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MODIFIED GRADIENT FASTEST DESCENT METHOD FOR
SOLVING LINEARIZED NON-STATIONARY NAVIER-STOKES
EQUATIONS

I.I. GOLICHEV

Abstract. We introduce a regularization of Navier-Stokes equations, whose solution
coincides with the solution to the system of Navier-Stokes equations if the latter exists.
The regularized nonlinear system is reduced to solving a sequence of linearized systems.
To solve the latter system, we employ the gradient method. We construct and justify
a modified method of fastest descent, which may be employed under restrictions on the
control and an unbounded Lebesgue set.
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1. INTRODUCTION

Consider the initial boundary value problem for the generalized system of Navier Stokes
equations

vy — VAV 4+ v;v,, + grad p = f(x, 1), (1)
Vlg, =0, Vlo = alz), (2)
divv =0 (3)

in the domain Qr = Q x [0,T], Sr = S x [0,T], S is the boundary of domain 2, f € j(QT),
Lo(Qr) = G(Qr) ® J(Qr) is the orthogonal decomposition on gradient and solenoidal parts of
the space Lo(Qr), v = (v1, V2, ..., 0p),

diva=0, alg=0. (4)

Hereinafter we employ the notations of work [3]. For the well-definiteness of the pressure we
assume that [ p(z,t)dz =0 for a.e. ¢ in [0,77].
Q

As it was mentioned in work [1], the main difficulty in studying the problem (1)-(3) is related
with the global unique solvability, i.e., for each ¢t € [0, T}, of initial boundary value problem (1),
(2). The justification of global solvability is hampered by the proof of an apriori estimate for one
of the norms || v, (x,t)||2, |V|l4.r0p» Where the parameters ¢ and r satisfy certain conditions. The
estimate on ||v||,, ¢, implies that for ||v,(z,t)|2 and vice-versa. Due to this situation, various
regularizations of Navier-Stokes equations are considered, see, for instance, [1], [2] and the
references therein. As a rule, the regularization is related with introducing additional terms
with a small parameter into equation (1). At that, the solution to the regularized problem
should converge to the solution of the initial Navier-Stokes problem as ¢ — 0 provided it exists.
Within such approach, there appear an issue on physical relevance of the regularized problem,

I.I. GOLICHEV, MODIFIED GRADIENT FASTEST DESCENT METHOD FOR SOLVING LINEARIZED NON-
STATIONARY NAVIER-STOKES EQUATIONS.

(© GouricHEV L.I. 2013.

Submitted December 3, 2013.

58


http://dx.doi.org/10.13108/2013-5-4-58

MODIFIED GRADIENT FASTEST DESCENT METHOD ... 59

on the choice of parameter £ and on how the solutions of the regularized and original problem
are close.

The approach for solving problem (1)-(3) suggested in work [3] can be also considered as the
regularization of Navier-Stokes system. Its matter is that in the product v;v,, in equation (1)
the term v is replaced by its projection on the ball Kg(t) = {v(t) : ||v.(t)|| < R(t)} for almost

each ¢ in [0, 7], where R(t) is a non-decreasing positive function. Hereinafter || - || = || - ||L,(q)-
The projection on the ball Ky is calculated by the formula Pg,v = ag(t,v)v, where
ag(t,v(t)) = min[l, R(t)/ ||v.(¢)|]]. Thus, from equation (1) we pass to the equation

vy — VAV + ag(t, v)v;v,, + gradp = f. (1)

For the solution of regularized problem (1), (2), (3) we construct the iteration process
vith — b AVFT 4 o i vE 4 grad pttt =, (5)
Vk+1|ST — O, Vk:-i—l‘tzo _ a(x), (6)
divvFtt =0, (7)

where oy, = ay(t) = ag(t, vF).
By V, we denote the space W2 (Qr) N Lo (0, T; W3(2)) with the norm

Vv, = ¥l @) + viai a1 | ®)

The following theorem was proven in [3]

Theorem 1. Let f € J(Qr), Q be a bounded domain with the boundary S € C2, a(z) satisfy
conditions (4). Then problem (1),(2),(3) has the unique solution v, p with vy, v, Py in
Ly(Qr) and sequences {'vk}zozo, {pk}zozl determined by the iteration process (5)-(7) converge

to the solution of (1), (2), (3) for each ©* € V,. Here oy, = min [1,R(t) ||v§H_1], R(t) is a

bounded non-decreasing function. The estimates
1o = vlly, < cla)d” [[o" =2l ; (9)

ok — pl| w0 (Qr) < C(Q)qk ||'UO - 'UH Vs (10)
hold true for each q € (0,1), where ¢(q) is bounded on the segment [, 1] for each a > 0.

It was also shown in [3] that the statement of Theorem 1 remains true if one replaces v(t) by
its projection on the ball {v(t) € L4(Q) : ||v(t)||, < R(t)} in the nonlinear term of equation (1);
one can also replace by the coordinate projections of vector v(¢) on the segment [Ry(t), Ra(t)],
where R;(t), Ry(t) are bounded on the interval [0, 7] functions.

Remark 1. We observe that the proven theorem ensures the convergence of iteration process

(5)-(7) on each segment [0, 7] such that f € J(Qr), as well as the unique solvability for problem

@, @), ()
Remark 2. If solution v*, p, of problem (1), (2), (3) satisfies the inequality
vl < R(@) vt [0,T], (11)
on each interval [0,7}], 71 < T, then the solution to problem (1)-(3) exists on this interval and
v = v*, p = p,. Indeed, if inequality (11) holds true, then « (t,v%) = 1, and thus equations (1)
and (1) coincide.
Remark 3. If the solution to problem (1)-(3) exists on the interval [0,77], T3 < T and the
estimate
vl < M(t) vt el0,T], (12)
holds true, where M(t) < R(t), then on this interval it coincides with the solution to regularized
problem (1), (2), (3). Indeed, since v(t) lies inside the ball Kz(t), v(t) coincides with its
projection on this ball and thus v satisfies equation (1) Taking into account the uniqueness
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of solution to problem (1), (2), (3) (by Theorem 1) and the uniqueness of solution to problem
(1)-(3) under condition (12) (see [1, Ch. VI, Thm. 12 [I]), we arrive at the desired statement.

Remark 4. In view of Remark 2 it is easy to construct an iteration process converging to the
solution of problem (1)-(3) in the case when the right hand side of estimate (12) is unknown
under the condition that solution to problem (1)-(3) exists and satisfies restriction (12) for
some unknown but bounded on [0,77] function M(¢). Indeed, we take a positive bounded
non-decreasing function R;(t) and solve equation (1), (2), (3) for R(t) = Ry(t). Then we check
condition (12) for M(t) = Ry(t). If this condition holds, problem (1)-(3) is solved. If no, we
let Ry(t) = Ry(t) + K, K is the parameter of the method and repeat the iteration process. It
is clear that after a final number of steps condition (12) will be satisfied and problem (1)-(3)
will be thus solved.

While realizing the suggested approach, there appears an issue of the choice of integral
restriction for R(t) or uniform restrictions for the speed R;(t), R2(t). The estimates for ||v,(t)||
and ||v(t)||4 can be explicitly found globally for n = 2 and locally for n = 3. These estimates
on the interval [to, t] depends on the initial condition ||u,(to)]|(]|w(to)||4), ||f||L2(Q§0), v and the

constants from embedding theorems.

In many cases it is difficult to find such estimates, moreover, applying them to a particular
problem we can obtain very rough estimates. Because of this fact, in Remark 4 we suggest the
iteration process which allows to find an apriori estimate if the solution with an appropriate
estimate on a given time interval exists.

An apriori estimate of the form |v| < N can be prescribed by physical reasons if we know
apriori that the speed of a viscous liquid does not exceeds a given quantity, i.e., [v(t,x)| < N,
then we can let Ry(t) = —N, Ry(t) = N. Then we note that if the solution of such regularized
problem satisfies the chosen apriori estimate, then its solution coincides with the solution of the
original problem. If the obtained solution does not satisfy the chosen estimate, then either the
speed is estimated in a wrong way, of the original model (1) — (3) is irrelevant for the studied
physical process.

It follows from the said above that in many cases solving nonlinear Navier-Stokes system can
be reduced to solving a sequence of linear problems.

There are various approaches for solving linear problems. Among them we mention one based
on gradient methods for minimization the functional J (v) = [ |divv|*dzdt, where pressure

Qr
p is treated as a control (see, for instance, [5]-[7]). However, while constructing the gradient

method, one faces the difficulty related with the fact that in the considered problems (as in the
most part of real problems, where the state of a system is described by differential equations)
the Lebesgue sets M;(C) = {u € U; : Ji(u) < C, i = 1,2} are unbounded. In work [5] this
difficulty was overcome by means of iterative regularization of the gradient projection method.
Unfortunately, this method converges too slowly.

In the present work we construct and justify a modified method of fastest descent which can
be applied under some restrictions for the control and unboundedness of the Lebesgue set.

2.  GRADIENT METHOD FOR SOLVING LINEARIZED PROBLEM

It was shown in the previous section that under certain conditions solving of problem (1.1)-
(1.3) is reduced to solving the sequence of problems (1.5)-(1.7). Omitting index k, we write
this problem as

Lv = v, —vAv + g;v,, = f— grad p, (1)
V|ST =0, v|_,=a(x), (2)

divv =0, (3)
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where £ € J(Qr), g; € Lo (Qr), a(x) satisfies condition (1.4). Hereinafter while referring to
the formulae from another section, we make use of a double numeration, where the first number
indicates the number of the section, and the other stands for the number of the formula within
the section.

We consider problem (1)-(3) as the inverse problem of determining v and p by additional
data (3). The main aim of solving inverse problems is their reduction to problems of optimal
control. We consider two versions of such problems.

Problem I. Find the minimum of the functional Ji(u) = 1 [ |divv (Vau)|* dzdt on the set

Qr

Uy = WQI’O (Qr) = {u e Wy (Qr) Ju(z,t)de=0,te [O,T]}, where Vu = grad u, v (Vu)
Q
solves problem Lv = f — Vu with conditions (2).

Problem II. Find the minimum of the functional Jo(u) = 5 [ |div v (Vu)|* dzdt on the

Qr
set Uy = Ly (Qr) = {u € Ly(Qr): [u(z,t)de=0,;t €0, T]}, where v (Vu) solves problem

Q
Lv = f — Vu with condition (2).

The difference between problems II and I is that the derivatives Vu for u € Lo (Qr) are
treated in the generalized sense and solution to problem (1) — (3) will be also treated in the
generalized sense.

The we denote by H;, [ = 1,2 the Hilbert spaces

Hy = Wy (Qr), Hy = Ly (Qr);
then U, is a subspace of space H;, [ =1, 2.
We solve problems I, II by the gradient projection method

wer1 = P, (up = a1y (ur)) (4)
where Py, the projector on set Uj, J)(uy) is the gradient of the functional J;(uy) at the point
Uk, = 1, 2.

It will be shown in the next subsection that the formulae for calculating gradients
Ji(u) = —p(u) (51)
hold true, where p(u) is determined by the decomposition w(u) on gradient and solenoidal parts
w(u) = grad p(u) + ¢,
Jo(u) = divw(u). (52)
Here w(u) is the adjoint condition determined for both the problems as the solution to the
problem

L*w(u) = —w; — vVAwW — % (g;w) = grad divv (Vu) , (6)
wlg. =0, w(z,T) =0. (7)

2.1. Differentiability of functional J;(u). We consider first the problem I. It is written
as

1
Ji(u) = 5 / \div v (Vu)|* dedt — inf; u € Uy, (8)
Qr
where v (Vu) is the solution to equation
Lv=v;—vAv+ g;v,, =f—Vu 9)

with initial and boundary conditions (2).
The proof of existence of solution to problem (1), (2) in space W3 (Qr) and estimates
necessary for justifying formula (5;) are based on the following lemma.



62 I.I. GOLICHEV

Lemmoa 1. Let F(fL’,t) € L2 (QT); g = (gl,...,gn) € L4,oo (QT); r o c L4,oo (QT);
a(z) € Wi (Q). Then in the space Wy' () there exists the unique solution to the equation

L(v)+rv=F, (x,t) € Qr, (10)

with initial and boundary conditions (2). The estimate

||'UH§ Evrai[n}e]tx || v, (t)||2+v/HAvH?dt—i-)\/Hvx (t)HZdt
telo
’ (11)

<4 (17 |l + 5 la )

1s wvalid, where X\ is a constant depending only on v and constants co, c3, ¢4, 7 from the
embedding theorems and the second energy inequality (see inequalities (13)—(15), (20) in work

B1): 91l z, i@r 1711z, wr):
Proof. We choose a sequence of bounded on @Qr functions {F"}, {g"}, {r"} satisfying the
conditions

Tim ([ = Fl|y, o,y = lim [lg" —glly, o)

i (12)
= lm I =7llp, o =0
and consider the sequence of the problems
vy —VAV" +gi'vi +r"v = F", (13)
V”]ST =0, v',_,=a (14)

We note that the latter problem splits into separate problems for the coordinates of vector v
Employing the known results (see, for instance, [4, Ch. III, Sec. 6]), we make sure that ||[v"||,
is bounded. Let us prove the uniform estimate ||[v"||, < cp, n=1,2,...

In what follows by C; we denote the constants depending on the same quantities as constant

A
We denote v = ve™: F' = F"M, then ¥v" is a solution to the problem
V) — VAV 4 gV A = F (13
Vg, =0, V', =a (14")
We multiply equation (13") by Av and integrating by parts over domain @), we obtain
1 ~n 2 ~n ny ~n
5 V2 O + A5, + (g7 Vs, +17V"), AV, ) + AV () 115,
I 1, (15)
= (F".a%) ol
L2(Qr) 2
Here we have used the notation [|[ - [[lo. = [|'l| ., (q,)-

It follows from relations (12) that there exist constants Cy, Cs, C5 such that the estimates
I [lo.s < Crs llg" (Dlly0) < Cor " Dl py) < Cs VL€ [0,T] (16)

are valid.
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To estimate the integrals in the left hand side of identity (15), we make use of the following

relations
t % t
we| [ [lertad) < | [l
0 Q 0

2

/ o 12dr | < el AT os + (@) AT s

o=

Ig:"v,

Here we have used the inequality

NI

/waHidT < elllawlllos + c(e)llwalllos, (17)

which is valid for each w € W2 (Qr).
The latter inequality can be obtained, for instance, for n = 3, as follows:

2

1 3 1 3
[ walir < caer | [ 1wl awlar | < eucr [wall f l1aw] 1

Here we have used the estimate from the embedding theorem ||v||4 3 ||vx|| 1 ||v||4 (as n = 3)
and the second energy estimate ||v,.| < ¢; ||AU|| belng valid for W} (Q) N'W3 (). Employing

then Young’s inequality (ab < %6{”(1 + —51 bm 1), where m = %, we obtain inequality

37
(17).
Taking into consideration estimates (16) and the estimates ||v||4 < ¢||v,| for n = 2,3, it is
easy to make sure that the following inequalities

1
2

17"V llo.s < /HT”H4H "lgdr | < Csell[93 o (18)

are valid. They imply
Ay =| (g%, +1757) AT, o
< (ENAVH[loe + (e (e) + Cs2) [IVllloe) AV [llo.e
<2 [1AV"[15, + 4% (c(e) + C50)* | V31115,

Letting ¢ = V and \ = 4p~1 ( (%) + 036)2, we obtain

1 —n 1., <
A1 < AT R, + SAIF 2 o
Taking into consideration the latter inequality, relation (15) and inequality

~n ~n 1 —~n _ ~n
A= (F",85") <o lIAY IR+ v I o,

L2(Qr)

we obtain

1 =n 2 1 ~n 1 =n
SIF2 O + SolIAT 3, + SMIFEIE, < ¢,
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where ¢ = v !||[F"| |2, + % [la,||”. By the latter inequality we find that

Ve = vrai max [[V*(7 I+ vI1AF" |5, + AVEIE, < 4ef. (19)
Let us show that the sequence {v"} is fundamental in the metrics [-], ; = |||,

We denote z™!' = v" — ¥"™ and note that z™! satisfies the equation

l
Z:L, —VAan +gn nl +rnzn,l +/\Zn,l

~n+l ~
SF ) s e
and the conditions
n,l _ n,l _
2", =0, 2"|_; =0. (21)
We can apply inequality (19) to problem (20), (21) with

~n ~n-+l " n n\ ~n
=m0 =y (I1(F = F7) + (@ = g) 7+ (=) FIG,)

Bearing in mind condition (12), the boundedness of the sequence {v"} in the metrics [-], ,
and inequality (17), we obtain the estimates

(™ = &) ¥ lllor < Cs [|lg™ — &1, o0 -

|H ( n+l n) ~n+lm 0T

These inequalities, conditions (12), and estimates (19) yield the convergence of sequence {v"}
in metrics [-], 7.
It is easy to show that lim ¢!V, = ¢;V,,, lim r"v" = rv. Then it follows from equation
n—00 ¢ n—00

(13) that {V;'}>2, converges in Ly (Qr) to vi. v € W5 (Qr).
Passing to the limit as n — oo in inequality and taking into consideration the obvious
inequalities

V@Ol = e vl Ve (D1 = e [Ive (1)l
1AV = e IAVOL,  IFllLa@n < 1Fllygy) -

we arrive at inequality (11). In its turn, it implies the uniqueness of solution to equation
(10). m

Corollary 1. Let f € Ly (Qr), 9 € Ly~ (Qr), a(x) € WL (Q), S € C%. Then for each
u e Wy (Qr) the equation

Lv= f—gradu

with boundary and initial conditions (2) the unique solution in W' (Qr) and the estimate

vl < G2 (Il zuior + lerad ull, gp + lal) (22)
holds true.

Corollary 2. Suppose that the hypothesis of Corollary 1 holds and in addition divg €
Ly (Qr). Then for each u € Wy° (Qr) problem (6), (7) has a solution in W3' (Q) and

the estimate
], < Cse* [lgrad div v (Vu)|l 5,0, (23)

holds true.



MODIFIED GRADIENT FASTEST DESCENT METHOD ... 65

Proof. First we note that in Lemma 1, g is an arbitrary function in Ly o (Q7). Writing the left
hand side of equation (6) as
L'w = —w; —vAw — g,w,, — divgw

and making the change t = T — 7, we pass to equation (10) with an arbitrary right hand side
F € Ly (Qr) and homogeneous boundary and initial conditions. Employing inequality (11), we
obtain estimate (23). O

Corollary 3. Let a linear operator L is defined by the differential expression Lv = v, —
vAY+ gv,, (9 € Luso (Qr)) on the set of functions D(L) C Wy' (Qr) satisfying homogeneous
initial and boundary conditions (2). Then operator L is closed, has a bounded inverse and its

domain is R(L) = Ly (Qr).

First two statements follow immediately from Lemma 1, while the closedness follows from
the first two properties of operator L. Similar statements are valid for operator L* defined
by the differential expression in the right hand side of equation (6) on the set of functions

w € D(L*) ¢ W' (Qr) satisfying conditions (7). Integrating by parts, one can make sure
that L* is contained in the adjoint operator L* of L. The coincidence of the domains of operators

L* and L* can be shown easily. Indeed, let z € D (E*), then letting f = L*z, we obtain the

relations (Lz, z) = (z, f)Vx € D (L). On the other hand, there exists an element w € D (i*)

such that L*w = f. Hence, (Lz,z — w) = 0 for each z € D (L). Letting z = L™ (2 — w), we
obtain identity z = w.

Theorem 2. Suppose the hypothesis of Corollary 2 of Lemma 1. Then functional Jy(u) is
differentiable in Wy (Qr) = Uy and its gradient satisfies Lipshitz condition.

Proof. To prove formula (5;) on the set U; = W, (Qr), we introduce the scalar product
equivalent to that in W, (Qr)

(U, Z>W21,0 = /U:pizmidmdt = (VV, vZ)L2(QT) ’
Qr
Then 1 1
Ji(uth) = Ji(w) = 5 ldivy (Vu+ V)1, = 5 I1divv (V)1 q,,) (24)
. . o 1 3
= (leV (VU) ,divv (Vh))LQ(QT) + 5 HleV (Vh)”ia(QT) ’

By Corollary 1, operator L has the inverse L™!, and in particular, L='h = v (h). Taking
into consideration Corollary 2 of Lemma 1, we make sure that operator L* has inverse and
(L*)"" grad div u = w, where w solves problem (6), (7). By Corollary 3 of Lemma 1, L* is the
adjoint operator for L.

Employing the above introduced operator L, we transform the first term in the right hand
side of the latter identity:

(divv (Vu),divv(Vh)) 1,0 = — ((L*)_1 Vdivv (Vu), Vh)L2(QT) (25)
— — (Potanw(w), Vu),, ., = — (p(), Vh)ygn) = (~plu), 0.
Taking into consideration inequality (22), we obtain the estimates
ldiv ¥ (VA)IIZ,0r) <21V (VAL y0p < 2A7HIV (VRIS
2T VR0 = 227 G [|R] 0 -
This relation and (24), (25) imply identity (5;).
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Let us show that J/(u) satisfies Lipshitz condition. Let u! and u? belong to W,° (Q7), while
w! and w? are the corresponding solution to problem (6), (7). Then

15 (1) = 5 ()l logony = P () = p () o, =

= Ve (') = VD (u*)llpy 00 = [ Peen W' = Po@n W[y, 0, <

1
< -

(26)

W2HL2(QT) '

We note that w = w! — w? solves problem (6), (7), where u = u' — .
Employing inequalities (23), (22) and ||v|| < c4|| Ve, [|Vez || < ¢7]|Av]| being valid for each

v e WL(Q), we get

Wl @) e llWallp, 0 < e AW, < e Cge HVdivv (V (u' —u?)) HLQ(QT)
<Vne A Tte;CeeT HAV (ul — u2) HL2(QT)
é\/ﬁc46708)\_1u_%e)‘T HV (V (ul — u2))
<\/ﬁc4c7C’8y_%)\_lC7eAT HV (ul

I
2
—u ) HL2(QT)
_ 12
L o = g
This inequality and (26) imply that the gradient Ji(u) satisfies Lipshitz condition with the
constant Ly = y/ncsc;Csr 2 A~ 1Cre T O

2.2. Differentiability of functional Jy(u). In studying problem II we shall need general-

ized solutions to problem (1)-(3) in the Banach space VA° (Q7) obtained as a closure of smooth
functions vanishing in the vicinity of Sy by the norm

Ivllg, = maz, IV (2, )l ) + VellL, o -

A generalized solution in the class V3°(Qr) to the problem (1)—(3) is a function
v € V3° N J(Qr) satisfying the identity
/(—v@mtyvxd)x) dxdT—l—/v(x,t)@(a:,t) d:ic+/qivxi<1>dxd7
Qr Q Qr

(27)
:/a(x)q)(:c,O)dx—i—/f(I)d:ch, te(0,7)
Q Qr
for each ® € W' (Qr) N J (Qr) and the identity
t t
1 2 2 5 Lo : 2
S Iv@OI"+v [liveldr = [ (fv)dr + 5 lal” + [ divglv|”dzdr. (28)
0 0 QT

If the hypothesis of Theorem 2 holds, then solution to problem (1)-(3) obviously satisfies
relations (27), (28), and this is why the solution to the generalized problem exists.

We note that if S € C?, it is easy to prove the unique solvability for problem (1)-(3) in
V1 (Qr) under the condition a € J (), f € Ly (Qr).

It can be done by passing to a limit in the sequence of the problems where a € J (Q) is
replaced by a sequence of smooth functions a,, in H (£2) converging in the norm of Ly (€2) (see,
for instance, [1, Ch. IV, Thm. 3]).

To prove formula (55) and to check Lipshitz condition for the gradient J;(u) of the functional
Jo(u), we shall need the estimates similar to estimates (22), (23) but in the space V3* (Qr).
At that, the constants in the obtained inequalities can be obtained explicitly. It gives a chance
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to find explicitly the Lipshitz constant for the gradient Ji(u) being important for studying
gradient methods of solving extremal problems.
The unique solvability of the problem

Lv =v; —vAv + g;v,, =f —grad u, (29)

vlg, =0, v|_,=a (30)

in the space V5 (Q,) for each u € Ly (Qr), f € Ly1 (Qr), a € Ly (Q), g € L, (Qr) follows
from [3, Ch. III, Thm. 4.1].

Multiplying equation (29) by ve
identity

~2M and differentiating by parts in domain Q,, we obtain the

t
1~ ~ ~ ~  ~
5||V(t)||2+V!I|Vx\||3,t+AIHV\H3¢+/(gz-vxi,V) dr
0
. (31)

= % Ha||2 +/ [(f, V) + (u, divv)] dr,

0

where Vv = ve™, f=fe ™ u=ue .

We consider two cases: the case of bounded functions g; and the case g € Ly o (Qr).
Suppose the condition

then
t
I = /(Qﬁzﬁ) dr| < Gl[[va, IHVx\HOt + G 916, (33)
0
It is easy to see that the estimates
t
L= [ @dive)d / [l 5l dr < X1+ I 3
0
t
Iy = / (£%)ar <1 VHOt (35)

0
are valid. Relations (31), (33)-(35) imply the inequality

1. - Vo~ _ _ 1 ~
ST+ 5, + 2= (6240 4 3) IR,

1o, 1~ )
<5 lall” + SIENG + v~ Hull3,
2 2
Letting A = G*v~' + v7' + 1, we obtain

IV (@)I1°

0.0 207 I lulllo-
It yields the estimate

1

1
1 2 2 - 2 2
Vllg, < (14+v7%) &7 (lall} o) + I8 a0m + 2 Iulliion) (36)

where A = G*v 1 + vt + L.
If the conditions ||g|[,, = < G hold true, to estimate the integral we apply the inequalities

olls < 25 ealZ 02, n=2, and |folls < 27|l %[loll5, n=3,
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being valid for each v € W(€), as well as Young’s inequality

1 m—1 _m=1
(abé—e{”amjt e, ™ bm- )
m

m
3
As n = 2, letting m = %, € = (% ) we obtain
; 1 - 1 /v\—5 ~
I < 2GRS NIVIE, < SR+ 5 (5) ™ GUIRIE,,
7
and for n = 3, lettingm =7, ¢; = (%V) 8 we get
IR Pc 2\ 81|12
I <BGIRAIG VI < JIRIE +2 (7 ) I,

Due to these estimates, we obtain inequality (36), where

L /vN=1 4 4 1
/\:/\2:—(—> G'4v4s asn=2,

7
. )
A=Az =2 <?y> GE vt + 5 asn = 3. (37)

To estimate the adjoint state w, we multiply equation (6) by we 27=% and integrate by
parts over domain Q7 = Q x [t,T]. Denoting w = we T~ we get

T
1, - _ .
§IIIW|||2+VIIIWx|||2+AI|IW|||§¢+/(giw,wxi)df

t
T

= — / (divv (Vue’)‘(T’t), div W)) dr.

t

We have obtained relation (31), if we let there v=w, a=0, f =0, v = dive (Vu). Thus, we

arrive at the estimate
1

Iwllg, < (1+V 5)6’\T||divv(Vu)||L2(QT), (38)

where A = G*v~ !+ v + 5 if g is a bounded function and A is determined by formulae (37)

once g € L (Qr).

To prove formula (52), we can not employ here direct integration by parts since the belonging
of functions v and w to space Wg’l (Qr) is not guaranteed. We employ the passage to a limit.
We choose sequences u,,, h,, contained in U; such that w, — u, h, — h in Ly(Qr). On
sequences Uy, h,, identities (24) and the first identity in (25) hold true. It implies that

_ 1 .
Jo (Up + h) = Jo (un) = — (L) Vdivy (Vu,), th) o ||divv (V)70

= (divw (un) , hn) 10 + 5 ||d1vv(Vh >HZ<QT>-
We denote 0h,, = h — hy,, du, = u — u,, 0v,, = v — v, then v, solves problem (1), (2),
where a = 0, f = 0, u = du,,. Employing estimates (36), (37), we obtain that
[div 5Vn||L2(QT) Sc ||5Un||L2(QT) 5
1div w (dun) | 10 < ll0tnll Ly qp -
Passing to the limit in relations (39), we obtain the identity

, 1o
Jow 4 1) = Jo(uw) = (div w(u). 1)y g + 5 Idiv ¥ (VR [7, 0,

2(Q)
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It follows from estimate (36) that ||div v (Vh)||i2(QT) =0 <||h|\iQ(QT)). Hence, formula (5)

is proven.
Let us show that Ji(u) satisfies Lipshitz condition. In order to do it, we employ inequalities
(38), (36) to obtain

| J5 (u') — Jj (U'Q)HLQ(QT) =||divw (u') — divw (uQ)HLQ(QT) = [|divw (u' —u
<o 4 = ) g, < Co v (¥ (ut =)
<Cuollv (7 (u — ), < Ol —u

M eaion
)HL2(QT)

HQT 2HL2(QT)'

Thus, we have proven the following theorem.

Theorem 3. Let f€ Ly (Qr), g € Lyoo(Qr), divg € Ly oo(Qr), a € j(QT), S € C?, then
functional Jy(u) is differentiable Lo (Qr) and its gradient satisfies Lipshitz condition.

2.3. Convergence of modified fastest descent method. We shall seek the solution to
problems I, IT by the gradient projection method (4), where parameter a1 is chosen by the
modified fastest descent method:

Q41 = min [a;ﬁl,’y] ) (404)

Here v is a sufficiently large quantity (the parameter of the method), and o}, is defined as in
the fastest descent method

i (Of) = min fi (@), S (@) = J (Po (g — o' ) (102)

Since the suggest method can be also employed in other optimization problem, where set
U is the whole space or a subspace, we formulate the statement as a theorem in an abstract
Hilbert space H.

We introduce the notations J, = irl}fJ(u), U ={ueU: Ju)=J}, C"(u) is the set of

differentiable functionals whose gradient satisfy Lipshitz condition.

Theorem 4. Let U be a convex closed set in a Hilbert space H, J(u) € CY(u) be a convex
functional. Suppose that the set U, is non-empty and bounded, the sequence {uy},—, is defined
by formula (4) and the conditions

S N ()P < b (41)
k=0

0 < ay < by (42)

hold true. Then sequence {uy}y., minimize function J(u) on U converges to set U, weakly in

H.
Proof. Denote p (u,U,) = m%n |lu — v]|, then by the definition of the projection operator
veUx

/)2 (Uk+1, U*) = ||Uk+1 - Py, (%H)HQ < ||Uk+1 — Py, (Uk)||2

=Py (ur, — apgr T (ur)) = Pur (Py, () |* <
I”

, (43)
< lug — apyr J'(ur) — Po, (ur)

=" (g, U) + i 17 (i) |* = 20041 (' (wn), wx = Por, (uy)).-
Employing the criterion for the convexity of a differentiable functional on a convex set U
J(u) = J () = (J (v),u—) Vu,v € U,
and letting v = ug, u = Py, (ug), we obtain
0< J(ur) = J (Pu,(ur)) = J(ur) — Jo < (J'(w), ux — P, (ur)) -
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Thus, we get
(' (wr), we — Po.(wx)) =2 J(w) — Jx 2 0. (44)
Taking into consideration the inequalities (43), (44), we have
p* (unrr, Us) = p* (ug, Us) < oy |1 () (45)

Summing up the last inequality from 0 to m > 0 and bearing in mind condition (41), we arrive
at

2
1"

P (t, U) < Y oy I (i) + 0 (1o, UL) < Wby + 9 (o, U) = by (46)
k=0
Thus, sequence {uy}y., is bounded in H, and condition (41) follows that klim |.J (ug)|| = 0.
—00

Now inequality (44) implies that sequence {uy},-, minimizes functional J(u). Thus, sequence
{ur}re, is bounded and minimizing J(u) on U.

We denote by W the set of convex combination of sequence {uy},-,, i.e., the set of points u
represented as

o0 oo
u:Zakuk, ap =0 kE=0,1,..., Zakzl.
k=0 k=0

Employing [8, Ch. 4, Sec. 8, Thm. 5], it is easy to show that W C U and since U is a closed
set, the closure W of set W belongs to U as well.

Sequence {uy}r, minimizes function J(u) on U and thus minimizes J(u) on W. It follows
that J, (W) = inf J(u) = J, = irel[fjj(u), W, ={ueW:J(u)=J.,} €U, The boundedness

ueW
of sequence {uy}p-, follows boundedness of set W. In accordance with [§, Ch. 1, Sec. 3, Thm.
6], a convex lower semibounded functional J(u) on a bounded convex closed set U in a reflexive
Banach space has a non-empty set of minimum points U, and each minimizing sequence {u},-,

converges weakly to U,. The weak convergence of sequence {uy},, to W, implies its weak
convergence to U,. The proof is complete. O

Remark 1. If set W is compact, the strong convergence holds true. Here we can apply
Theorem 1 in [8, Ch. 1, Sec. 3]).

Remark 2. If U is a subspace of a Hilbert space H, Py is the orthogonal projector on this
space, then ug1 = ur, — PyJ'(uy). In this case relation (43) can be written as

P* (w1, Us) = 0 (un, Us) + 0y || Po" (i) |* = 2041 (Pu ' (), wx — Pu ().

In view of the identity (PyJ’(ux), ux — Py, (ug)) = (J'(ug), ux — Py, (uy)) it is easy to see that
the statement of the theorem holds if one replaces condition (41) by the condition

> Py T (ug)|* < by (41')
k=0

Since sets U, [ = 1,2, are the subspaces of corresponding spaces and thus the projectors P,
on these sets are linear, let us find the explicit formulae for the parameters o, ;, pi1.
Indeed

Juw (@) =i (v (P (g — @] (ur)))) = %!HdiVV (we — aPJ; (ur)) 5.

1. , .
=5 1div v(welllgr — 20 (div v(uy), div v (P (u))
+ a?|||div v (P (un)) 15,1

L2(Qr)

It follows that
aj, = (div v(u), div Vv (P} (wr)) (0, I1div ¥ (P (ur)) 157 (47)
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Here the expressions v(ug), v (PJ](ug)) mean v (Vug), v(VEJ]/(ux)), where V( ) is the
solution to equation (1) for f =0 and a = 0.

It is clear that sequences {.J;(uy)},o, are monotonically decreasing and are bounded from
below.

It was shown in the previous subsection that Jj(u) € C*!(U;). We then apply a known
estimate being valid for the functions in C!(u), see [8, Eq. (2.3.7)]

L
|J(uw) — J (v) — (J (v),u—2v)| < 5 lu—v|* Yu,vel,
where L is the Lipshitz constant. Letting here v = ug, u = ug,; = up — aPJ](uy), we obtain
Jl(uk) — Jl (ugﬂ) :Jl(uk) — Jl (uk — OéPlJl,(uk))

L
o (J) (ur), Pl (ux)) g, = =0 | P ()l

where L; is the Lipshitz constant for the gradient J/(u) of functional J;(u). Taking into ac-
count that P is the orthogonal projector on a subspace, we obtain that (J;(ux), PJj(ur))y, =

| 22" (ug,) || 7,- Then it follows from inequality (48) that

(48)

B = 5 (1) > @ (1= a5 ) 1Rl (49)
Letting o = 1/L;, we obtain
Tiux) = Iy (ugyy) = 1/2L0 | P (un) |1, -

Suppose that aj, ., <7, then agqq = o) ;. Thus, for a = 1/L; the inequalities

Tiux) = Ty (u1) = Ti(w) = J (ugr) = 1/2L0 | P (ui) |1, (50)

hold true.
Suppose now that oj_ ; > v, then ag41 = . We consider two cases: v > 1/L; and v < 1/L;.

Since function f;j () decreases on the interval (0, ), in the first case we obtain inequalities
(50). In the second case (v < 1/L;

1

v (1 =7Li/2) = 5.

Thus, due to inequalities (49), (50), in all cases we obtain the estimate
Jo(u) = Ty (wesr) = e 1P (un) I3, (51)
where ¢, = min [%7, % / Ll}. The last estimate yields that the sequence {Jl (ui,) }ZOZO decreases

o0
monotonically, the series > || F,J] (“k)“zl converges and the estimate
k=0

Z [P (u ||H <ot (lur) = Ji) (52)

holds true, where J;, = 1n£ Ji(u). Thus, the gradients J/(u) of functionals J;(u), | = 1,2,
uel;

satisfy inequality (41').
It is easy to make sure that functional Jj(u), [ = 1,2, are convex. Indeed, for each o € [0, 1]

Jilau+ (1 — a)w) = |ladiv v(u) + (1 — a)div v(w)]|[3 7
=a?||div V(U)H&T + (1 — @)?||div V(U))HaT +2a(1 — @) (div v(u),div V(U}))LQ(
=al|div v(u)([5r + (1 = @)l|div v(w)[[5 7 — a(l — a)||div v(u) — div v(w)[§ 7
<adi(u) + (1 —a)Ji(w).

Qr)



72 I.I. GOLICHEV

Taking into consideration Remark 2 for Theorem 4, Theorems 2 and 3 on differentiability of
functionals J;(u), [ = 1,2, and the well-known theorems on the unique solvability of problem
(1)-(3) [I, Ch. 4. Sec. 1, Thms. 1’, 2], one can easily prove the following theorem.

Theorem 5. Let f € Ly(Qr), g € Ly (Qr), divg € Ly (Qr), a(zx) satisfies condition
(1.4), S € C?. Then the sequence {uﬁg}ZO:O defined by identities (4), (5), | = 1,2, where
parameter oy is defined by (40), (47), minimizes functional Ji(uw) on U, and converges to U,
weakly in H; from each initial approximation.

Remark. As | = 1, Theorem 5 is implied immediately by Theorem 4 since the hypothesis
of this theorem holds true. As [ = 2, the unique solvability of problem (1)-(3) does not
ensure one of the conditions of Theorem 5 that U, is non-empty and bounded. However under
the hypothesis of Theorem 5 there exists the unique solution to problem (1)-(3) in the class
ve W2 (Qr), pe Wi (Qr). It is clear this solution is also that of the generalized problem,
while the solution to the generalized problem is unique. Thus, functional Js(u) in the hypothesis
of Theorem 5 satisfies all the assumptions of Theorem 4 and moreover, in this case the condition
divg € Ly (Qr) can be neglected.

2.4. Regularization of iteration process by Tikhonov method. In the previous subsec-
tion we have proven the weak convergence of the modified fastest descent method for functionals
Jl(u), = 1,2

In order to construct strongly converging sequence one can employ the Tikhonov regular-
ization method [8]. Its matter is the consecutive solving of the minimization problems for
functionals T;(u) = J(u) + B;Q(u) on U as first kind problems, i.e., the problem on mini-
mization w.r.t. the functional. Here Q(u) is the stabilizer or a non-negative strongly convex
function. For a fixed j we find a point u; satisfying the conditions

T; = i@f@(u) < T (uy) <T7 +¢. (53)

Tikonov’s theorem (see, for instance, [8, Ch. 2, Sec. 5, Thm. 1]) implies that if J(u) €
Ct(u), U, is non-empty, J, > —o0,

lim 8; = lim ¢; =0, sup é‘jﬁ;l < 00, (54)

j—00 j—0o0 j>1
then the sequence {u;}>~, defined by conditions (53) minimizes functional J(u) on U and

j—oo
Returning back to the original problem (1)-(3), we introduce the notations
Eﬂ@:ﬁ@%ﬂ%%ﬁwuem¢%>Qﬁ&@:0 (55)
Since for 5; > 0 functional 7} ;(u), [ = 1,2, is strongly convex, it has the unique minimum point
uj ;. In what follows, if the arguments are same, we omit the subscript [, at that, ||-|| = [|-[| -

For the approximate solving of the minimization problem for functional 7; ;(u) we employ
the usual fastest descent method

wjnr = P, (uje — ajpa ) (ujn)) .5 =1,2,...5k=0,1,...,n;. (56)

Parameter a1 is calculated explicitly by the formula
Ayl = [(diV v (us)  div ¥ (BT (uin)) 1oy B (Wi, BTV (1)) Hl}
-1
< iy (BT (i) |, o + B BT (i [5,]

As in formula (47), here for [ = 1,2
v (ujr) = v (Vi) ; v (BT} (i) = v (VPT; (uj)) -

(57)
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Let 5; = 0 as j — oo and ; > 0. For each fixed j, we make n; iteration by scheme (56) and
as the initial value for the minimization of functional Tj ;1 we take w10 = u; = wuj,,. We
choose n; by the condition

Tl/,j (uj,nj) < By (58)
Let us show that in this case sequence {u;} satisfies conditions (53), (54) of Tikhonov’s
theorem. We take into consideration the well-known inequality for strongly convex functionals

1 , 2
) = J () < 5217 @I (59)

where p is the constant from the criterion of strong convexity of a functional
(J'(u) = J (v),u—v) = pllu—v|| Yu,veUl.
In the considered case p > ;. It follows from inequalities (58), (59) that

. 1
Ty (uj) — Thy (uf;) < JBi=e;

Thus, the hypothesis of Tiknonov’s theorem holds true. Taking into consideration that the
minimum of functionals J;(u), [ = 1,2 under the hypothesis of Theorem 5 is equal to zero and
it is attained at the only point being the solution to problem (1)-(3), we arrive at the following
theorem.

Theorem 6. Suppose the hypothesis of Theorem 5. Then sequence {uj};.‘;l defined by rela-
tions (56)-(58) minimizes functional J;(u) on U; and

lim [l = .|, = 0. (60

Remark. Let v, p be the solution to problem (1)-(3), then u, = p. Taking into consideration
that the norm ||-||, is equivalent to
IVl = vrai max [|vz[| + |AVIl, g + [IVellLyor »

)

and estimates (22) and (36), we obtain the relations
. 1 - 2
Jim [[vj =v[[=0, i |[vj—vl[|, =0, (61)
where {V]l} is the sequence defined in solving Problem I, while {v?} is the sequence defined in
solving Problem II.

3. CONCLUSION

In the present work we suggest an approach for solving problem (1.1)-(1.3). The matter of the
approach is a consecutive solving of linearized problems by the gradient method. We note that
in this case the minimizing functional is convex. One can also employ another approach where
problem (1.1)-(1.3) is regarded as the inverse problem, where relations (1.1)-(1.3) describes the
state of a system under an unknown pressure, while identity (1.3) introduces additional data
on the state of a system. This problem is easily formulated as a problem of optimal control:

J (p) = / |divv(p)|2 drdt — inf; pelU;, [1=1,2,
Qr

where v(p) solves problem (1.1), (1.2) for a given p € Uj.

Employing the obtained or apriori restrictions for the speed vector v, we can replace equation
(1.1) by equation (1.1") and justify the unique solvability for problem (1.1’), (1.2) as well as the
convergence of the iteration process (1.5), (1.6) for each fixed p € Uj, [ = 1,2. The construction
and justification of the gradient method for solving problem (1.1)-(1.3) in such formulation
as well as the comparison of various ways of numerical realization of the suggested methods
will be given in a future work. One of the options was tested on a model example where the
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solution to problem (1.1)-(1.3) and thus the apriori estimate were known. The calculations
were made consecutively by time layers. In this case to obtain a given precision 3-4 steps of
iterative linearization was needed and 5-6 steps of gradient descent.
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