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ON SOME SPECIAL SOLUTIONS OF EISENHART
EQUATION

Z.KH. ZAKIROVA

Abstract. In this note we study a 6-dimensional pseudo-Riemannian space V°(g;;) with
the signature [+ + — — ——], which admits projective motions, i.e., continuous transfor-
mation groups preserving geodesics. A general method of determining pseudo-Riemannian
spaces admitting some nonhomothetic projective group G, was developed by A.V. Aminova.
A.V. Aminova classified all Lorentzian manifolds of dimension greater than three admitting
nonhomothetic projective or affine infinitesimal transformations. The problem of classifi-
cation is not solved for pseudo-Riemannian spaces with arbitrary signature.

In order to find a pseudo-Riemannian space admitting a nonhomothetic infinitesimal
projective transformation, one has to integrate Eisenhart equation

hijk = 29i50 k + Gik0,j + GikP.i-

Pseudo-Riemannian manifolds for which there exist nontrivial solutions h;; # cg;; to the
Eisenhart equation are called h-spaces. It is known that the problem of describing such
spaces depends on the type of the h-space, i.e., on the type of the bilinear form Lxg;;
determined by the characteristic of the A-matrix (h;; — Ag;;). The number of possible types
depends on the dimension and the signature of an h-space

In this work we find the metric and determine quadratic first integrals of

the corresponding geodesic lines equations for 6-dimensional h-spaces of the type
[(21...1)(21...1)...(1...1)].

Keywords: differential geometry, pseudo-Riemannian manifolds, systems of partial differ-
ential equations.

Mathematics Subject Classification: 53C50, 53B30.

1. INTRODUCTION

A curve z%(t) is called geodesic, if its speed vector T% = dz*/dt is parallel along the curve (cf.
[1): VT = 0. In local coordinates, the geodesic equation reads as
2, g,k
d*at + Flkdidi =0, (1)
dt? T dt dt
where I‘}k are the components of connection of a pseudo-Riemannian manifold (M, g). Here-
inafter, the summation is made over repeating indices.
A transformation f of a pseudo-Riemannian manifold M onto itself is called projective trans-
formation if it maps geodesics into geodesics.
A vector field X is called infinitesimal projective transformation or projective motion if the
local one-parametric transformation group generated by this field in a neighborhood of each
point p € M consists of locally projective transformations.
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A vector field X is called infinitesimal projective transformation on a manifold M with an
affine connection V if and only if [2] (see also [§])

Vy(LxZ —VxZ) = (Lx = Vx)VyZ = R(X,Y)Z —(Y)Z = Y¢(Z) (2)
for the field of 1-form ¢ and all vector fields Y, Z on M, where R is the Ricci tensor.

In local coordinates, we have

LT, = 0jpr + 0pp; (3)
that is equivalent to
LTy = 08’ + 0T, — ThOE + T+ Thone' =
=&+ £lR;‘lk = 050k + 05

If M a pseudo-Riemmanian manifold with the metric ¢ and Riemannian connection V, then
condition ([2)) is equivalent to the equations (cf. [2], [8])

LXg == h, (4)

VY, Z,W) =29(Y, Z)Wep+g(Y.W)Zo+g(Z, W)Y, (5)

where (Y, Z,W) € T(M), ¢ = %HdivX. Equation is called generalized Killing equation,
the second equation in is called Fisenhart equation.

First the problem on determining 2D Riemannian manifolds admitting projective motions
or infinitesimal projective transformations, i.e., continuous groups of transformation preserving
geodesics, was considered by S. Lie and G. Koenigs (cf. [3]). Other important results were
obtained by A.Z. Petrov in work [4]. He classified geodesically equivalent pseudo-Riemannian
spaces V3. Later A.V. Aminova solved completely this problem in [5]. For a Riemannian
manifold of dimension greater than two, a similar problem was solved by G. Fubini in [6] and
by A.S. Solodovnikov in [7]EI In their works, they provide a complete classification of pseudo-
Riemannian spaces of dimension greater than two over local groups of projective transformations
which are wider than the homotheties groups. We note that their conclusion based on the
assumption of positive definiteness for the considered metric. Once we renounce the positive
definiteness condition, the problem becomes much more complicated and requires a completely
new method of solving.

In work [8], A.V. Aminova classified all Lorentzian manifolds of dimension greater than three
admitting nonhomothetical infinitesimal projective and affine transformations. In each case,
the corresponding maximal and affine Lie algebras were determined. This problem is not solved
for a pseudo-Riemannian space with an arbitrary signature.

In order to find a pseudo-Riemannian space admitting nonhomothetical infinitesimal projec-
tive transformation, we need to integrate Eisenhart equation (|5). The problem on determining
such spaces depends on the type of h-space, i.e., on the type of the bilinear form Lxg deter-
mined by Segre characteristics of the A-matrix (h — A\g) (see [§]). If the characteristics of a
tensor Lxg is [abc. . .], we call the corresponding space as h-space of type [abc. ..]. These ideas
were first suggested by P.A. Shirokov (see [10]). Thus, a pseudo-Riemannian space for which a
nontrivial solution A # cg to Eisenhart equation exists is called h-space.

The number of possible types depends on the dimension and signature of the pseudo-
Riemannian space. In particular, for a 6-dimensional pseudo-Riemannian space V°(g;;) with
the signature [+ + — — ——], the following types are possible:

1) [(1...1)...(1...1)], i.e., [111111], [(11)1111], [(111)111] and so forth;

2) [11(1 A)..(1..1)], ie., [1T1111], [11(11)11], [11(111)1] and so forth;

3) [1111(1...1)...(1...1)], i.e., [(11)1111], [(11)(11)11], [1111(11)] and so forth;
4) [(21...1)...(1...1)], i.e., [21111], [(21)111], [(211)11] and so forth;

1Tt should be noted that the complete survey on this subject was given in work [8] as well as in the PhD
thesis of the author [9].
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1)11], [2(11)11};
AD)(11)(11)], deen, [2211], [(22)11], [2(21)1], [(21)(21)] and so forth;
I;

(31..1)...(1.. 1)), e, [3111], [(31)11], [(311)1] and so forth;

We note that h-spaces in Items 1), 2), 3) were studied by G. Fubini in [6] and by
A.S. Solodovnikov in [7], h-spaces in Items 4), 5), 8), 9) were studied by A.V. Aminova in
[8], h-spaces in Items 6), 7), 10), 11), 12), 13) were studied by the author in PhD thesis [9].
Some results were published in [11]-]15].

The aim of the present work is to study 6-dimensional pseudo-Riemannian spaces V°(g;;)
with signature [+ + — — ——]. In particular, we find the metric of 6-dimensional h-spaces of
types [22(11)], [2(21)1],][2(211)], [(22)11], [(221)1], [(2211)], [(22)(11)], [(21)(21)] and determine
the first quadratic integrals for the geodesic equations in these h-spaces. The metric in the
h-space of type [2211] was obtained by the author in [I1].

The main method of determining pseudo-Riemannian manifolds admitting nonhomothetical
projective group G, was developed by A.V. Aminova (see E| Employing the technique of
integration in a moving skew-normal frame in the present Work we find the metric in the
considered h-spaces.

In a skew-normal frame, Eisenhart equation

hijk = 295k + Gikp,j + Gjkp,i (6)
casts into the form (see [§])P]

XTan + Z eh(ahqf)/;zp’r + aph’}/ﬁqr) = ngXqSO + gqup(p <p7 q, T = 17 e 7n)7 (7)
h=1

where

i&P i¢g
Xrp =€ Oz’ Ypar = —Vapr = £i3€°E s ai; = hij — 2945,
r p qr

¢ are the components of the skew-normal frame, g,. = €,0;" and @,, are canonical forms of
i

tensors gy, Gpq, respectively, 71, = e,V are the components of connection in skew-normal
frame X. The commutators of vector field X} and X}, are determined by the formula (cf. [g])

n

(X, Xp] = Z er(Vikh — Yonk) X7, (8)

=1

IThe technique of integration in skew-normal frame was employed first in works [16], [17].

The mapping ~ which maps indices into the others was first introduced by A.V. Aminova
in works [16], [I7] (cf. also [8]) in the definition of a moving skew-normal frame. It
should be noted that these papers by A.V. Aminova can be found in the Internet by the link
http://www.mathnet.ru/php/person.phtml?option lang=rus&personid=8394. Omitting a cumbersome defini-
tion of a moving skew-normal frame, it is sufficient to provide several examples in order to understand the
action of mapping ~. For instance, for h-space of type [2211], 1 =2,2=1,3=4,4=3,5=15, 6 = 6; for
h-space of type [321], 1=3,2=2,3=1,4=05,5 =4, 6 = 6; for h-space of type [411], 1 =4, 2 =3, 3 = 2,
4=1,5=5,6=6. The same relations remain true also in the case of multiple primitive divisors, i.e., under
the existence of brackets in the types of h-spaces, for instance, in the case [22(11)], [2(211)] and so forth.
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that is equivalent to
n n

(X, Xn] =D > Yk — Yort) 7™ X1
=1 m=1
~ We note that for 6-dimensional h-spaces of type [(21...1)(21...1)...(1...1)], 1=22=1,
3=4,4=3,5=05,6=6 (see [§]).
For 6-dimensional h-spaces of type [(21...1)(21...1)...(1...1)], canonical forms g,, and
Gpg read as (cf. [4])

0 es 0 0 0 0
e 00 0 0 0
_ 0 0 0 e 0 O
9 =1 0 0 e 0 0 0 | (9)
00 0 0 e O
00 0 0 0 eg
0 €9 )\2 0 0 0 0
ey 0 0 0 0 0
- 0 0 0 64)\4 0 0
= 0 0 eN O 0 0 |
0 0 0 0 €5 )\5 0
0 0 0 0 0 66)\6

where e; = eg,e3 = eq,e; = £1, (i = 1,2,...,6), Ay = Aa, A3 = Ay, A5, Ag are real functions which
can coincide. These functions are the roots of the characteristic equation det(h;; — Ag;;) = 0.

2. METRIC OF h-SPACE OF TYPE [22(11)]

We substitute canonical forms g, and a@,, from @ into @ and take into consideration that
for h-space of type [22(11)] we have \s = X\g, 1 =2,2=1,3=4,4=3,5=5,6 = 6. Then
we obtain the system of equations

XT)\Q =0 (7” §£ 2), Xr)\4 =0 (7’ # 4), XT)\ﬁ = O,
Xo(Ae =) = Xu(M—¢) =0, 721 = e2Xop, 7313 = eaXup,

s = Yor1 — ea Xy oty = es X4 it = i — e  Xop (10)
142 = V241 = T V242 = T gy V324 = Y423 = T
Ao — N\ Ay — M\g)? A — Ay
e Xop es Xop e X5

Va24 = =gy V244 = g Jsoo = vy
(A1 = A2)? (A2 = Ag)? (As = Ag)
where r =1,2,...,6, 0 = 5,6, s = 2,4, 736, are arbitrary. Other v,,, are zero.
It is known that a system of partial differential equations

X0=£6060=0, (¢g=1,....mi=1,...,6,m <6), (11)
q

where ¢ are the components of a skew-normal frame, is completely integrable, i.e., it admits
q
6 —m independent solutions, if and only if all the commutators of the operators of system ([2],

see also [§])
6

[Xq7 Xr] = Xqu - XT‘XQ = Z ep(qur - ’YPT’Q)Xﬁ (12)
p=1

are linearly expressed in terms of operators X,.
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Employing formulae and , we write down the commutators of operators X; (i =
1,...,6) in the considered h-space,

[XlaXZ] = —e17121 X2, [Xl,X:s] =0, [X27X3] = €47423 X3,
(X1, Xy] = —eomon X1, [X3, Xu] = —e3y313X4,
[Xo, Xa] = —eav240. X1 — 17149 X0 + €47424 X3 + €37324 X4, (13)
[Xp, Xo] = —ervrapXr,  [Xg, Xo] = €0%000Xo — €rVrog X,
(X5, X6] = —e57565 X5 + €67656 X6,
where p=1,3, ¢ =2,4, 0,7 =5,6 (0 # 7).
Then, forming completely integrable system by , we define independent solutions

admitted by these systems and indicate these solutions by 6°. After that, by the coordinate
transformation ¥ = #*(x), we can vanish some of the components ¢ of the skew-normal frame

q
introduced above. In particular, completely integrable systems from are X160 = X360 =
X40 = X560 = X0 = 0, X160 = Xo0 = X360 = X50 = X0 = 0, X100 = Xo0 = X30 = X0,
X30 = X40 = X5Q = X(;H = 0, Xlg = XQQ = X59 = X66) = 0. We denote the solution to the
first system by 62, the solution to the second system is #*, and the solutions to the third system
are #° and 0°. The forth system has two independent solutions. One of them is indicated by 6!,
while the other is chosen to coincide with 2. The latter system has two independent solutions
as well. One of them is denoted by 63, while the other coincides with #*. Making the coordinate

transformation 2 = #°(x) in the new coordinate system, omitting the primes, we determine

5— (2)8,), === =8==6"=0, (14)

2 2 2 4 4 4 o

where p=1,3, 0 = 5,6, « = 1,2, 3,4, Py(x) are arbitrary functions.
By means of identities , employing the part of equations not involving 7,4, we find

6
2¢ = Zfi +c A= i (15)
i=1

where f; = fo(2?), f3 = fi(z?) are arbitrary functions, f5 = fs = A, ¢ are constants.
Equating the coefficients at like derivatives 9/0z" in the left hand 51de and the right hand side
of identities , by formulae and we obtain the system of equations for components

& of the skew-normal frame,

1 Eag - o - Lo = — 1,86
> E08 = fy(E) H
3 E08 = o =P, =0,

4° 845 _ f4 51
1

fo— f4
5o 84§ o f4§ — f2 25,
¢ 0 = i
7 0,6 5 35 543453 = —f,8'¢,
3 4 4 4
8° g ag f4(54)27
9° 98 =¢lo e’ =¢loet =0,
1 3 1 4 1 4
10 06 = et
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117 9,87 = fzg -~ iy €
12° 825 f2§4

13° 5315 = —Y01&’, (T #0),
1 €08 = el (7 £0),
15° §383§ = —’}/7-0-3%—:0, (1 # 0),
16° §353§T = _’7703§T7 (T #0),

!

17° glalga +§282€a — _foE)\QQfJ o 77'02607 (7_ 7&
18 O +E0E = 586 — ol (1#0),
£

19° §3a350'+§4a4€ _ ’)\§4€o' ’77—0'450—7 (7_ O'),
20° §36357+§4a45 = - ’Aﬁf Vil (7 #0),

21° 553555 +f ?) f f 0 f §686§5 = —’7565§5 +’7656§57
22° f @55 +§ 365 —f (955 — £%06€° = — 565" + V656E",
5 6 5 6 6 5 6 5 5 6

23° (€70, +€70,)7 =0, (1 #0),
where a, 8 =1,2,3,4, 0,7 = 5,6, f5 = %, fi= ngi.

It follows from equation 23° that ¢” do not depend on variables z°, 8. Integrating equations
3°. 4°, 9°, 10°, we find "

§1 = (f1— fo) " Fi(at, 2?),

§3 = (f2 - f4)_1F3($3,.’B4),

where F, I3 are functions of the mentioned variables and these functions are not zero due to
the linear dependence of the vectors in the frame and due to formulae ((14). Equation 3° also
implies that &' is independent of variable .

2

The expressions for the found components of the frame can be simplified by the coordinate
transformation

da! da?
—1 =2 2 =3 —4 4 —0 o
= | — = = =, T ==z 7’ ==
m Fl Y x x ) F3 Y Y )
which does not change the identities (14). In the new coordinate system we obtain
?1 = (fa—f2)7Y, §3 = (fo—fo) ™" (16)

After that, integrating equation 2° and 6° and taking into consideration 3°, we get
€ = (1= )t +062)

where 6(x?) is an arbitrary function of variable 2.

There are two possible cases: 1) f} =0, 2) f} # 0. In the second case we make the coordinate
transformation 72 = fy(2?), ¥ = 2? (p # 2) and we let § = (f3)~'6. Omitting the overline, we
can unify both the case by one formula

§2 =(fa—f2) AT, (17)
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where
A=ex'+0, fi=fy=er?
eis 0 or 1, @ is a function of variable 2% being non-zero as € = 0.
Following similar lines and integrating equations 8°, 12° with 9° taken into consideration, we
obtain

&= (fo— f1) AL (18)

4
Here

A=’ 4w, fy=fi=é"+a,
€is 0 or 1, a is a constant being non-zero as € = 0, w is a function of variable z* being non-zero
as € = 0.
Integrating equations 1°, 5°, 7° and 11°, due to 3°, 9° we find

&= (fa—f2) 7 ((fa = f2) 7 + Q%))

2

& =(fo— £1)"((f2 = f1) ' + R(")),

4
where Q(z?), R(z*) are the functions of the indicated variables.
By the coordinate transformation

7t=a! — /Qdmz, 7 =2 — /Rdx2, ’ =aP (p#£1,3),
we can vanish functions Q and R keeping the formulae obtained before. Then components &'
2

and &* of the skew-normal frame cast into the form
4

§1 = (f1— fo) % §3 =(f2— f1) % (19)

Employing the obtained results and the formula (see [§])
6
g7 =>_end’d, (20)
h=1 N

one can calculate the following contravariant components of the metric tensor for the considered
h-space,

9" =2e(fa— )%, g =eafa— fo) PAT

9% =2es(fo— f1)7°, g =eulfo— f1)PATE

It also follows from formula that in the considered h-space we have ¢°7 = e,£7¢" + e,£7¢7,
o,7 = 5,6. By means of equations 13°, 14°, 15°, 16°, one can prove easily that £'0,¢°7 =
1

53039” = 0. It implies 01¢°" = 03¢g°" = 0. Then it follows from equations 17°, 18°, 19°, 20°
3
that

82'90'7' — _2 fé gUT a4gUT — _2 fi gUT.
fa= A7 fi—2A
Integrating these equations and bearing in mind equations 21°, 22°, we find
gm' = <f2 - )‘)_2<f4 - /\)_QFUT(‘I57'I6)7 (21)

where F°T are arbitrary functions of variables z°, x°.

Then, calculating covariant components g;; of the metric tensor, by formulae (see [§])

§i= gufj» aig = Y, eneinid .
h

hi=1
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we find the components of tensor a;;.
We write the final results as the following theorem.

Theorem 1. If a symmetric tensor h;; of type [22(11)] and a scalar ¢ satisfy equations
in V8(gi;), then there exists a holonomic coordinate system, in which ¢, gij, and h;; are
determined by the formulae

giidr'da? = ey A(fy — fo){(fa — fo)da'da® — A(dz?)?)}+
+esA(fo — f){(fo — fa)da’da* — A(da")*}+ (23)
+F,(fo — N2(f1 — N)2dacda”,
aijdxidxj = fggiljldx“dle—i-

2)2 12 ] eJ A 4)2 (24)
+Agio(dz®)*+ f1i,j,dx?da’® + Agsa(dz®)® + Agprdx’da”,

hij = aij + 2¢gi5, 20 =2f+2f1+c, (25)

A=ex' +0(2?), A=ér®4w(zh), 26)

where €, = 0,1, fo = ex?, fy = éx* +a, )\, ¢ and a are constants, a # 0 as € =0, F,, (25, 2°),
0(z?), w(z) are arbitrary functions, 0 #0 as e =0, w # 0 as € =0, iy, 51 = 1,2, ia, jo = 3,4,
o, T = 5,6, €9, €4 = +1.

3. METRIC OF h-SPACES OF TYPES [2(21)1], [2(211)]

In this case and in the cases considered below we make calculations similar with ones made
for h-space of type [22(11)]. And this is why we omit some arguments.
We substitute canonical forms g, and @,, from @ into (7). Since Ay = A5 for h-space of
type [2(21)1], we obtain
X,«)\Q = O (7" 7é 2), XT)\5 = O, Xr)\(; = 0 (7" # 6),
X2<)\2 — 90) = XG()\G - 90) =0, 72 = eXop,
_ o 2 Xep ___2Xep = X (27)
V162 = Y261 Ny — Ag V262 Dz — A2 V3s4 = 7V4s3 N — A
s ea X s = e Xop o — e5Xgp
484 - _—7 20'0' - —7 - )
(s — As)2 Me=Ao) 7 N =
where r =1,2,...,6, 0 = 5,6, s = 2,6, Y45, are arbitrary, while other v,,, are zero.
The commutators of the operators of h-space of type [2(21)1] read as
[X1,X2] = —617121X2, [X1,X3] =0,
[X27X3] = €47V423X3, [X17X4] = —e57Y541X5,
(X1, X5] = —eavan X3, [ X1, Xg] = —e27261.X1,
[ X2, X4] = e37324 X4 + €47424 X3 — €57512.X5,
(X2, X5] = e5Y525 X5 — €47425 X3, (28)
[Xo, Xg] = —e27262 X1 — €17162X2 + €67626 X6,
[Xs,X4] = —€57543X5, [Xz,Xs)] = —€47453X3,
[X:s,XG] = —€47163X3, [X4,X5] = —e4V154X3 + €5Y545 X5,
(X4, Xo] = —e37364 X4 — €a7164X3 + 57546 X5,

(X5, X6] = e47a56 X3 — €57565Xs.
It follows that systems X;0 = 0 (i # 2), X,;60 =0 (j # 4), Xxf = 0 (k # 6) are completely
integrable and have, respectively, the solutions: 62, 6%, #5. Systems X530 = X,0 = X50 = X460 =
0, X160 = X500 = X360 = Xgf = 0 and X0 = Xo0 = X¢0 = 0 are also completely integrable.
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The first system has solutions §' and #?, the second one has solutions 6* and #°, the third
system has solutions 6, #*, and #°. Making coordinate transformation z* = *(z) and omitting
the primes, we obtain

gi = By(2)3', === §4 =0, (29)

where p=1,2,3, s =3,4,5,6, ¢ = 1,2,6, Py(x) are arbitrary functions.
Integrating system of equations as in the previous case, taking into account and
, and calculating the components of tensors g;; and a;;, we arrive at the following result,

gi;da'dr’ = eo{2(fs — fo) Ada'dz® — A*(dx?)*}+
+(fo — N (f2 — N {2e4dz3dz? — e4(D + w)(dz*)? + e5(da®)?}+ (30)
+eg(fo — f6)*(da®)?,

aydr'de’ = fogi,;,da’ da’+

) ) 31

—i—gu(dx2)2+/\gi2j2dx”dx]2 + 934(dx4)2 + fﬁgﬁﬁ(dxﬁ)Q, ( )
1

hij = ai; + (2f2 + fo6 + ) gij; §0:f2+§f6+07 (32)

A=e' +0(2*), S=2(fr=N""+(fs— N7, (33)

where € = 0,1, fo = ez?, X and c are constants, 0(x?), w(z*, 2°), f¢(2%) are arbitrary functions,
0 7é 0ase= 07 Z.lajl = 1727 iQan = 374557 €2, €4, €5, €6 = +1.
Similar arguments for for h-space of type [2(211)] yield

gijda'dr’ = 2e9 Adxt dz®+

34

(o = NP{2esds¥ et — ey(S + w)(de') + grda®daT, 34
a;;dz'da’ = 2 frg12dz' da® + gio(dz®)® + AgpgdzPdz? + gza(dat)?, (35)
hij = ai; + (2f2 +¢)gij, ¢ = fatc, (36)

A=er' +0(z%), T =2(fo— N1, (37)

where € = 0,1, fo = ex?, A ¢ are constants, 0(x?),w(z*, 25, 29), g,, (2%, 2°, 2%) are arbitrary

functions, 0 A0 as e =0, p,q = 3,4,5,6, 0,7 = 5,6, eg,e4 = £1.
We summarize the obtained results in

Theorem 2. If a symmetric tensor h;; of types [2(21)1], [2(211)] and a function ¢ satisfy
Eisenhart equations in V°(g;;), then there exists a holonomic coordinate system in which func-

tion ¢ and tensors g;;, hi; are determined by formulae @7‘

4. METRIC OF h-SPACES OF TYPES [(22)11], [(221)1]
For h-space of type [(22)11], from it follows the system of equations

XA =0, XA =0(r#0), Xo(As—¢)=0,

— _ _ €2 X0y _ o e Xop
Y14r =723r; V12 = V20l = M — /\U, V304 = V403 = M — /\J, (38)
esXop e X
IYSO'S - ()\4 _ )\0)27 ’YO"TU - )\J _ )\7_ (0- % T))

where r = 1,2,...,6, 0,7 = 5,6, s = 2,4, 724, are arbitrary, and other v, are zero.
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We write the commutators of operators,

[X1, XQ] = €4Y412X3 — €47421 X3 — €37411 X4,
(X1, X3] = e47u13 X3 — ea7101 X1,
(X2, X3] = —eam140 X1 + e37a13 Xy + €47423X5,
(X1, Xu] = —e17a Xy + esva1a X3 — e27201 X1,
(X1, Xo| = 47410 X3 — 27251 X1, (39)
(X2, Xu] = —e17140 X + 47424 X3 + 37414 Xy — €27240X1,
(X2, Xo| = e37410 X4 + €47120 X3 — 272050 X1 — €17152X2,
(X3, Xu] = —e17143X2 — €27243X1 + €27144 X1,
(X3, Xo| = €27230 X1 — €17403X3,
(X4, Xo| = e17140 X2 — 37354 X4 + 27240 X1 — €47454X3,
[ X5, X6] = —e57565 X5 + €67656X6-

Forming completely integrable systems in , by coordinate transformations we find

5— ()5075" £ =0, (40)

«

where @ = 1,2,3,4, p=1,3, ¢= 2,4, 0,7 = 5,6, , P,(x) are arbitrary functions.
By , , l) we obtain the system of equations for components §] of the skew-normal

frame,

1° ?a agﬂ ga WP = ’7412§ﬁ - ’Y421§[j - ’Y4llfﬁ

2°§%§ ga@—mﬁﬁwmﬁ

3° 50‘&156 €90, éﬁ = —714156 - 741455 - 724155

4
4° 5 aagﬁ ;Afyos gﬂ—moé

5° faa §p E%0nb? = —71026” + V113" + 1422E7,
2 3 2 1 i 3
60 5a agq _'7413£q7
3 2 i
70 €%0aE7 — €2008” = —14926" + 741487 — V242" + 742467,
2 4 i3 3 4 1 3
8 0,67 = 330 — Sl = e’ — vt

9° &~ a§6 —E£%0, 5 = —y1438” + 7144§B — 7243§B7

3 4 2
10° €70, gﬂ = %/\f"f §U§B — 714a§ ]
11° 508 518 = %)\faf gagﬁ - %()\,f;g)Q éfagﬂ - 7140?8 - 7240?67
12 & af =0,
B

130 508§_2f7f§€7 (7_7&0)7

where a,ﬁ =1,2,3,4, p=1,3,q = 2,4, 0,71 = 5,6, fr = f-(z;), f» = f-(x,) are arbitrary
functions of the mentioned Variables.
Integrating 12° and 13°, by a coordinate transformation of x°, 2% we find

§5 = (fs — fs)_1/27 §6 = (fs — fG)_1/2-
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6
Differentiating g*% = 3" e,%¢? wr.t. 2P (p = 1,3), in view of equations 1° — 3° and 5° — 7°
h=1 h j

we get 9,g%° = 0.
Differentiating ¢ w.r.t. 27 (o = 5,6), by equations 4°, 8°, 10°, 11° we obtain
o o o
9" - 9"
fo=A" (fo =) 2
where p,r = 1,3, ¢ = 2,4. Integrating these equations, we find
=,(fo =N HE+FP), ¢" =T,(f — N) ' F™,

where FP" [P1 are arbitrary functions of variables z2, 2*, ¥ =" (f, — A\)~!, >__ denotes the
summation over o, II, denotes the product over o.

Making similar calculations for h-space of type [(221)1], after appropriate coordinate trans-
formations we finally get

gijdmidxj =11, (f, — )\){Zglgdﬂfldl'2 —e(X+ 01)(dx2)2+

Dy’ = — Ho‘(fo’ _ )\)—17 0, gP1 =

+2g5ada’dat — eq(S + 02)(da*) + G} + 3 eo(fr — f,)(d2")?, (41)
a;ijdr'ds’ = Nggdr®dz’ + G)+

G12(dz?)? + gaa(dz™)? + nggm (dz7)* + G, (42)

hij = as; + ng—i—cgm, ¢:§ng+c. (43)

2:2 fr— N4 (44)

G = 2e5{1 +63(fs — /\)}dx4Zix5 + (fo — N)gss(dz®)? + eg(dz®)?, (45)

where A, ¢ are constants. Here for h-space of type [(22)11], we have 7,0 = 5,6 (7 # o),
s,t =1,2,3,4, G =0, gy, 01,0, are arbitrary functions of variables z2, z*, f, is an arbitrary
functions of variable z?. For h-space of type [(221)1], we have 0 = 6, s,t = 1,2,3,4,5,
gst, 01,05, 03 are arbitrary functions of variables a2, 2%, 2°, f, = \, fs is an arbitrary function
of variable z°.

We have

Theorem 3. If a symmetric tensor h;; of types [(22)11], [(221)1] and a function ¢ satisfy
Eisenhart equation in V°(g;;), then there exists a holonomic coordinate system in which function
@ and tensors g;;, hij are determined by formulae —.

5. METRIC OF h-SPACES OF TYPES [(2211)], [(22)(11)], [(21)(21)]

In all these cases we have ¢ = const, therefore, due to identity @, tensor h;; is covariantly

constant. Omitting further calculations being integrating of equations w.r.t. & together with
i

appropriate coordinate transformations, we obtain:
for h-space of type [(2211)],

gijda'dr! = 2g19dx’ da® — eqf(da?)? + 2g34drida* + g, dx"dx?, (46)

aijdz'dr? = \gida'dr? + gio(da®)?, (47)

hij = a;; + cgij, (48)

where r,q = 5,6, A, ¢ are constant, 0, gi2, gsa, grq are arbitrary functions of variables z?, x4,

1’5, 136;
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for h-space of type [(22)(11)],
gizdr'da? = e{2dx'da® — 0(da®)?*} + es{2dz’da* — w(dz*)*} + gprda®da”, (49)
aijd:pidxj = Al{giljldxild:vj1+
+ea(da?)*+giypda?da’® + ey (da')*} + Aagorda’da”,
hij = a;; + cgij, (51)

where 0, w are arbitrary functions of variables z2, x*, g, are arbitrary functions of variables
2%, 25, A\i, Ay, ¢ are constants, and \; # Ay, 01,71 = 1,2, 49, jo = 3,4, 0,7 = 5,6;

for h-space of type [(21)(21)],
gijda'dr! = eo{2dx’dz® — 0(dx®)*}+

(50)
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+es(dr®)? + es{2dztdx® — w(dz®)?} + eg(dz®)?, (52)
aiidz'dr? = Ny g; 5, de" da? + ea(da®)? + Nagiyj,dada?® + es(da®)?, (53)
hij = a;; + cgij, (54)

where 0 is an arbitrary function of variables 22, 23, w is an arbitrary function of variables z°,

2%, A\, Ao, ¢ are constants, \; # A, i1,71 = 1,2,3, ia,jo = 4,5, 6.
We summarize the results of this section in the following theorem.

Theorem 4. If a tensor h;; of types [(2211)], [(22)(11)], [(21)(21)] and function ¢ satisfy
Eisenhart equation in V°(g;;), then there exists a holonomic coordinate system in which function

¢ and tensors g;;, hi; are determined by formulae @7.

6. FIRST QUADRATIC INTEGRALS OF GEODESIC EQUATIONS IN h-SPACES OF TYPES
[(21...1)(21...1)...(1...1)]

To each solution h;; of equation @, there corresponds the first quadratic integral of geodesic
equations (see [8])
(hij — 4pgi;)3'd? = const, (55)
where i is the tangential vector to the geodesic.
Therefore, the first quadratic integrals of geodesic equations in h-space of types
[(21...1)(21...1)...(1...1)] are determined by formula (53], where tensors h;;, g;; and func-
tion ¢ are given in Theorems 1-4.

7. (CONCLUSION

In the present work we have found a small class of 6-dimensional pseudo-Riemannian spaces
with signature [++————| admitting nonhomothetical infinitesimal projective transformations.
In particular, we have found the metric of h-spaces of types [22(11)], [2(21)1],[2(211)], [(22)11],
[(221)1], [(2211)], [(22)(11)], [(21)(21)] and have determined the first quadratic integrals of
geodesic equations in these h-spaces. We note that the obtained results are easily generalized
for the case of n-dimensional pseudo-Riemannian space with signature [+ + — — — — ... — —].

The determination of the metric of all hA-spaces counted in Introduction solves completely
the problem on finding 6-dimensional pseudo-Riemannian spaces with signature [+ + — —
——] admitting non-homothetical infinitesimal projective transformations or projective motions.
This problem was completely solved by the author in PhD thesis [9].

The next problem is to study the projective-group properties of the considered spaces. Here
we still have the open problem on recovering of the vector field determining infinitesimal pro-
jective transformation and the problem on the structure of projective Lie algebra. The solution
of this problem is reduced to integrating Killing equation.
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