem [2.2] Denoting
Te= My —p) = (Ho — 1) 'Q° @0, we get
ut (= NH =) Que 0+ (= NTru=fi, fi=Homp)f.  (52)

By Theorem [2.2] the norm of operator 77 : La(Q°) — Ly(Q°) tends to zero as e — +0. This is
why for all sufficiently small e the operator I + (u — )7 is invertible and

u=T,(Nff = (= NT; N Ho — 1)~ ' Que 0, (5.3)
T () = I+ (u—NQT) ™"
This identity means that to solve equation (5.1)), it is sufficient to find function Qu. We also

note that operator 75 (\) is holomorphic with respect to A\. The derivative of this operator with
respect to A is as follows,

Ty
o\
and its norm tends to zero as ¢ — +0.
We apply operator Q¢ to equation (|5.2)) and substitute then formula (5.3 into the definition
of 77 and employ then easily checked identities
T (= NJ(HD — )™ = (MO = N(HE — )™, (S — )@ = Q(HD — ) Q.
We then obtain

(\) =T+ (p = NQTD) QT (T+ (1 — N)QTF) ™, (5:4)

(Ho = A+ T5(\) (Mo — ) ' Qu=f5, (5:5)
== (n=NQT(NT2(N) Q[
Ts(A) = (1= N QT T; (VL.

We consider the obtained identity as an equation for (HS — p) ' Qfu. It is equivalent to the
original equation ({5.1)), since once we find (H? — p)~1Q%u, by formula we can recover
solution to equation (5.1)).

We note that identifying spaces Lo(R"™!) and L¢, for each v € Ly(R™"!) we get the obvious
identity ||Qv| 1,5 = €Y2||v||1,(rn-1). By the definition of operator 75(\) : Lo(R™!) —
Ly(R™1) it yields that its norm tends to zero as e — +0. Moreover, this operator is holomorphic
with respect to A and by the norm of its derivative with respect to A vanishes in the limit
e — +0.

If now \ is separated from the spectrum of operator H? for all sufficiently small €, equation

is uniquely solvable
(Ho =)' Qu= (Ho = A+ TE (). (5.6)
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Therefore, the spectrum of operator H¢, converges to that of operator HC in the sense as it was
stated in Theorem 2.3

Let Ao be an isolated m-multiple eigenvalue of operator H2, ¢1, ..., ¢, be the associated
eigenfunctions orthonormalized in Lo(R™™'). We let f = 0 in (5.1)), i.e., we shall consider the
eigenvalue equation for the perturbed operator. For its study we shall make use of the modified
Birman-Schwinger principle from [25], [26].

For A close to A\ the representation [35, T'1. V, §3.5]

_ (4, 5) Ly(mn-1)
R P P, .
holds true, where operator T;()\) acts from Ly(R™™!) into the subset WZ(R"™!) comprising the
functions orthogonal to ¢, ..., ¢, in Ly(R™™1). Moreover, operator T;()) is holomorphic with
respect to A in a sufficiently small neighborhood of A\q. We denote

U:=(H -\ 'Qwu (5.8)

and invert the operator (H2 — \) in (5.5)) taking into consideration (5.7):

()‘)U’ ¢j)L2(R"71)
Ao — A

o+ B 6 =0,

Since the operator 75 () is small and operator 7;(\) is holomorphic, operator (I+ 74(\)75(N))
is invertible and

3 AR L Ty () g, =0 59
7=1 U
We let
Z=(z1,...,2m)" 7= (Ts AU, @) 1,mn—1)- (5.10)

As it follows from , knowing quantities z;, one can determine function U and solve then
equation ({5.1)) with f = 0 by means of . . In order to determine vector z, we apply
operator 75 () to equation (5.9) and calculate then the scalar product with ¢; in Lo(R™™1).
Then we obtain the matrix equation

(Ao = NEn +B*()\)Z =0, (5.11)
where E,, is the unit m x m matrix, B¢(\) is the matrix with the components
A = (TS A+ TaNTE (V) 7660 65) 1y sy

The points at which the matrix (Ao — A)E,, +B()\) is non-invertible are exactly the eigenvalues
of operator H:,. Indeed, if A is one of such points, equation (5.11)) has finitely many linear
independent solutions. By formulae (5.9), (5.10), (5.3) with ff = 0, each such solution is

associated with an eigenfunction of operator H;:
u=TENU, U= z1+TNT5\) "6 (5.12)
=1

The factors 1/(A — A¢) in the formula for U and (x4 — A) in that for u can be omitted since
the eigenfunction is determined up to a multiplicative constant. It is also easy to make sure
that linearly independent vectors z are associated with linearly independent eigenfunctions of
operator H,. Thus, the multiplicity of an eigenvalue A of operator H¢, coincides with the number
of linearly independent solutions to equation ([5.11J).
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The properties of operator 75 (A) and 74(A\) imply that the entries of matrix B*(\) are
holomorphic with respect to A\. Moreover, these entries and their derivatives with respect to A
tends to zero as ¢ — 40 uniformly in A in a small neighborhood of point A\g. We denote

RE(N) = det(A — Ao — BE(N)).

Lemma 5.1. The function A — R*(\) has ezactly m zeroes (counting the orders) converging
to Ao as ¢ — +0.

Zoxasameavcmeo. It is clear that
RE(A) = (A= A)™ + RI(N),

where function Rj()) is holomorphic with respect to A in a small neighborhood of point A\g and
tends to zero as € — 40 uniformly in A\. Employing this representation and applying Rouché
theorem, we complete the proof. O

Let A° be a zero of function R*(\) of order k(e) described in Lemmal[5.1] Equation has
q(e) linearly independent solutions associated with this zero and ¢(e) is also the multiplicity of
A° regarded as an eigenvalues of operator 1H¢,. Let us prove that this multiplicity of A\* coincides
with its order once we regard it as a zero of function R°(\).

Lemma 5.2. For all sufficiently small e and all zeroes of function R*(\) the identity p(e) =
q(€) holds true.

Aoxazamenvcmeo. Let Zy, ..., Z, be linearly independent solutions to equation ([5.11)
associated with A = A*. Without loss of generality we choose vectors Z; orthonormalized in C™.
Since ¢ < m, we complement these vectors by vectors Z;, j = ¢+ 1,...,m, in such a way that
the obtained systems forms an orthonormalized basis in C”. By S we denote the matrix with
the columns Z;, j = 1,...,m. Since vectors Z; are orthonormalized, matrix S is non-degenerate
and orthogonal S™! = S*.

By the aforementioned properties of matrix B(\) and Hadamard lemma the representation

B5(A) = B*(\) = (A = A)Bi(})

is valid, where matrix B§(\) is holomorphic with respect to A in a small neighborhood of point
Ao, and its elements tends to zero as ¢ — 40 uniformly in A\. Employing this representation, by
straightforward calculations we check that

STH(A = M)En, — B*(A))S = (A = X°) (En + ST'BI(V)S)
+S7H(X° = M)E — B*(X))S = (E, + ST'BT(V)S) (A = X)E,, + B3),
B5(A) = ST (Ep + Bi(V) ™ (A = Ao)Em — B5(X))S.
By the definition of matrix S matrix BS has a block structure
0= (5 Bin)
where the zero block in the upper left corner is of the size ¢ X m, the zero block in the left

lower corner has the size (m — ¢) x m, while the blocks B and B are respectively of the size
g x (m—gq) and (m — q) x (m — q). By the properties of matrix Bj it implies

R (X)) = (A = XA%)IRI(N), (5.14)
RI(N) == det " (E,, + ST'BI(N)S) det (A — A°)Ep_q — B5(N)).
Identity with A = A® and the assumption
rank ((A° — Xo)E,, — B5(X%)) =m — ¢

(5.13)



DISCRETE SPECTRUM OF THIN PT-SYMMETRIC WAVEGUIDE 45

yields that rank AS(\°) = m — ¢, and hence R!()\®) # 0. Together with ([5.14)) it completes the
proof. O

Remark 5.1. We note that similar lemma was proven in |38, Lm. 6.3] within the framework
on the basis of the modified Birman-Schwinger approach. At the same time, in the mentioned
work the self-adjointness of both the perturbed and limiting operators was employed essentially.
In the present work we succeeded to get rid of this assumption for the perturbed operator.

Lemmata [5.1], [5.2] imply the second part of Theorem [2.3] on convergence of eigenvalues. It
remains to prove the reality for the eigenvalues of perturbed operator converging to .

Let A® be one of such eigenvalues, and 1° is the associated eigenfunction. Then ¢ satisfies
representation ([5.12) with w replaced by 1°. Normalizing nontrivial solution Z to equation
(5.11) as follows

1Z]gm =€ (5.15)
Then it follows from ({5.12)), the definition of operators 75, 75, 7T, and Theorem that

Y= Z zi¢; +O(e +mn) in the norm of Ly(2). (5.16)
j=1

Employing identities (2.9)), (2.11) and eigenvalue equation for 9%, by straightforward
calculations we check that

0 :((HZ - )\E)W, ,Pws) La(QF) = (wsa (Hs—a - F)’ng)lg(ge)

€ € _ Ye)o/E Ne e € e (517)
=(0, PG = X)) 100 = (OF = X)W, PY) (o).
It follows from the definition of operator P and ([5.16) that
Py = Z z;¢p; +O(e +mn) in the norm of Lo(2°), (5.18)
j=1
and thus by (5.15)), (5.16) and the orthonormality of ¢; in Ly(R™™1)
(%%, PY%)ra(ae) = 1+ O(e +1). (5.19)

It yields that identity ((5.17]) is possible only for real A\°. The proof of Theorem is complete.

6. ASYMPTOTIC EXPANSIONS: FORMAL CONSTRUCTION

In the present section we provide the first part of the proof for Theorem which is the
formal construction of asymptotic expansions for the eigenvalues and eigenfunctions of the
perturbed operator. The second part of the proof, a rigorous justification and estimates for the
error terms, will be given in the next section.

Let \° be an isolated m-multiple eigenvalue of operator H2, and ¢y, = ¢(z'), k = 1,...,m,
are the associated real-valued eigenfunctions orthonormalized in Ly(R™™1). In accordance with
Theorem @, there exist exactly m eigenvalues A7, & = 1,...,m, of perturbed operator
converging to A\ as e — +0. We construct the asymptotics for these eigenvalues as

oo
=2+ A k=1,...m, (6.1)
p=1

and the asymptotics of the associated eigenfunctions are constructed as

Vi(r) = pu(a) + Y _ePo(@€), k=1,...,m, (6.2)
p=1
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where ¢ = x,67! is a rescaled variable, A,(f ) and 1/1,83 ) are some numbers and functions and to

determine them is the main aim of the formal construction. We construct the asymptotics by
the multiscale method [34].

In what follows it is convenient to regard the eigenfunctions of the perturbed operator as
generalized solutions to the boundary value problem

a £ £ €,/,€ 3 £
( Z@wl ”095 Z( 19, __A€)+AO>¢,§: e i 8

1,7=1

(6.3)

a LIRS 13 £
(al/€+1a)wk:0 on O€F.

We substitute series (6.1]), (6.2)) into this boundary value problem, take into consideration the

dependence of functions gb,(cp ) on variable &, and collect then the coefficients at the like powers
of €. Then we obtain the recurrent system of boundary value problems

0 , 000 0 0e"" 0 o4

_a_gA”” oc ot 0¢ B¢ Ov

+ 7?)@5](613—2) _ )\Ogbl(f—Q) + ZAI(cq)QSI(cp_q_Q) B Q, (6.4)
8¢(P) a¢(? 1)
Ay —2E =0 o9, > 1,
o T on a P

where we have denoted

) kY ) —, 0
N AL LA via, = =-N"A A,
v Z_; ’”ax-+ R e > Bz, * +l,

n—1
0

4,j=1 Jj=
= ¢I€7 ’(g 1) - O
In order to solve problem (6.4)), we shall make use of the following auxiliary lemma.

Lemma 6.1. Let F = F(2',§) be a function such that F(x',-) € Ly(—1/2,1/2) for each
¥ € R", gp = g(2') be some functions. The boundary value problem

o oo a¢(17) B B
8_§A 8§+F_O 6 Q, A—= o +g9+:=0 npu &=+1/2 (6.5)
18 solvable if and only if
/F(m’,f) dé = g_(2') — g4 (2')  Onn scer ' € R™. (6.6)

N

There exists the unique solution to problem obeying condition

(2/,6)dé =0 Ona ecex ' € R*L. (6.7)

\w\»—-
<

N =
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This solution is given by the formula

dt / t_% /
+ /—Ann(x’,t)/F(x’S)dS+/ dt—Ann(x’,t)/F<m’8)dS

1 1 1
2 2 2

1
2
The general solution is the sum of the latter and an arbitrary function depending on x’ only.

The statement of this lemma can be checked by straightforward calculations.

We proceed to solving problems . We first consider independently these problems for p =
1,2, 3, and then we construct the solutions for arbitrary p. We have to consider separately the
cases p = 1, 2, 3, since to construct the solution for arbitrary p, one has to employ constructions
for the cases p =1, 2, 3.

As p =1, problem (6.4) casts into the form

o 00 9 o, . 90 dgn
Ay . S < Q, App— 4 == Q.
aetm e “agay 0 m B Aot =0 o O
It implies
o0y 9p
V= el 4l =T, (6.10)

where <I>,(€1) = @,E:l)(x’ ) is a function which will be determined below,

n—1 a
(Te)(w',€) = 3 Cyla!, ) 22a) + Gla’, )0, (6.11)
=1 !
¢ 3
, B A,j(x t)dt tA,; (2t
G, ) _/ A (1) _/Am(m’,t) dt,
€ _ 7 _
e Ap(2t) +ia(a) 1 Ap(2',t) +ia(a)
Go(e, ) ._—/ R dt—/(t— 2) ot

In view of identities 1' it is easy to check that function (b,(cl) obeys condition .
We write down problem (6.4)) for p = 2:

L0, 05 0 0 0 09
oM as T ovr o 9E ov
00, 09}

0¢ ov

+ Tsde = N in Q,

(6.12)

Ay, =0 on O90.
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We write the solvability condition (| .:

jva a¢(1)
o oe ¢

D=

i 8gz5k ogy) =2

31/ 527%

a + / (o — Ny) dé = —

l\J\»—l
M\H
K\J\»—\

which yields

1

d 0
/(a 8578+73— )qskdg:o.

D=

Substituting here the expressions for gy* and identities , 1 , we obtain equations for
eigenfunctions ¢y:

Hodrw = N,
which holds by the definition of eigenfunctions ¢, and eigenvalue A\°. Returning back to problem
(6.12), we substitute there formulae , (6.10)), take into consideration the identity

1 2 (k
23 23 '
and write down then the solution by Lemma [6.1] As a result we get
6 (',6) = 67 &) + 97 (', €) + 22 (o), (6.14)
o) =Ty, o =Tro), (6.15)
where 77¢ is the function defined by formula with
0o 0 0 0 0
- (g™ aeq ™ T N) e 0 =g T

We proceed to the case p = 3. Here problem (6.4)) casts into the form

L0, 08 0 000 0 0y
o€ "™ 9g T v 96 O¢ v

00 | 09
"o ov

We write down solvability condition for this problem and bear in mind formulae (6.10)),

, and identity for é,(j , (ﬁ,(f), qg,(f). We get

+ Ty = N0 + AV, i Q,
(6.16)

A =0 on 0.

(1 = X)) = b + 2\, (6.17)
0 .__/2 0 95y 0 ge— _ / 8 0 ) 0 de
LA ovr O¢ - v+ DE 6 )RS

Since \° is an m-multiple eigenvalue of operator H and the latter is self-adjoint, the obtained

equation is solvable if and only if the right hand side is orthogonal to all ¢,, s = —1,...,m, in
LQ(Rn_l)Z
(B ) oy + A0 =0, ks =1,...,m, (6.18)

where dj, is the Kronecker delta. Let us show that numbers AS) and functions ¢, can be chosen
so that these identities are satisfied. We first prove that the matrix composed by the numbers

(h,il), s)Lo(mn-1) is Hermitian. We indicate this matrix by L.
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The definition implies immediately that

) 0 09 (1)
- (hk > QSS)LQ(R”*l) = B a—ga Qbs (7;,@5 ¢8)L2(Q)' (619)
Lo(Q2)

Integrating by parts and employing (6.9), (6.13), (6.15), we have

(a 0" ¢) _ (%;(f) 8%) o (aé,@ ) a&”)
av* 0¢ @) o¢ ~ovr @) o€ o€ @)
HORmE
5:*% o ag L5(9)

(2) =1 O aﬁg(l) o a¢(1) R
_ k (1) r | Y YYyg (1)
/ Ann 52_; dz (aé. aV V* aé. 7B¢k> ¢s
Rn— 1 2 L2(Q)

(96" 06" 00y 96" "
- ( o O¢ oo + (7o, 0L )Lm)‘
Lo(Q) Lo(Q2)

These identities and (6.19) prove that matrix L is Hermitian. By the theorem on
simultaneous diagonalization of two quadratic forms we conclude that keeping eigenfunctions ¢,
orthonormalized in Ly(R"™!), we can choose them so that L is diagonal. In this case identities

1) obviously hold true, once we let A,gl) equal to the eigenvalues of matrix L. In what follows

the quantities A,(Cl) and eigenfunctions ¢y are assumed to chosen exactly in this way.
Since solvability conditions (6.18]) are satisfied, equation (6.17) has the unique solution
orthogonal to all eigenfunctions ¢5, s = 1,...,m, in Ly(R"'). We denote this solution by

\If,(:); then the general solution to equation 1} is given by the formula

V=wl > bl (6.20)
s=1

where b( ) are some constants Having solved equation ((6.17]), we return back to the boundary
value problem and we find its solution by means of Lemma .

In what follows we assume additionally that the eigenvalues of matrix L are different. Such
assumption is technical and inessential; it is made just to simplify further calculations, see
Remark [6.1] below.

The further process of solving boundary value problem ((6.4]) for arbitrary p is similar to
above arguments. Namely, writing out solvability condition for problem (6.4), we obtain
equation for the function <I>,(§p -2 (') appearing while solving problem for (p — 2) as an
arbitrary term in the general solution. Equation for function @l(f 2 s analogous to equation
but from some other right hand side. The solvability condition of this equation, the
orthogonality of the right hand side to all the eigenfunctions ¢,, ¢ = 1,...,m, in Lo(R"™1),

allows us to determine numbers A,(cp ~2_ We then solve the obtained equation for CI>,(f 2 and by

Lemma we solve problem {D Functions ¢§f ) and numbers Al(f ) are described in the next
statement.

Lemma 6.2. There exist numbers Ak , p =1, such that the boundary value problem
18 solvable for each p > 1. Solutions to these problems are represented as

o (a!,€) = $P (&, €) + $P (2!, €) + ¢ (o, &) + B ('), (6.21)
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where
(ﬁl(gp) _ 7%<D](€p71)’ V](fp) _ ﬁq)](gp%)’ (6.22)
P) 4 i 0o, (6.23)
s=1
\I!,(f) 18 the solution to the equation
(HO = \)w = pP) 4 i AP, (6.24)
g=1

1
2

S /(a agwm)qbsdg,

(ST

1

i . 9 8_ Z(p+1) (p— 1 (p—1)
P = /a ag( + T Y) dg - /T + o + Tl V) de,
™ 3
which is orthogonal to all eigenfunctions ¢4, ¢ = 1,...,m, in Ly(R"1), and numbers b,(fi and

Agfp) are determined by the identities

p—1
AY = = o) ooy — DA,
q=2

) (6.25)
(th s Ps) Lo(mn—1) + ZA p )

=0, = —
s T Ak

Functions gg,(cp) are given by formula with

00 00 )
(ay ot a_ga_+73)( + 8 )

<¢(p 1) ¢(p 1)‘1‘(1)1(5)_1))‘

Functions ¢§f ) are infinitely differentiable with respect to x' and for each 3 € Z'~" the belongings

Gl ¢]gp>
0xb

€ C?(Q) N Lo(Q)

hold true.

The lemma can be proven easily by induction employing the expressions for functions gzﬁ,(:)? ,(f)

obtained above. At that, one should assume that q;,(gl) = qgf) = qgl(f) = 0.

Remark 6.1. The assumption on different eigenvalues for matrix L was employed in
Lemma for obtaining formulae . If this assumption does not hold, it just means that
there is no complete splitting of leading terms in the asymptotics for the perturbed eigenvalues.
In this case it is a not a complicated problem to determine the terms of series , .
The only difference is that on the next steps there appears a matrix similar to L. which will
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determine the appropriate choice of eigenfunctions ¢. It imply no essential changes in the
scheme of constructing the solutions to problem ((6.4]).

Thus, no matter how the eigenvalues of matrix L look like, it is possible to construct
asymptotic series (6.1)), (6.2) so that the next lemma holds true.

Lemma 6.3. Let N be an arbitrary natural number. The functions

N N—-2
o) = e <¢k<aﬂ> +3 ool )> T =N Ay
p=1 p=1

satisfy the estimates

I — e 2gp Ly < Ce, AN = A% < Ce, (6.26)
LFE™ ey < CENTY 0 oM = (345 — AEM) ), (6.27)

Here C' are some constants independent of € but depending, generally speaking, on N, while

7N)

estimate involves the statement on belonging function gb,(f to domain of operator H:,.

7. ASYMPTOTIC EXPANSIONS: JUSTIFICATION

In the present section we complete the proof of Theorem [2.4and justify the formal asymptotic
expansions constructed in the previous section. First we prove two auxiliary statement and then
we proceed to the justification. HermocpeacTBeHHO 060CHOBAHUEM.

Lemma 7.1. Eigenfunctions v}, of the perturbed operator can be chosen so that they satisfy
the relations

(¢27P¢§)L2(QE) :5]k‘a ]ak = 177m (71)

Jloxasameavemeso. In accordance with the results of the fifth section, each eigenfunction of
the perturbed operator satisfy identities (5.16)) and . Multiplying the eigenfunctions by
appropriate constants, by we get 5Dfor 7 = k. In view of these relations the form
(+,P ) L,(0e) is a scalar product on an eigenspace of the perturbed operator associated with an
eigenvalue. This is why these eigenfunctions can be chosen so that they satisfy relations .

Suppose now eigenfunctions ¢ and ¢ are associated with different eigenvalues Aj and AS.
Then taking into consideration the reality of these eigenvalues, by analogy with it is easy
to check that

(M = XUEPYS) ey = (6 = AD (U5 PYS)
that implies the desired identity ((7.1]). O
Lemma 7.2. For )\ in a small fized neighborhood of point \° and all sufficiently small e the

resolvent (HE, — A\)™1 can be represented as

m

e —n =YL W’“ CoPUDten) e | 7 (a), (72)
k=1

where operator Tg(N) @ La(QF) — W3 () is bounded uniformly in A\ and € and holomorphic
with respect to \, while functions @/J,(f) are chosen in accordance with Lemma .

Jloxasameavcmeso. Let v be a circle of small radius centered at point A\’ and containing no
other points of the spectrum of operator H2. Then by Theorem for sufficiently small
¢ all the eigenvalues of perturbed operator converging to \° as ¢ — +0 are located inside
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the circumference + and are separated from it by a positive distance. Now it follows from
Theorem [2.2] that the convergence

1 e _ _L 0 1
o [ (Ha= NN o [(HE =) @0 (7.3)
v v

holds true in the sense of norm of operator in Ly(£2%). According to [35], I'n. I, §6.5], both sides
of this convergence are the projectors in Ly(€°) and by the self-adjointness of operator H? and
[35, T V, §3.5] it holds

1 ™ em .
—— [ (H - N) @OdA:Z ¢“2Q)¢k. (7.4)

271
v

According to [35, T. I, §4.6], it implies that the dimension of the projector in the left hand
side of ([7.3)) also equals m for all sufficiently small .
The definition of eigenfunction yields immediately that

(H = N7 'n = (0 = N7,
and thus by [35], I'n. I, §6.5, ypas. (6.36)] we have

1 € -1, /¢ A E
~om [ e N A = vk

Thus, the projector in the left hand side of ([7.3)) is that on the finite dimensional space spanned

over functions 97, k = 1,...,m. We stress that generally speaking it is not an operator of
orthogonal projection, since operator ¢, is non-self-adjoint. Thus,
1 € -1 - £ €
—%<%<MM:;%WM (75)
. -

where ¢, : Ly(€°) — C are some functionals.

Let us determine functionals ¢f. For an arbitrary function f € Ly(€2°) and A € v by analogy
with (5.17) we deduce

(f ,qubk)LQ(QE - ((HE - /\)’LL P¢k)L2(QE) = (/\i - A)(U,P¢i)L2(Q€),
that by (7.5) and Lemma |7 n 7.1{ implies

In the sense of [35, I'1. I, §6.5], to each eigenvalue \j an quasinilpotent operator is associated
and it reads as
€ € € -1
- L e~ o) / (12 — N da.
Vi
Here ~; is a small circle Centered at A; containing no other eigenvalues of perturbed operator
except A7. Since the integral — (7{3 — A)7td) is a part of the corresponding projector in

27r1

(7.3)), by (7.5), (7.6]), the aforementioned operator vanishes. Hence, by ([7.5)), (7.6 and [35, T
II, §6.5, ypas. (6.35)] we get representation (7.2)), where 7 () is a bounded in Ly (£2%) operator

holomorphic with respect to A. It remains to prove that it is uniformly bounded in £ and A\ and
is holomorphic with respect to A as an operator from Ly(Q2°) into W3 (02°).

For an arbitrary f € Lo(£2°) by estimates , the norm ||V (HE, —A) 7! f|| £, @) is uniformly
estimated by the norms || f|| 1,(as) and |[(HE, — A) " | £o(0)- By means of this estimate it is easy
to check that operator 7¢ () is holomorphic with respect to A also as an operator from Lo (2°)
into W, (°).
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By Theorem |2 - as A 6 7, the operator (H:, — A\)~! converges to (H2 — A\)"' @0 as ¢ — +0.
Expressing operator 7g () by (7.2 . for f € Ly(2), A € v, and sufficiently small € we get the
uniform estimate

175 M) fllwgon) < Cllfllzaee), (7.7)
where C' is a constant independent of f, A, and sufficiently small . By the modulus maximum

principle for holomorphic function, estimate ([7.7)) is valid also for A lying inside circle . The
proof is complete. O

We proceed to the justification. It follows from Lemmata [6.3] [7.2] that
&N ) €
Z fk w )L2 Qe

=1 k:
Employing Lemma we get

(66— TEOEMMED P — T OE) 1)

Lo+ TEOE)FEY, k=1, m. (78)

LQ(QS)
m € N & (S,N) g 79
3 R P A It . (79)
(e,N) e (e,N)
q=1 >‘q — A )‘q /\J
(57N) £
e,N e/ (6,N)y £(,N) c (fk ’ij)L Qe
(e = oSN EY P Loy = o (7.10)
Lemmata [6.3] yield the convergence
IO A Naeey =0 as € = 40,
and estimates (6.26)) follow the relations
(@ Po™) ey = O +0(1), £ = +0,
(e,N) €
LPY), o
[Fl <O, B = s )L2 = (7.11)

@N)
xs = A

where constant C'is independent of ¢, k, 7. It follows that the determinant of the matrix formed
by the left hand sides of identities tends to one as € — 40. On the other hand, the matrix
formed by the right hand sides of identities ((7.9) can be represented as the product F¢(F¢)*,
where F¢ is the matrix with entries F;. We thus get

|detF°| - 1 mpu e — +0.

Therefore, for each sufficiently small € there exists permutation ¢y, ..., ¢, such that
m
IGAE —
k=1
By (7.11) it implies
1
il Z Gy

Substituting here the definition of Fj, in (7.11) and employing estimates (6.27)), we arrive at
the identities
N _
/\2% B )‘I(: : = O(gN 1)7

which prove asymptotics (2.21)) for the perturbed eigenvalues after an appropriate re-ordering.
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We proceed to the justification of the asymptotics for the eigenfunctions. Suppose that
condition (2.22) is satisfied. Then it follows from asymptotics (2.21)) that

A2 ASM] > o

as N > r, and hence by (6.27)
|Fl§]| < CgN_T_17

where C' is a constant independent of ¢, k, j. We substitute the latter estimates and ([6.27)) into
identity (7.8) and move term F}, 1)} into the left hand side. Then we obtain

’N 77'7
165 — Ftbillwp ey < OV

Since Fj;, is a number, Fj 1} is an eigenfunction associated with A7. This is why the latter
estimate proves asymptotics (2.23)) for the perturbed eigenfunctions. The proof of Theorem [2.4
is complete.
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