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DIRICHLET SERIES WITH REAL COEFFICIENTS

N.N. AITKUZHINA, A.M. GAISIN

Abstract. We study the class of entire functions represented by Dirichlet series with
real coefficients determined by a convex growth majorant. We prove the criterion for the
validity of an asymptotic identity on the positive ray which is an exact estimate for the
growth of the logarithm of the modulus for each function in the considered class.
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INTRODUCTION
Let -
f(z) = Zakzk (z =z +iy) (1)
k=0

be an entire transcendental function with real coefficients, and {p,} (n > 1) be the sequence of
sign changes (by definition, p, = min {k: a,, ,ar < 0}, where py = min{k : a;, # 0}). By p(¢)

k>pn—1
we denote the counting function of sequence {p, }, p(t) = >_ 1. It was shown in [1] that if the

pn<t
density of the sequence {p,} A = tlim 7@ is equal to zero, then in each angle {z : |arg z| < ¢}
—00

(¢ > 0) entire function (1) has the same order as in the whole plane. Later it was found out
that this result holds true also for the ray {z : arg z = 0}; if function (1) has a finite order p
and A = 0, then [2]

— In|f()

e T M () 1, Mg(r) = ﬁl‘i§|f(2)| (r>0). (2)

It follows in particular that py = p, where py = Lm 2RU@I Ag A = 0, identity (2) is valid

r—+00 Inz
also for the function of finite lower order [3]. In [4] there were found the best possible conditions

for function p(t) (being weaker than the condition A = 0) under those for each function of finite
order (finite lower order) defined by series (1) the asymptotic identity

In My(x) = (14 o(1)) In|f(z)| (3)
holds true as z — oo outside some set of zero lower logarithmic density.

The aim of the present paper is to obtain similar with (3) asymptotic estimates for the entire
functions defined by the Dirichlet series with real coefficients and having a more general growth
majorant.

By L we indicate the class of all continuous and increasing on R, = [0, +00) positive func-
tions. Let ® € L be a convex function such that its inverse ¢ satisfies the condition

Tm p(r?)
r—r+00 Sp(x)

< 0. (4)
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By A(p) and A(p) we denote the classes positive non-decaying on R, functions a = a(t),
a(t) = o(ty(t)) as t — oo, such that

T 7

lim 1 /@dtzq h_mi/@dtzo’

r—o0 (T) / t2 r—00 QO(T) / t2

respectively. The subclasses A(y) and A(p) consisting of the functions o € L such that
a(t) > v/t are indicated by W (y) and W (¢), respectively.
Let A = {\,} (0 < A\, T 00) be a sequence satisfying the conditions

1) sup(A(t+1) = A(t)) < oo (non-condentsabilty condition); (5)
¢

2) In(Ap1—An) > —a(N,) (n>1) (non-closing condition),
where « is a some function in W(p), a(t) = O(t) as t — oo, A(t) = > 1. We denote by D(A)

An<t
the class of all entire functions F' represented by absolutely convergent in the whole plane

Dirichlet series

F(s) = Z ane’™* (s =0 +it) (6)
n=1
with real coefficients a,,. Let M(o) = sup |F(o + it)],
[t|<oo

D, (®)={Fe D) :3{o.},0<0,T o0, nM(s,) < P(mo,)} (m>1).

We let D(®) = | D,,(P). By u(o) we indicate the maximal term of series (6), i.e., u(o) =
m=1
Ano
max{|an|e™7}.

Let p, = Ap,, where {p,} is the sequence of the sign changes for series (6), I(t) = > 1,
q(t) = > 1, where

dn <t

A A
¢, = min (@ M + 1) .

Since i, < ¢n < fins1, then |[(t) —q(t)] < 1.
Below we shall assume the following condition for sequence {p, }: there exists § € A(y) such
that

An
/ l(t;jn) <000 (n>1), (1)

where [(t; \,) is the number of the points x; in the segment {h : |h — A,| < t}. We note that
in the case ¢(z) = Inz, condition (7) holds true immediately (it was shown in [4]).

In the present paper we prove the following theorem.

Theorem 1. Suppose condition (7). The asymptotic identity

InM(o) = (1+o0(1))In|F(0)], (8)

holds true as 0 — oo outside some set EE C [0,00) of zero lower density if and only if | € A(p).

We note that if ®(0) = expexp...exp(o) (kK > 1), then as k = 1, class D(P) comprises
—_—

k
Dirichlet series of finite Ritt lower order. This is why the appropriate results in [3]-[4] are

corollaries of Theorem 1.
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1. AUXILIARY STATEMENTS

We shall make use of the following Borel-Nevanlinna type lemma.
Lemma 1 [5]. Let ® € L and inverse ¢ for function ® satisfies condition (4). Let also u(o)
be a non-decaying positive and continuous on [0,00) function and

u(o)

Jim u(o) = oo, lm £

Let {x,} be a sequence chosen so that
u(z,) < Clnd(z,), 0<C <oo.
Suppose that a function w belongs to class W (). If v = v(o) solves equation
w(v) =", (9)
then the asymptotic identity
u(a—i—d%) =u(o)+o(l) (0<d<o0)
holds true as o — oo outside some set E C [0,00),

v(Zn)
mes(EN[0,z,]) < o(p(v(z,))) +4 / th(t)dt = o(p(v(zy))), T, — 0.

v(w1)

In the hypothesis of Lemma 1, w* is a some function being w*(t) = f(t)w(t), 8 € L. Function
f is chosen in such a way that w* € W(y). In Lemma 1, the mentioned function w* always
exists (it is not determined uniquely). We note that the exceptional set £ depends on function
w*.

In order to obtain an estimate like (8), we shall make use of the following statement on an
estimate for a bounded analytic function in a circle.

Lemma 2. [6]. Let g be a function analytic in the circle {z : |z| < R}, and

lg(0)] > 1, Insup |g(z)] =M < co.
|z|<R

If0 <r <1—N7' (N > 1), there exists at most countable number of circles V,, = {z : |z —z,| <

Pn} such that
S i),
and outside these circles but inside the circle {z : |z| < rR} the estimate

In|g(2)| >

A
1 —5NL 1
- nlg(0)] =5 (10)

holds true, where

2T
1 .
L= %/hﬁ 1g(re®)| 6 — n |g(0).
0

Estimate (10) is more precise than the estimate In |g(2)] > —5NM in [7].
Let {p,} be a sequence of natural numbers, p,, = \,,, [(t) = > 1,
Mngt

A A

2
gn<t
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We let
2
ao-T(1-5) @=w

n<2a qn

We have

Lemma 3 [4]. For each A\, < a (a > q) the estimate
i A
t:
—In|Q.(A\)| </ att; " )dt—|—4N 4(2eq) (11)

0

holds true, where q(t; \,) is number of points q; in the segment {h : |h — \,| < t},

2. PROOF OF THEOREM 1
1. Sufficiency. Since |I(t) — q(t)| < 1,1 € A(p), then ¢ € A(p). Next,

r

[0 - [0 Nt [ N(t),,

t r t2
0 0 0
t
where Ny(t) = [ q;” x. Therefore, N, € A(p). Hence, there exists a continuous on [0, c0)
0
function Bl( ), 1 < Bi(t) T oo, t — o0, such that the function N,(2et)f;(t) also belongs to

Alyp).
Let us estimate the integral f 4(t:dn) A” ) dt, where q(t; Ap) is the number of the points ¢; in the
segment {h : |h — \,| < t}. Bearlng in mind the latter of conditions (5), we have

A )\n
A D) ;A

/ al )dt /—Q(’ n) dt+/—Q(’ n) dt =1, + I,
¢ ¢ ¢

0 Yn 1

where 7, = 7). But it follows from the condition sup(/\(t—l— 1) = A(t)) < oo that q(t; \,) <

dt +d (0 < d < 00). Since p, < ¢, < fint1, then |g(t; )\n) — I(t; \n)| < 1. Thus, taking into
account (7), we have

L <dl+In2+a(N,)], L<ON)+nA, (n>1), (12)
where v € W(p), 6 € A(p). Hence, due to (12), we get that
An
/ 1WA o, (), (13)
J t
where ©; € W(y). Hence, there exists a continuous on [0, 00) function fy(t), 1 < Fa(t) T o0
as t — oo such that the function ©;(¢)52(t) belongs to W(y). Let w*(t) = S(t)w(t), where

w(t) = O1(t) + Ny(2et), B(t) = min(B1(t), B2(t)). It is clear that w* € W (¢p).
Let v = v(0) be a solution to the equation

w*(v) = 31n u(o), (14)
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where (o) is the maximal term of the series (6). We let

Fu(s) = 3 ane™, Fi(s) = 3 aaQu(Mn)eM,

An<a An<a
where
52
Qu(2) =[] (1——2).
qn<2a qn

Since all a,Q,(A\,) (A, < a) are of the same sign, we can assume that a,Q,(\,) > 0 (A, < a).
It is obvious that

M (o) = sup |Fj(o +it)| = F;(0),

[t]<oo
and thus
1
M (o) ==— | q(t)F.(t+ o) dt, (15)
2me
|t|=6
where ¢,(t) is the function associated in the Borel sense with Q,(z), 6 = %, wi(t) =

BY2(t)w(t). Taking into consideration (14) and proceeding as in [3], one can show that as
o — 00,

max g (1)] <9 /M(@v,me-&" dv < 5°D(o), (16)
t=
0

where M(Q,,r) = max |@Q,(z)|. Applying them Lemma 1, we get that as o — 0o, outside some

z|=

set By € [0,00) of zero lower density dE;

Inp(oc+46") = (1+o0(1))Inpu(o), (17)

and according to the same lemma, as o), — o0,

mes(E; N[0, 07%])

*
O-’I’L

=o(1), o, — o0,

where the sequence {o} is chosen by the restriction In M (o)) < ®(mof) (m > 1). Then as
o — oo, outside Fjy,

D anle T p(o+467) Y e g

An>v(0) An>v(0)

oW (g) exp[—3(1 + o(1)) In u(o)] < 1. (18)

Taking into account the former of conditions (5), we see that A(v(c)) = O(v(0)) as 0 — 0.
Hence, In A(v(0)) < 2Inwv(o) < 2w(v(o)) as 0 > 0g (we have used that w € W(p)). In view of
(14), (17), as 0 — oo, outside E; we have

M(o +36%) < (o +45")[M(v(0) + 1] < MW (o), At) =) L.

An<t
Therefore, as ¢ — oo, outside Fj,
InM(o+36") =(1+0(1)) In M(o). (19)
Taking into account (16), (18), by (15) we obtain that, as o — oo, outside Ej,
M; (o) < MW (0)( max [F(€) + 1). (20)

|E—a|<d
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But as ¢ — oo, outside Ej,

M(o) < Y anle™ 1= (lanllQu()]eM)|Qu(Aa)| ™ + 1.

An<v(0) An<v(0)
Together with Lemma 3, estimate (13), identity (14) it implies that, as o — 0o, outside Ej,
M(0) < u*D(0)M; (o) < M"Y (o) M; ().
In view of this estimate, it finally follows (20) that, as 0 — oo, outside F;, dE; = 0,
MW (o) < Jmax [F(&)| = [F ()], (21)

where [£* — 0| =6, 0 = %, w (t) = BY2(t)w(t). In addition, according to Lemma 1,

mes(E; N[0, 0%])
on
We recall that sequence {07} is determined by the restriction In M (c}) < ®(mo}) (m > 1) and
o, — 00.
We let B = [0,00)\ E;. There exists a sequence {o;} (0; € B) such that ¢ 1 00, 0;4+0; < 041
and 0,41 — 0;41 < inf{o : 0 € B, 0 > 0; 4+ §;}, where 6; = d(v(0;)) (i > 1). Hence

=o0(1), o, — oc.

B C U[O-Z — (51',0'1‘ + (51]

We let g(z) = F(z + &*). It follows from (21) that |g(0)] > 1 as 0 € B N [0g,00) (o9 > 0).
In (21) we let ¢ = 04, 6 = &;, and in Lemma 2 we let N = 3, r = [3(v(0;))]""/?, R = 26},

(5; = —wv((”(fg)‘))> Then Rr = 2 e ;’(l)) =2 ﬂ(vi)—wf:i) = —2“’71)5”") = 20; (v; = v(0y)). Therefore,

by Lemma 2 we conclude that in the circle {z : |z| < 24;} but outside exceptional circles v,
with the total sum of radii satisfying the estimate

S P < 20,87, (22)

we have estimate (1()) Here f; = B(v(o;)). Then for each z in the circle {z : |z| < ¢;} but

outside the circles Vit with the total sum of radii satisfying estimate (22), as ¢ — oo, by (10)
we have

In|g(2)| > [1 +o(1) — 15@ In |g(0)|. (23)

Taking into consideration that g(z) = F(z+¢*) and employing estimates (21), (19), (23)

obtain that for each z in the circle {z : |z — ;| < §;} but outside exceptional circles cl Wlth
total sum of radii at most 20;53; 2,
In|F(z)] > (14 0(1))In M(o;), i — 0. (24)

Here 6; = 6(v(0y)), and 6 = wf)”(;;)), w(t) is the function satisfying the hypothesis of Lemma 1.

Let E, be the projection of the set UC’S) on the real axis. Let us estimate the relative
measure of set Ey. We choose a sequenée {on} (0, € B,B = [0,00) \ E) such that if o], =
inf{oc:0€ B, 0 >0, +d,}, then 0 < 0,41 — 7, < Iy,.

Let o, < 0} < 0g41. Since In M (o)) < ®(mo)) (m > 1), in view of (4), (14) we obtain that
or > ap(v(or)) > ap(v(or)) (> 0). Thus,

mes(Ey N [0,0%]) 4 ~1 46y,
L — E D20+ ————,
O 6Z +
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where

_ Ba(wlon)w(v(on) _ w'(v(on))

v(ok) v(ow)

and w* = [(t)w(t) (0 < B(t) 1 oo, t = 00) is a function satisfying the hypothesis of Lemma 1.
Therefore,

. 40y,
lim ———— = 0.
k—o0 agO(U(O'k))
k-1
But since 551/2 — 0 asi— o0, and o > 2 ) 4;, then dEy = 0. Thus, estimate (8) holds true

=1
as 0 — oo outside F = Fy U Fy, dE = 0. The proof of the sufficiency is complete.
2. Necessity. Let [ ¢ A(p). Then

— 1 1
im —— Y — =7>0, 25
o o(r) £ (25)

and the series Y p, ' diverges. We let

Since p, = A,,, and sequence {\,} obeys conditions (5), sequence {s,} has a finite upper
density and p(t; p,) < Ct+ C (0 < C < o0), where p(t; py,) is the number of the points y;
(i # py) in the segment {h : |h — u,| < t}. Hence, the results of paper [8] yield

@' n)] = - [ 25824+ 0,

Due to the latter condition in (5), it implies
—In[®' (1) = O(ptn), n — 00 (26)
We introduce the series

F(s) =) are (s =0 +it), (27)

o0

where
P> (pn) L — °
ap = Tt K=o s 1) ) = T+ 2/pa)e
{ 0, k7 pn g
Since [(x) = O(x) as © — 00, bearing in mind (25), we have (cf. [8])
Iny(z) < —dvp(r) (z>0), (28)
where 0 < d < 0o. One can make sure that for sufficiently small ¢ > 0 the estimate
1
n¢?(z) < —2¢z Y — (0<q<o0) (29)

holds true. Therefore, in view of (26), (29), series (27) diverges absolutely in the whole plane.
Since |F(0)] = O(1) as 0 — +oo [6], it is sufficient to show that F' € D(®).
Due to (26), (29), for some A > Ay we have

t

l
M(o) < Aexp max —qt/ le) de+ot || . (30)

T2
0
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It follows from (25) that for some sequence {t}, tx 1 oo,
ty

/ W) o> pott). 5>0 (31)

Let t = t(o) be a solution to the equation

0

Since it is obvious that ¢ = t(0) is a continuous increasing function, by (30)—(32) we get that
for some sequence {0y}, o) T o0,

In M(og) <InA+ opty <InA+ o, ® (%) <
q

<InA+ O(oy)® (%) <InA+ ®*(Boy) (0< B < o0).
q

Thus, In M (o) < ®(moy), m € N, m > mg. Therefore, F' € D(®). The proof of the necessity
is complete.
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