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LOCALIZATION OF ARNOLD TONGUES OF DISCRETE
DYNAMICAL SYSTEMS
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Abstract. The work is devoted to the exposition of the method of localizing the Arnold
tongues for finite-dimensional dynamical systems with a discrete time which are the sets
corresponding to rationally synchronized relations between the system’s parameters. Such
sets correspond to regions of parameter values for which the system has cycles of certain
periods. The method allows us to obtain an approximate representation of the Arnold
tongues, to study their properties in the major and minor resonances.
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1. INTRODUCTION

One of notions interesting and important from theoretical and practical point of view is
that of the Arnold tongue [I]-[3] which are the sets corresponding to rationally synchronized
relations of a system’s parameters. Such sets correspond to the values of the parameters for
which the system can have cycles of certain periods. Various questions related to the properties
and applications of Arnold tongues in nonlinear dynamics were discussed in a series of works
(see, for instance, [I[-[8] and the references therein).

The system of Arnold tongue can be observed in many works of nonlinear dynamics. For
instance, in the problem on the stability loss for a cycle of period T for an autonomous system
under the passage of the multiplier via the unit circle, as the parameters, one can treat the
modulus and argument of the multiplier. In this case, on the parameters plane there form
narrow rhamphoid sets (tongues) having their cusps at the points e*™% of the unit circle, where

o ="Lis rational; such sets correspond to the domains of the existence of ¢T-periodic solutions

q
to the system emerging in a vicinity of the initial cycle of period T
Another example, where Arnold tongues appear in a natural way, is the problem on syn-
chronization of self-oscillating system with eigenfrequency vy by an external signal of frequency

v. As the parameters, here one can employ the fraction of the frequencies » = — and the
Vo

amplitude a of the external signal. On the parameters plane (s, a), there appears a charac-
ter structure of the regime domains which are the domains of synchronization with different
relation between the frequencies v and 1. These domains look like tongues appearing from
each rational point on the axis s; the domains of periodic (as a rule, long-periodic) regimes of
the system are associated with the corresponding values of the parameters s and a. Between

M.G. YUMAGULOV, LOCALIZATION OF ARNOLD TONGUES OF DISCRETE DYNAMICAL SYSTEMS.

© Yumacurov M.G. 2013.

The work is supported by RFBR grants nos. 10-01-93112-NCNIL_a and 11-01-97009 -“Povolzhe” and by
SNTP RB program “Innovative technologies of the Republic of Bashkortostan: physical and mathematical
foundation and technical solutions” (2011-2012).

Submitted February 26, 2012.

109


http://dx.doi.org/10.13108/2013-5-2-109

110 M.G. YUMAGULOV

the tongues, there exist the domain of quasi-periodic regimes with an irrational fraction of the
frequencies.

In the present paper we give basic concepts of a new operator method for localizing the
Arnold tongues of a finite-dimensional system with a discrete time. The method allows one to
obtain an approximate representation for these sets and to study their properties in major and
minor resonances. In the justification of the method, we obtain new asymptotic formulae for
the solutions to the problems on bifurcation of the cycles of dynamical systems allowing one to
study the bifurcations in details.

1.1. Bifurcation of ¢-cycles. We consider a finite-dimensional dynamical system with a
discrete time,

Tpy1 = F($n,ﬂ>, n = 07 1727 ceey I € RN (1)

depending on a parameter p € R™. The function F(x,p) is supposed to be defined and
continuously differentiable w.r.t. all the variables on the set

Q=A{(z,p) + [lell <61, [l = poll <02},

where d; and Jy are some positive numbers; hereinafter the symbol || - || is employed to denote
Euclidean norm in the spaces RY and R™.
As usually, by m-cycle or m-periodic solution of system we call a set of different vectors

x5, T3, x5, ..., ), _4, such that
Ty = F(Izk]ﬂM)? Ty = F(xill’)? e Ty = F<I:n727ru’)7 xS = F(I:nflnu’);

For m = 1, the given definition becomes the notion of the equilibrium point of system ; a
vector zfy is an equilibrium point if xf = F(z§, ).

Suppose system has the equilibrium point z* = 0 for all values of p, i.e., F(0,u) = 0.
Denote by A(u) = F.(0,n) the Jacobi matrix of the function F(z, ) calculated at the point
x = 0. Our main assumption is

S1) the matrix A(ug) has a pair of simple eigenvalues e*2™¢ where 0 < 6y < = and 6 is

DN | —

rational: 6y = p is a irreducible fraction.
q

At that, it is assumed that the moduli of all other eigenvalues of the matrix A(ug) are equal to
one.

Under the above assumptions, as yu = po, the equilibrium point z* = 0 of system is
non-hyperbolic (see, for instance, [4]), and the value p = p is bifurcational. The codimension
of the associated bifurcation equals two. This is why it is natural to assume that the parameter
@ is two-dimensional, i.e., u = («, ), where a and [ are scalar parameters. We also let
Ho = (040, 50)~

Let P be the plane of the parameters u = (a, #) of system (|I). The bifurcation scenarios
in a vicinity of the equilibrium point z* = 0 of system are determined by the character
of a passage of the parameter ;1 € P through the point py. This passage can be realized in
infinitely many various directions, along straight lines or curves passing the point py. Here
periodic solutions of various periods can emerge or disappear.

One of basic scenarios (but not the unique one) is the bifurcation of g-cycles of system
, when for the parameters p close to pg, cycles of period ¢ of system emerge and the
amplitudes of these cycles tends to zero as u does to . In other words, the value pg is a
bifurcation point of q-cycles for system if there exists a sequence i — o such that as

/o= ju, , system (1) has the g-cycle af, z%, 25, ..., aF_, and pnax |¥]] — 0 as k — oo.
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1.2. Arnold tongues. To describe possible scenarios of bifurcation for system in a vicin-
ity on the equilibrium point z* = 0, we denote by K the set of the points in the plane P of the
parameters («, (), for which the matrix A(cq, 5) has the eigenvalue A, |A\| = 1. The set K is
usually a smooth curve in the plane P.

In the plane P, there forms a character structure of the domains of nonlinear system ;
this structure is the domains of synchronization with different fraction of the parameters o and
f. These domains has a rhamphoid form or tongue-like W(a*, 5*) with the cusps in the points
(a*, 3*) of the curve K at which the matrix A(a*, 3*) has eigenvalues e*2™"? with rational 6*:

T
0" = - (see fig. 1).
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Figure 1. Arnold tongues on parameters plane

Such tongues correspond to the domains of the parameters (a, #) for which system has
periodic regimes of period m with the amplitudes tending to zero as (a, 3) tends to (o, 5%).
In other words, the set W(a*, 3*) contains the sequences (ag,fx) — (o, 5*) for which the
bifurcation scenario of m-cycles of systems realizes.

For instance, by Condition S1), the inclusion (ag,Sy) € K holds true, since the matrix

+270pi

A(a, Bo) has the eigenvalues e , where 6y = =. The corresponding tongue ¥(«y, 5y) is the

set of the values of the parameters («, /3) for Whidg system has g-cycles with the amplitudes
tending to zero as (a, 3) tends to (ag, Bo).

Thus, the aforementioned tongues W(a*, *) correspond to rationally synchronized (in the
natural sense) fractions of the parameters a and . Between these tongues, there exist the
domain of quasi-periodic regimes with irrational fraction of the parameters. The main features
of this picture were found out by Russian mathematician V.I. Arnold [I], so the system of
synchronization tongues corresponding to rationally synchronized fractions of the parameters
was named as Arnold tongues [2], [3].

The mentioned structure of the regimes domains has a local character. As the parameters «
and (8 go far from (o, 5*), the domains of periodic regimes supplant quasi-periodic ones and
the tongues start overlapping. A chaos becomes possible. The system of Arnold tongues can
be observed in self-oscillating systems excited by a periodic signal, in the problems on mutual
synchronization of two self-oscillating system, and others (see, for instance, [5], [6]).

In literature the notion of Arnold tongues can be introduced by other interpretations as
well.  Quite often (see, for instance, [3], [7]) this notion is introduced in terms of spectral
characteristics of the matrix A(«, $). This interpretation is employed in the present paper; let
us introduce it.
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Let C be the complex plane and S = {z : |z| = 1} be the unit circle in this plane. Suppose
the value p = (a*, §*) of system is a bifurcation point of m-cycles. To realize such scenario
for system ([I]), the matrix A(u) should have the eigenvalues in a set U(m) € C being a union

of narrow rhamphoid sets W(l,m), where 0 < — < 5 and the number — is an irreducible
m m

fraction.
The sets W(l,m) are called the Arnold tongues in the complex plane C. By its cusp, each set

"y [
(I, m) abuts the point €2™"% in the circle S, where §* = —. A typical Arnold tongue W(l,m)
m

is located between two smooth curves v; and 79, as it is shown in Fig. 2.

A
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Figure 2. Arnold tongues in complex plane
As m > 5, these curves touch at the point €*""%; in this case the Arnold tongue W¥(I,m)
degenerates to a curve in a small neighborhood of the point e?™" (Fig. 2 a)). As m < 4, the
Arnold tongue ¥(l,m) is a substantially wider set (Fig. 2 b)).

Such organization of Arnold tongues is due to the structure of so-called resonance term in
the Taylor expansion at zero for the mapping F'(x, ). Main resonance terms are responsible
for the existence of cycles of small periods m < 4. Respectively, the cycles of small periods
of system appear quite often, while long-periodic (as m > 5) are non-typical and appear
rather seldom.

In the unit circle S of the complex plane C, there exists a countable set of the points e
with rational 6 densely located on the circle. Each such point is associated with an Arnold
tongue. In particular, it means that in the one-parametric case (i.e., as the parameter pu is
scalar), as u passes ji, in general, long-periodic cycles of system emerge and disappear in
a vicinity of the point # = 0. This phenomenon (subfurcation of periodic oscillations) was first
observed by V.S. Kozyakin [9].

2701

2. FORMULATION OF PROBLEM

In the present work we provide a scheme allowing us to localize the Arnold tongues W (p, q)
of system . In order to do it, we make several simplifying assumptions.

First, for the sake of simplicity, we assume that system is two-dimensional, i.e., N = 2.
The case N > 3 can be reduced to the two-dimensional one by, for instance, theorems on central
manifold (see, for instance, [4]).

Second, it is convenient to assume that the parameters a and § of the system are related
by a simple expression with the eigenvalues of the matrix A(u). We employ the fact that by the
perturbation theory of linear operators [10], for each value of the two-dimensional parameter
close to fig, the matrix A(u) has the unique eigenvalue A = p(u)e?™#i close to €277 at that,
the functions p(u) and 6(u) are smooth and the identities p(pg) = 1 and 6(u) = 6y hold true.
We define the functions o = a(u) = p(p) — 1 and 8 = B(u) = 0(u) — 6o.
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Without loss of generality, we assume that the parameters of system are exactly these «
and . Namely, we suppose that matrix A(«, 3) reads as follows,

Ao, f) = (1+ )Q(B) , (2)
where : )
| cos2m(bp+ ) —sin2w(6y + 3
QB) = sin 2#(9;) +03) cos 27r(000—|— Bg) |’ (3)
The matrix A(a, 8) has a pair of simple eigenvalues
Moy B) = (1 + @) @)

At that, the matrix A(a, ) satisfies Condition S1) for a =0 and g = 0.
Hence, we consider the two-dimensional dynamical system with the discrete time
Tpi = Ala, B)zy + a(zn, 0, 8), n=0,1,2,.., =z, R?, (5)

where A(w, 8) is matrix (2)), the nonlinearity a(z,a, /) obeys the relation |a(z,q,p)| =
O(||z||?) as ||z|| — O uniformly in @ and 3. We shall assume that the nonlinearity a(z, a, )
can be represented as

a(:r,oz,ﬁ):ag(x,a,ﬁ)+a3(x,oz,ﬁ)+d4(m,a,ﬁ), (6)

where as(x,, 5) and az(x,«,5) involve quadratic and cubic in z terms, respectively, and
as(x, o, B) is smooth w.r.t. z, and a4(z, o, ) = O(||z||*),  — 0, uniformly in o and f3.
The main problem considered in the present work is to localize the Arnold tongues W(p, q)

of system .

3. PASSAGE TO OPERATOR EQUATIONS
The basis for the subsequent construction is the following theorem.
Theorem 1. The value py = (0,0) is a bifurcation point of q-cycles for system (@

The proof of this and other main statements of the work are adduced in Section [7}
For a more detailed study of the bifurcation of g-cycles for system we shall make use of
some auxiliary constructions.
Periodic solutions of period ¢ for system are determined by the solutions to the operator
equation
r=FP,p), (7)
where
N————
q
Namely, the next obvious statement holds true.

Lemma 1. A vector x* solves equation (@ if and only if x* is either an equilibrium point
of system or it determines the cycle xy = z*, ©1 = F(xg, 1), ©o = F(x1, 1), ..., Tpoq =
F(z,_o, 1) of period r for this system, where r is a divisor of the number q.

For instance, if ¢ = 6, the solutions to equation can either be the equilibrium points of
system or define cycles of period 2, 3, or 6.
In particular, for system , equation becomes

x = B(p)z + bz, p), (8)
where p = (a, 8), the matrix B(u) is defined by the identity
B(p) = A%(p) , (9)
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and the nonlinearity b(x, 1) satisfies the representation

b($7u) = bQ(x’N) +b3(xvﬂ) +B4(Inu) (10)
similar to @

At that, the next lemma holds.

Lemma 2. The quadratic nonlinearity by(x, 1) in (@ can be represented as
bo(, ) = AT ag(, ) + AT %ag(Aw, )+ (11)
o Aag (AT 22, 1) + ag (AT, )
and the cubic nonlinearity bs(x, 1) satisfies
by(x, p) = AT ag(w, ) + AT %ag(Aw, p)+ (12)
+ oo+ Aaz(AT 2z, w) + az(AY e, p) + ga(a, p)
where
g3, 1) = AT, (Az, p)as(z, 1) + AT ay, (A%, p)[Aas(w, 1) + az(Az, p)]+
o ah, (AT, ) [AT P ag (o, ) + AT Pag(Ax, p) + - -+ ag( AT 2w )] .
Here we have employed the notations: A = A(u), ab,(x,p) is the Jacobi matrix of the

vector-function as(z, p).
It is easy to check formula @I)— by straightforward calculations.

4. WELL-DEFINED BIFURCATIONS

One of important properties of the bifurcation of g-cycles for system is the property of
its orientation; let us give an appropriate definition. Let e € R? be a non-zero vector. We call
the value po = (0,0) of the parameter u = (o, ) the well-defined bifurcation point of q-cycles
for system (@ in the direction of the vector e, if there exist g > 0 and continuous functions
a=ale), 8= p(e), and x = z(e) defined for € € [0, p) such that

1) a(0)=0, B(0)=0, =(0)=0;

2) ||lx(e) —eel| = o(e) as e — 0;

3) for each £ > 0 the vector z(e) is a point of a g-cycles for system as a = a(e) and

B =pB(e).
We call z(g) and functions o = a(e) and 3 = B(e) the bifurcating solutions of system (f)).

Well-defined bifurcation points correspond to the situation when system , as a = afe)
and § = f(e), has a g-cycle starting from the point z(¢) and the curve z = z(¢) in the space
R? tends asymptotically to the line 2 = ce as € — 0.

Theorem 2. The value py = (0,0) of the parameter p = (o, B) is a well-defined bifurcation
point of q-cycles of system (@ i the direction of each non-zero vector e.

Let us give the formulae allowing us to study in greater details the property of well-
definiteness for g-cycles of system . In order to do it, we define the vectors

|l a | —C2
=|a] e (13)
whose components ¢; and ¢, are so that ¢2+c3 = 1. In other words, e is an arbitrary unit vector:
le]| = 1, and the unit vector g is orthogonal to the vector e. Letting # = e and p = py = (0,0)

in and , we define the vectors
by = ba(e, o), bs = bs(e, po) ; (14)
in particular, by and we get
by = Q" 'as(e, po) + Q1 %a2(Qe, o)+ (15)
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A QQQ(Q'J*Q«B, /Lo) + ag(qule, ,UO) )

where @ = Q(0), and Q(f) is matrix (3). By and one can get a similar formula for the
vector bs.
We define the numbers

1 1
Q= _5(b276)7 ﬁl = _%<b27g) (16)
and the vectors
e1 = ape+ fig, (17)
1
X =q|50i(1+q) — 2mB{(1 + mq)| e+ (18)

2

o1 f1q(1 + 27 + 27mq) g + Uy, - (1€ + Brg) + anbhy, + Bibyg .

Here b, = b, (e, p1o) is the Jacobi matrix of nonlinearity taken at the point x = e as
p=po = (0,0), by, and bys are the derivatives of nonlinearity w.r.t. the parameters o
and 3, respectively, taken at the point x = e as u = po = (0,0).

Finally, let

1 1
- _Z b S b 19
as q(x+ 5.€), P 27Tq(X+ 5,9) (19)
€r = e + fag. (20)

4.1. Bifurcations for odd ¢. The bifurcation properties of ¢g-cycles of system depends
essentially on the parity of ¢. We consider first the case of odd q.

Theorem 3. Suppose the number q is odd. Let e and g be unit vectors . Then the
bifurcating solutions x(¢), a(€), and B(g) of system () existing in accordance with Theorem [
can be represented as

a(e) = ear +%ay +as(e), Ble) = b +e%By + as(e), (21)

z(e) = ee + e%e; + ey + e3(e) ; (22)
in these formulae, as(e), B3(e), and e3(e) are continuous functions satisfying the relations
az(e) = o(e?), Bs(e) =o(c?), |les(e)] =o(®) ase—0. (23)

In the plane P of the parameters (o, 5) of system , functions define a continuous
curve w(e) beginning (as € = 0) at the origin (Fig. 3 a)).

These functions depend on the numbers p and ¢, and also on the vector e; this is why the
curve w(e) differs for different p, ¢, and e. Similarly, function in the phase space R? of
system defines a continuous curve x(e) touching the vector e at the origin as € = 0 (Fig. 3
b)).
Theorems 1] and 3| imply that in the case of odd ¢, for each unit vector e € R2, the family
of emerging ¢-cycles of system contains continuous branches of the cycles starting from the
points of the curve z(e) determined by identity for the values of the parameters belonging
to the curve w(e). In other words, the value p = py = (0,0) is a well-defined bifurcation point
of g-cycles of system in the direction of the vector e. We shall call formulae and
the asymptotic formulae for emerging bifurcating solutions of system .
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Figure 3. Curves of bifurcating solutions

4.2. Bifurcations for even ¢. Consider now the case of even q.

Lemma 3. Suppose q is even. Then the vector by determined by identity vanishes,
by = 0.

Corollary 1. Suppose q is even. Then numbers @ and vectors and (@ vanish,

061:0, 51:07 61207 X:O, (24)
and numbers (@ and vectors (@) are
1 1
ay = —5(5376) , Po= —2—7Tq(53,9)» (25)
€y = Qe + ﬁgg . (26)

Theorem 4. Suppose the number q is even. Let e and g be unit vectors . Then the
bifurcating solutions x(¢), a(), and B() of system () existing in accordance with Theorem [
are represented as

a(e) =as+az(e), Ble) =B+ Bs(e),

z(c) = ee + ey + e3(e) ; 28)

in these formulae, the numbers as and [y and the vector ey are determined by identities
)

and (26), and a3(e), Bs(€), and es(e) are some continuous functions satisfying relations

(27)
(

Thus, the main distinction in the bifurcation scenario of g-cycles of system ([5|) in the direction
of the vector e for even and odd ¢ is the form of the asymptotic formulae for the bifurcating
solutions. In particular, for even ¢, the leading terms in formulae and are independent
of quadratic terms. The following corollaries hold true as well.

Corollary 2. Suppose that under the assumption of Theorem@ numbers (@) are non-zero.
For the definiteness let oy > 0 and 5y > 0. Then the value p = po = (0,0) is a well-
defined bifurcation point of q-cycles of system (@ in the direction of the vectors e and —e. Two
appearing continuous branches of q-cycles are so that one of them exists for a > 0 and 3 > 0,
while the other does for a < 0 and 8 < 0.

Corollary 3. Suppose that under the assumption of Theorem || numbers are non-zero.
For the definiteness let as > 0 and By > 0. Then the value p = po = (0,0) is a well-
defined bifurcation point of q-cycles of system (@ in the direction of the vectors e and —e. Two
appearing continuous branches of q-cycles are so that both exist for a > 0 and g > 0.
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In other words, in a natural sense, for odd ¢, the bifurcation of g-cycles of system is
transcritical, while for even ¢ it is a pitchfork bifurcation (see, for instance, [4]).

Theorems [3] and (] show asymptotic formulae allowing us to obtain an approximate repre-
sentation in a vicinity of the equilibrium zero state of g-cycles of system as well as in a
vicinity of the associated values of the parameters o and . In what follows, these formulae are
employed to localize the Arnold tongues W(p, q) of system .

5. LOCALIZATION OF ARNOLD TONGUES

5.1. Auxiliary constructions. Let e and g be unit vectors . In the complex plane C,
we define the curve Y(p, ¢, e) described by the equation

z=p(e)e?® 0<e <1, (29)
where
ple) =1+ale), ¢(e) =2m(6 + B(c)).
Here a(e) and S(e) are functions or (subject to the parity of the number ¢). As e = 0,
the point of the curve Y(p, g, e) coincides with the point ™! (Fig. 4).

4 V2 7(p.q.€)

Vi

27'[0()

v

Figure 4. Synchronization curve

The eigenvalues of the matrix A(a, #) defined by identity are numbers . On the other
hand, by Theorems [3] and [, the bifurcation scenario of g-cycles in the direction of the vector e
realizes for system if the eigenvalues of the matrix A(«, §) are points of the curve Y(p, q, €)
(for small £ > 0). This is why the curve Y(p, g, €) can be treated as one of continuous branches
of the eigenvalues of the matrix A(cq, ) along which the bifurcation scenario of g-cycles of
system realizes. We shall call this curve the synchronization curve associated with the
bifurcation of g-cycles in the direction of the vector e. For small ¢ > 0, the synchronization
curve is located in the Arnold tongue ¥(p, q) of system (f)).

For fixed p and ¢, the curve Y(p, ¢, ) depends on the vector e: for different e we get different
curves Y(p, q,e), at that, the curve Y(p, ¢, e) depends continuously on the vector e in a natural
sense (for instance, in the Hausdorff metrics). It allows us to define the Arnold tongue ¥(p, q)
of system as the set of all synchronization curves (for different vectors e € R?).

Namely, in what follows, the Arnold tongue W(p, q) of system will be determined by the
following scheme. We define the continual family of the vectors (0 < ¢ < 27)

o= o] =) T (30)

sint cost
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For each ¢, the vectors e(t) and g(t) are the unit vectors of the form ([13]). For each ¢ € [0, 27]
we determine the curve Y(p, g, e(t)) (as € = 0, the point of each of these synchronization curves
coincides with e2™0%).
We shall call the set
U(p,g)= |J T ge) (31)
t€[0,2m]

the Arnold tongue ¥(p,q) of system (3.
In following subsection we solve the main problem on the localization of sets .

5.2. Families of well-defined bifurcations. For each fixed pair of the vectors e(t) and
g(t), analogues of Theorems [3[ and [4| hold true. To obtain such statements, one should let
x=ce(t) and p = po = (0,0) in (L1)) and and define vectors

by(t) = bae(t), o), bs(t) = bs(e(t), po) (32)
depending on the ¢ € [0, 2x]. In particular, by and we get
bo(t) = Q1 az(e(t), o) + Q1 %az(Qe(t), po) + -+ -+ (33)

+Qa’2(Qq_2€(t)a ILLO) + G'Q(Qq_le(t)’ ILLO) ’
where Q = Q(0). Similarly, by (2]) and one can obtain a representation for the vector bs(t).
Next, we define the functions

1 1
an(®) =~ (ba(t). (1) Bult) = —5—(ba(0).9(0) (34)
and
X(t) = 4 | 30301+ @) — 208201+ 70) | e(0)+ (3)

+aq(t)B1(t)q(1 + 27 + 2mq)g(t)+

+5, (1) - (ca(t)e(t) + Bu(t)g(t)) + ar(t)baa(t) + Br(t)bas(t) -

Here b}, () = b, (e(t), o) is the Jacobi matrix of nonlinearity taken at the point z = e(t)
as pio = (0,0), by, () and by4(t) are the derivatives of nonlinearity w.r.t. the parameters «
and 3, respectively, taken at the point x = e(t) as u = o = (0,0).

Finally, we let

1 1
ay(t) = —5(X(f) +05(t), e(t),  Pa(t) = —Q—W(X(t) + bs(t), 9(1)) - (36)

For each fixed ¢, the given formulae lead us to analogues of Theorems [3] and [d] Namely, the

following statements hold true.

Theorem 5. Suppose the numberq is odd. Let e = e(t) and g = g(t) be vectors for a
fized t € [0,27]. Then the bifurcating solutions z(e,t), a(e,t), and B(e,t) of system existing
in accordance with Theorem [ can be represented as

x(e, t) = ce(t) + ei(e, 1), (37)
ae,t) = cay(t) + %aa(t) + as(e, t), Ble,t) = efi(t) + 2Ba(t) + B3(e, t), (38)

where ey (e,t), as(e, t) and Bs(e,t) are continuous w.r.t. all the variables and 2m-periodic w.r.t.
t functions satisfying the relations

ei(e,t) =o(e), as(e,t) =o0(c?), Ps(e,t) =o0(e?) ase—0 (39)

uniformly in t € [0, 27].
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Theorem 6. Suppose the number q is even. Let e = e(t) and g = g(t) be vectors for a
fized t € [0,27]. Then the bifurcating solutions x(e,t), a(e,t), and B(e,t) of system existing
in accordance with Theorem [ can be represented as

x(e,t) = ee(t) + ei(g,t), (40)
ale, t) = 2ay(t) + as(e, t), B(e,t) = *Ba(t) + Bsle,t), (41)

where
0a(t) =~ (balt) (1)) Palt) =~ (ba(0). 9(0), (12)

ei(e,t), as(e,t) and P3(e,t) are continuous w.r.t. all the variables and 2m-periodic w.r.t. t
functions satisfying relations

Formulas (37) and . can be specified by analogues of asymptotic formulae (22) and .
provided in Theorems and [4 However, in what follows, we shall be interested only in asymp-

totics formulae and .

5.3. Main statements: weakly-resonance case. We provide now the main statements of
the work allowing us to localize the Arnold tongues ¥(p, q) of system defined by identity
(31). Here the cases ¢ > 5 and ¢ < 4 are essentially different. The former is called the
weakly-resonance case, while the latter is the strongly-resonance case. We begin with the
weakly-resonance case.

Lemma 4. Let q > 5. Then the functions defined by identity (34} (.) vanish for each t: aq(t) =
O; Bl( ) -

Corollary 4. Let ¢ > 5. Then the function x(t) defined by identity (.) vanishes, x(t) = 0,
and functions (@ coincide with functions @

Lemma 5. Let ¢ > 5. Then functions (@) and (.) are constants equal to corresponding

numbers .

Theorem 7. Let g > 5. Then the Arnold tongue V(p,q) of system @ s determined by the
identity (31]), where, for a fized t, Y(p,q,e(t)) is the curve described by the equation

= (14 a(e, t))e?@HBED e 1. (43)

Here
ale,t) = ase® + 2as(e, t), (44)
Ble,t) = Bac® + £ Ba(e, 1) 5 (45)

ay and B2 are numbers (25), and the functions as(e,t) and Bs(e,t) are continuous and 2m-
periodic w.r.t. t.

It follows from identities ) and ( . ) that for ¢ > 5 and small € > 0, the Arnold tongues
U(p, q) of system are very narrow. Namely, if numbers ([25) are non-zero, the set W(p, q)

can be locally identified with the curve \il(p, q) described by the equation
2= (14 ap)e?C+20i o Ce<1, (46)

and beginning (as £ = 0) at the point ¢’ on the unit circle S € C; here oy = 27p/q.

Identities and imply also the following fact. Let number are non-zero, and for
definiteness, ay > 0 and By > 0. Then the Arnold tongue ¥(p, ¢) of system corresponds to
the value of the parameters a and 3 obeying the inequalities a > 0 and 3 > 0.
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5.4. Main statements: strongly-resonance case. Consider now the strongly-resonance
case, i.e., let 2 < ¢ < 4. In this case the Arnold tongues ¥(p, q) of system are in a natural
sense essentially wider than as ¢ > 5. Suppose first that ¢ is even.

Theorem 8. Let ¢ =2 orq=4. Then the Arnold tongue V(1, q) of system (@ 15 determained
by identity (where p =1 and g = 2 or q = 4), where, for a fizred t, T(p,q,e(t)) is the curve
described by equation as

ale,t) = as(t)e? + as(e, t) (47)
Ble,t) = Ba(t)e? + £ B3(e, 1) . (48)
Here as(t) and Ba(t) are functions ([49) (as ¢ = 2 or ¢ = 4), and the functions as(e,t) and

Ps(e,t) are continuous and 27-periodic w.r.t. t.

It follows from identities (47) and that for ¢ = 2 or ¢ = 4, the Arnold tongues ¥(p, ¢) of
system (j5) can be locally identifies with the set (w.r.t. ¢ € [0,27]) of the curves described by
the equations

2= (14 ay(t)€)e>CotRM01 ¢ <1, (49)

Suppose now ¢ is odd, namely, let ¢ = 3.

Theorem 9. The Arnold tongue W(1,3) of system (J]) is determined by identity (for
p=1 and q = 3), where, for a fired t, T(p,q,e(t)) is the curve described by equation as

ale, t) = ai(t)e + as(t)e? + 2as(e, t), (50)
Ble,t) = Bi(t)e + Ba(t)e? + &°Pa(e, 1) . (51)
Here ay(t) and p1(t) are functions (asq=3), as(t) and B2(t) are functions (36)(as q = 3),

and the functions as(e,t) and Ps(e,t) are continuous and 2m-periodic w.r.t. t.

It follows from identities and that the Arnold tongue ¥(1,3) of system can be
locally identifies with the set (w.r.t. ¢ € [0,27]) of the curves described by the equations

2= (14 a(1)€)e* A0 o< ¢ <1, (52)
The curves 7, and 7, being in the natural sense the end ones in the set of curves (49) or
can be treated as the curves limiting locally , the Arnold tongue ¥(p, q) of system (/5)).

6. EXAMPLES
6.1. Example 1. Consider the discrete system
T = Ala, B)zy +as(x,), n=0,1,2 ... z,€ R (53)
with A(a, B) = (1 4+ a)Q(B), where

| cos2m(0,25+ ) —sin27(0,25 4+ B)
QU =1 gin2r(0.25+8) cos2m(0,25+5) |

and the nonlinearity as(x) reads as
3 3
] + 27
a3(x) = { 12:6‘11‘%2 } '

Since
0 -1
o= 3]
in this example Condition S1) holds true as 6y = 1/4 To localize the Arnold tongue W(1,4) of

system (53)), we employ Theorem [8| This theorem implies that the set ¥(1,4) can be locally
identified with a set of curves (9)), where a,(t) and S»(t) are functions (as ¢ = 4).
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Let us calculate the functions as(t) and f(t). Since considered system (53]) involves only the
cubic nonlinearity az(x), formulae (30), (32), (11), and (12)) lead us to the 1dentities ba(t) =0
and

bs(t) = Qas(e(t)) + Qas(Qe(t)) + Qaz(Q%e(t)) + as(Q’e(t)) ,
where @) = Q(0). Simple calculations give rise to the identity

2sintcost + sin®t — 2 cos3 ¢

bs(t) =2 2sintcos?t — 2sin’t — cos® t

Then by we get

1 1
as(t) = _Z(bS@’ e(t)) = 7 €08 2t(4 cos 2t +sin 2t) ,

Bo(t) = —%(bg(t),g(t)) _ 8%(1 +cos? 2t — 2sin 4f)

Substituting these formulae into and analyzing the obtained identity, we get that locally
the Arnold tongue ¥(1,4) of system (H3) is located between the curves v, and 72 described
respectively by the equations

2= (1+ alg)e%(o’%wlg)i, 2= (1+ a25)627r(0,25+52§)i 0<ELT).

Here
3— V17 417 3
6r 278 0 T
The obtained result is confirmed also by direct numerical calculation of the synchronization
curves localizing the Arnold tongue W(1,4) of system in accordance with the formulae in
Theorem 8] (Fig. 5).

1
041257 51:

C

Y

Figure 5. Arnold tongues of system

In Figure 5, we give the synchronization curves localizing the Arnold tongues ¥(1,5) and
U(1,6) of system calculated in accordance with the formulae of Theorem [7} The calcula-
tions confirm that the set of these curves (both for the tongues ¥(1,5) and the tongues W(1,6))
forms in fact one curve. In other words, the tongues W(1,5) and ¥(1,6) are locally very narrow
sets coinciding with the synchronization curves starting from the corresponding rational point
on the unit circle.
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6.2. Example 2. Consider now a non-autonomous dynamical system depending on real
variables o and (8 and described by the differential equation

v’ = Ao, B)r + alx, t,a, B), € R*, (54)
where

A(a,m:{g ‘5},

(07

and the nonlinearity a(z,t, a, ) is smooth w.r.t. all the variables, 2m-periodic w.r.t. ¢ and can
be represented as

a(a:,t,oz,ﬁ) = a?(xvtvaaﬁ) + a3($7taa7ﬁ) + d4(l’,t,0[,/8) ;

where ay(z,t, 0, 5) and az(x,t, a, B) involves the terms quadratic and cubic w.r.t. x, while
as(z,t, o, B) satisfies the relation ay(z,t, o, 8) = O(||x[|*),  — 0, uniformly in ¢, o, and 3. For
all values of the parameters o and [, system has the equilibrium z = 0.

We let = (o, 8) and ug = (0, 5y), where [y is a positive number. As p = pg, the equilib-
rium z = 0 of system is non-hyperbolic; as the parameter p passes through g, various
bifurcation scenarios are possible. In a particular case, when the nonlinearity a(z,t,a, 3) is
independent of ¢, the main scenario is the Andronov-Hopf bifurcation: as u passes through

o, in a vicinity of the equilibrium x = 0 of system , there appear nonstationary periodic
T

solutions of small amplitude and with period close to Ty = —.

The presence of a nonstationary periodic nonlinearity a(xo,t,oz, f) follows a change in the
mentioned bifurcation scenario. Namely, various scenarios of emergence of subharmonic solu-
tions (i.e., periodic solutions with the period being multiple of T') and quasi-periodic solutions
become possible in a vicinity of the equilibrium z = 0.

To study such scenarios and, in particular, the localization of the Arnold tongues of system
, it is possible to employ the scheme suggested in the present work. On the first step of
such studying system (|54 we pass to the discrete dynamical system described by the equation

Lntl = V(,u)xn + U<xna ,u)a n= Oa 1? 27 e (55)

where z,, € R?, V(i) = 2™ and the nonlinear operator v(-, i) : R? — R? can be represented

as
2

ola, 1) = / TP o(x(7), 7, ) dr

0
where z(t) is the solution to system (b4) satisfying the initial condition #(0) = z. The fixed
points of system determines the initial values of 27-periodic solutions of system , and
the cycles of period ¢ determine the initial values 27g-periodic solutions of this system.

It is easy to show that the matrix V' (u) is as follows,

_ ona | CcOs2mB  —sin27f3
Vip)=e { sin27f8  cos2wf |’

We replace a and 8 by new parameters
of = -1, B=B-0,
and represent, system as
Tpi1 = A(a”, Bz, + b(zp, 0", %), n=0,1,2,...,, (56)

where

b(xz, o, 5%) = v(x,In(1 4+ «*)/(27), 5% + Bo) ,
A(a®, %) = (1+a")Q(B7).
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Here
Q") = cos 2m(f + %) —sin 2w (5o + 5%)
~ | sin27(B + %) cos2m(By + B*)

The problem on the local bifurcations of system is equivalent in a natural sense to a similar
problem for system . Since this system is similar to system , on the next step we can
employ the scheme suggested in the previous sections. In particular, in accordance with with

this scheme we get that if the number f, is rational, 5y = 2—9, as the two-dimensional parameter

i = (a, B) passes through the point py = (0, 5y), for system , the scenario of emergence of
subharmonic solutions of period 2mq becomes possible in a vicinity of the equilibrium x = 0.

At that, on the plane of the parameters («, [3), there forms a system of the Arnold tongues
with cusps at the points (0, 5y) with rational 5. Such tongues correspond to the domains of
the parameters values for which system has periodic regimes of period multiple of 27 with
amplitudes tending to zero as the point («, ) tends to (0, 5y). The mentioned tongues can be
localized in accordance with the scheme stated in the previous sections.

7. PROOF OF MAIN STATEMENTS

7.1. Operator method. The proofs of main statements of the present work are based on

the operator method for studying problems on multi-parametric local bifurcations developed in

[T1] and [12]. We give briefly the main concepts of this method. Here it is sufficient to restrict

ourselves by considering two-parametric problems for operator equations on the plane.
Consider the operator equation

v =Bz +b(z,p), v€R (57)

depending on the two-dimensional parameter u = (a,) € R?, where the second order
square matrix B(u) is continuously differentiable w.r.t. p and the nonlinearity b(x, 1) depends
smoothly on p as well and is represented as

b(l’, M) = b2<x’ M) + b3(x7 :u) + b4($, M) )

where by(x, 1) and bs(x, 1) involve the quadratic and cubic w.r.t. = terms, respectively, and
by(x, 1) is smooth w.r.t.  and by(z, ) = O(||z[|*),  — 0 uniformly in p.

For all values of i, equation has the zero solution x = 0. We shall say that a value py
is the bifurcation point of nonzero solutions to equation if there exists a sequence g — o
such that as u = ug, equation has a nonzero solution x = zj, and ||zx|| — 0 as k — oc.

As a rule, the bifurcations of nonzero solutions to equation has a oriented character;
let us provide the corresponding direction. Let e € R? be a nonzero vector. We shall call a
value i of the parameter p the well-defined bifurcation point of equation in the direction
of the vector e if there exists g > 0 and continuous functions p = u(e) and x = x(e) defined
for € € [0,¢¢) such that

1) p(0) = po, x(0) = 0;

2) ||lx(e) —eel| = o(e) as € — 0;

3) for each € > 0, the vector z(e) solves equation as = p(e).
We shall call z(e) and values p(e) the bifurcating solutions of equation (57)).

Lemma 6. Suppose the value pg of the parameter p is a well-defined bifurcation point of
equation in the direction of the vector e. Then the vector e is an eigenvector for the matrix
B(po) associated with the eigenvalue.

In what follows we assume that the matrix B(o) has a semi-simple eigenvalue 1 of multi-
plicity 2; in other words, let B(u) = I, where [ is the unit matrix of second order. We denote

Ko = (040,50) and By = B(Mo)-
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Let e, g and e*, g* be two pair of linearly independent vectors chosen by the relations

(e,¢") =(9,9") =1, (e;97) = (g,¢") = 0. (58)
We let
S — (Bg (o, Bo)e, ™) (Bj(ao, fo)e, €”)
(Bi(a, Bo)e, g*) (Bé(amﬁo)@ag*)
Here B;, and Bj are the matrices obtained by the differentiation of the matrix B(a, ) w.r.t.
« and [, respectively.

Theorem 10. Suppose
det S # 0. (60)
Then pg is a well-defined bifurcation point of equation in the direction of the vector e.

In what follows we shall make use of the following notations,

by = ba(e, g, Bo), b3 = bs(e, o, fo), (61)
bl2x = bl2:):(67 G, ﬁO)? bl2a = bl2a(ev Qo 60)? bl25 = b/2B<€7 o, 50) (62)

We let
Fh=—[(h,e)BLe+ (h,g")Bse] , he R, (63)

where it is denoted B, = B (o, 3) and Bj = Bj(ag, ). By condition , the linear
operator F : R? — R? is invertible. We let

y=F"': R~ R%. (64)

Lemma 7. The operator 'y = F~1

s determined by the formula
Loy = Ja(y)e + Js(y)g -
Here the functionals J,(y) and Js(y) are the components of the vector
Ja(y) }
J p—t
=70
given by the formula J(y) = —S~'v(y), where S is matrix and
) 6*
1Y) = { ) } :

(v,9%)
We then let

er =Loby, an = Jo(ba), 51 = Js(ba), (65)
ea=To(p+0b3), ar=Ju(@+0bs), B2=Jz(¢+ bs). (66)

Here 9
¢ = a1B by + 61 BiToby + S Bloe + a1 Blget (67)

+B%B// b' F b b/ b/
7 33€ T byyloba + 0 2a+ﬁ1 285

aq)

the matrix B(«, §) w.r.t. a and (or) 5 at the point (ag, 5p); we also employ notations and

(62).

Theorem 11. The bifurcating solutions x(e), a(e), and B(e) of equation existing under
the assumption of Theorem[I1(] can be represented as

z(e) = ee + e%ey + ey + 0(e?) (68)
a(e) = ap+cag +%as +o0(e?),  Ble) = Bo+ b + 2By + o(e?). (69)

I'y is operator 7 By, By, Ba,, Blg, Bjg are the matrices obtained by the differentiation of
Q
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7.2. Auxiliary statements. In order to prove the main statements of the work, we shall
make use of auxiliary statements.

Lemma 8. A point pg is a bifurcation point for q-cycles of system (@ if and only if py a
bifurcation point of nonzero solutions to equation

Proof. The necessity. Suppose u = g is a bifurcation point for g-cycles of system , i.e., there

exists a sequence pp — o such that as p = pyg, system has a g-cycle af, % 2% ... s Tg_1
and (nax |z¥]| = 0 as k — co. At that, 25 # 0 that follows from the definition of the g-cycle.
IS4 —

By Lemma (1| we get that as u = us, each of nonzero vectors x? solves equation @j Hence, the
value i is a bifurcation point for nonzero solutions of equation .

The sufficiency. Suppose p = pq is a bifurcation point for nonzero solutions of equation (§)),
i.e., there exists a sequence px — po such that as u = pg, equation has the nonzero solution
r = ) and ||zg|| — 0 as kK — oo. Let us show that in this case, as yu = g, system has a
g-cycle and one of its points is the vector xy; it would mean that u = pg is a bifurcation point
for g-cycles of system .

Indeed, Lemma [1| implies that either x = x;, is a fixed point of system as [ = jy or it is
one of the points of a cycle with period r for this system as u = u, where r is a divisor of the
number ¢g. The vector xj can be neither a fixed point of system ({5) no a point of a r-cycle of
this system once r # ¢q. We restrict ourselves by proving the first fact. Assuming the opposite,
we obtain the identities

xy = A(pr)rr + a(Tr, pr) -
Dividing both sides of this identity by a nonzero number ||zx|| and letting yp = x/|xx]|, we
obtain

Y = A(e)yr + alo: ) : (70)

e

Since ||yx|]| = 1, we can assume that the sequence y, converges: yr — y*, where [|y*] = 1.
Passing in to the limit as kK — oo, we obtain the identity y* = A(uo)y*, i.e., the matrix
A(po) has an eigenvalue 1. This fact contradicts to formulae (2]) and (3]) determining the matrix
A(po) = A(0,0). The proof is complete. O

In the same way one can prove

Lemma 9. A point pg is a bifurcation point for q-cycles of system (@ in the direction of a
vector e if and only if po a bifurcation point of nonzero solutions to equation (@ in the direction
of a vector e.

7.3. Proof of Theorem Equation is that of the form (57)). This is why if we prove
that for equation relation holds true for some choice of the vectors e, ¢*, g, and ¢*
(satisfying conditions ), by Theorem it will mean that pg is a bifurcation point for
nonzero solutions of equation . Then Lemma [10| will imply that p is a bifurcation point for
g-cycles of system , i.e., then Theorem (1| holds true.

The matrix B(«, ) in equation is determined by identity @,

B(a, 5) = (1+ )'Q(B) (71)
Here Q(f3) is matrix (3). We have

cos 2mq(by + B) —sin2mq(6y + )

QY(B) = sin 27q(6y + ) cos2mq(fo + B) | ()

Since 6, = Z—j, then B(0,0) = I; the matrix B(0,0) thus has the semi-simple eigenvalue 1 of
q
multiplicity 2.
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Let
e(t) =e*(t) =

For each ¢ € (0,27, these vectors satisfy conditions (58). We fix ¢ € [0, 27] and calculate the
matrix S defined by identity S. By and we obtain

B.(0,0) = ¢I , ng(o,())_zwq{o _1}. (74)

cost
sint

[BRCETCE (73)

cost

1 0
By (59), and simple calculations we get the identity

_la 0
s=[1,0] -
Therefore, det S = 2mq? # 0, i.e., relation holds true. The proof is complete.

Remark 1. In the proof of Theorem |1} it was shown that the matriz S defined by identity
1s independent of t, i.e., it is the case for each set of vectors .

7.4. Proof of Theorem [2] Due to Lemma 9, Theorem [2] will be proven if we show that the
value po = (0,0) of the parameter y = (a, f) is a well-defined bifurcation point for equation
in the direction of each nonzero vector e. In fact, it was established in the proof of Theorem [I]
Indeed, as an arbitrary nonzero vector e, one can choose the vector e(t) defined by the first
identity in ([73). For each such vector condition of Theorem holds true, since the
corresponding matrix (75)) is non-degenerate.

7.5. Proof of Theorem [3] Lemma [9] and Theorem [2] yield that statement of Theorem
holds true for equation (with appropriate modifications). This is why Theorems |3 and
will be proven if we show that formulae and applied to equation lead us to the
formulae given in these theorems. In order to do it, we need to show that the numbers and
vectors defined by identities — lead us to the corresponding numbers and vectors in

(19)-@0)-

We consider first the numbers a; and (; defined by identities . We have

aq Ja(b2) ] -1 -1 l (ba, €*) }
= =J(by) =-95 by) = =95 x .
l B } [ Jalby) | =) =250 ) (barg)
We convert these identities with equation taken into account. In order to do it, as e, e*,

g, and g*, we treat vectors (73| for a fixed ¢t € [0,2x] (for each ¢, they are vectors of the form
(113)), as by, we take vector ([15)), and as S we take matrix . Since

1 2 0
I —
27?61[0 1}7

ap | 1 | 2n(ba,e)
{51} B 2_7TQ[ (b2, 9) }
Here we have taken into account that in our case the identities e = €* and g = ¢g* hold true.
Thus, the numbers o and [3; defined by identities and calculated for equation lead us

to the numbers .
Consider now the vector e; defined by the first identity in (65). By Lemma 7| we have

e = Fobg = Ja(bQ)e -+ Jﬁ(bg)g = o1e + ﬁlg,

i.e., we obtain formula (17).
To complete the proof of Theorem [3] it remains to argue in the same way and show that the
numbers as and [y and the vector ey defined by identities and calculated for equation

then
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lead us to corresponding numbers (19)) and vector . These arguments follow the same lines
as the proof of formulae ((16) and (17)).

At that, in addition it should be shown that vector calculated for equation leads us
to vector ((18). In other words, it should be also shown that the identity ¢ = x holds true for
equation ({8]), where ¢ and x are respectively vectors and . To prove this fact, together
with formulas we employ the identities

B}, (0,0) = q(g = 1)I', Bf(0,0) = —(2mq)*I, Big(0,0) = 2mq” { (1) _é } )

Ioby = ane + Big .
Substituting these formulae into leads us to the desired identity ¢ = x.

Remark 2. We have not employed the parity of q in the proof of Theorem[3. In other words,
this theorem is valid for each q. However, for even q, formulae m Theorem@possess specific
properties that leads us to a qualitative difference between the bifurcation properties of q-cycles
of system (@ for even and odd q.

7.6. Proof of Lemma . By we have

cos 2wy —sin 27l

Q@=0(0) = sin 276, cos 27l (76)

where 6y = p/q is an irreducible fraction. Suppose ¢ is even. Then p is odd and hence Q%2 = —I;
this is why, the identities

QJ = _QJJrq/Qa .] = 071727"' (77)

hold true.
In the case of even ¢, the vector by defined by identity involves an even number of terms
satisfying by the identities
Qja2<Qq_1_j€7 MO) - _Qj+q/2a2(Qq/2_l_jev MO) :
Here we have taken into consideration that the nonlinearity as(x, ;) contains only quadratic
w.r.t. x terms. This is why by = 0. The proof is complete.

7.7. Proof of Theorem l The proof of Theorem [ is reduced to the substitution of iden-

tities into formulas (| and ( .

7.8. Proof of Lemma {4 E. We note that for each even ¢, this lemma can be proven in the
same way as Lemma [3] For arbitrary ¢ > 5, in the proof of the lemma we shall need auxiliary
constructions.

7.8.1.  Auziliary constructions. Let f(t) be a continuous 27-periodic function. For a natural

T
number n we let h = — and define a function,
n

G (t) = [f(&) + f(t+h) + f(t+2h) + -+ f(t+ (n— )]k (78)

This function is 27-periodic and for a fixed ¢, it is a rectangular approximation for calculating
an integral of the function f(s), namely, for each fixed t the approximate identity

/ f(s)ds =~ G{(t) (79)

holds true. In this approximate formula the value ¢ determines the choice of n points t, ¢t +
h,t+2h,...,t+ (n—1)h in the segment of length 27 at which the values of the function
f(s) are calculated.
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We denote by P, the set of continuous 27-periodic functions f(s) such that the identity

/ f(s)ds =GP () (80)

holds true. In other words, the set P, consists of the functions for which approximate formula
is exact for each t.

Lemma 10. Let natural numbers n and m be such that
27m7ék, k=1,2,3,.... (81)
Then sinmt € P, and cosmt € P,.
In other words, under condition (81)), the functions f(t) = sinmt and f(t) = cosmt satisfy
the identity chn) (t) = 0.

Proof. We restrict ourselves by considering the function f(t) = cosmt. By we define the
auxiliary function
F(t)=f(t)+ f(t+h)+ f(t+2h) +---+ f(t+(n—1)h) = (82)
= cosmt + cosm(t + h) + cosm(t +2h) + - - -+ cosm(t + (n — 1)h) =
=cosT+cos (T +v)+cos(T+2v)+ -+ cos(T+ (n— 1)),

where it is denoted 7 = mt and v = mh. The lemma will be proven if we prove the identity
F(t)=0.
By we have

2
u:mh:m—ﬁ#ﬂk, kE=0,1,2,....
n

Therefore, sinv # 0. This is why function (82)) can be represented as

cos (T +v) +cos(T+2v)+---+cos(7+ (n—1)v)
sin v

F(t) = cosT + -sinv.
. . L. . : :
Employing now the formula cos asin § = —[sin (a + ) —sin (a — )], by simple transformations

we arrive to the identity F'(t) = 0. The proof is complete. O

In what follows, we shall be interested in Lemmal[I0only for m = 1,2,3, 4. For these numbers,
Lemma [10| can be deepened.

Let, for instance, m = 1; it follows from Lemma [10] that if n # 1 and n # 2, the sinmt € P,
and cosmt € P,. A straightforward checking shows that these belongings hold true as n = 2,
while for n = 1 they are not true. Similar arguments for the numbers m = 2, m = 3, and
m = 4 lead us to the following auxiliary statement.

Lemma 11. Let f(t) = sinmt or f(t) = cosmt. Then
if m=1, then f(t) € P, <= n # 1;

if m=2, then f(t) € P, <= n#1 andn # 2;

if m =3, then f(t) € P, <= n#1 andn # 3;
ifm=4, then f(t) € P, <= n#1,n#2, andn # 4.

We define the functions
fo(t) = (az(e(t), po), Qe(t)),  ga(t) = (az(e(t), to), Qy(1)) (83)

and let us show that the following lemma holds true.
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Lemma 12. Functions and are related by the identities
GO(t) = —2mai(t), GUW(t) = —Bi(t). (84)

Proof. For the sake of simplicity, in the proof of this lemma we shall denote the nonlinearity
as(x, o) by as(x), i.e., we shall omit the notation py. By we have

G (1) = [folt) + falt + ) 4+ folt + (g = DI)h = (83)

= [(az(e(t)), Qe(t)) + (az(e(t + h)), Qe(t + h))+

+-o o+ (ax(e(t + (¢ — 1h)), Qe(t + (¢ — 1)h))]h;
here h = 2w /q. On the other hand, by and we get

1 1

ay(t) = q(b2<t), e(t)) = ~ (Q" taz(e(t)) + QT az(Qe(t)) + -+ - +

+aa(QUel0), ) = ¢ [(aa(e(t)). (@) 'elt))+

+(az(Qe(t)), (Q7)2e(t)) + -+ + (a2(Q""e(t)), e(1))]
where (Q* is the transposed matrix. Matrix satisfies the identities

QN =Qr%, k=0,1,2,...

Hence,

ay(t) = —é [(az(e(t)), Qe(t)) + (az2(Qe(t)), Q%e(t))+ (86)

+o ot (aa(Q T e(t)), e(1))]

Let us compare identities and . Suppose first p = 1, i.e., §p = 1/q. In this case the
identities

e(t+h) = Qe(t), e(t+2h)=Q%(t), ...

hold true and it implies that the corresponding terms in the brackets in the right hand sides of
formulae (85]) and coincide. In the case p > 1, the terms in the right hand side of formulae
and (86) coincide as well but after appropriate permutations. It means the validity of
the first identity . The second identity can be proven in the same way. The proof is
complete. O

7.8.2.  End of proof for Lemma . We observe first that since the nonlinearity as(x,p) is
quadratic, the Fourier series of 2m-periodic functions fo(t) and go(t) defined by identities
contain only the functions sinmt and cosmt as m = 1 and m = 3. Since ¢ > 5, by Lemma
we get that fo(t) € P, and ¢2(t) € P,. In other words, the functions f5(¢) and g2(t) satisfy the
identities

21 27

/ fa(s)ds = G (1), / g2(s)ds = GO(1).

0 0

By the aforementioned property of the Fourier series for the functions fo(t) and go(t), the
integrals in the obtained identities vanish. Together with Lemma it imply the identities
ap(t) =0 and $1(t) = 0. The proof is complete.
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7.9. Proof of Lemma . By Corollary {4 given in Subsection , functions and

coincide, namely, they read as follows,

1 1
ay(t) = —5(53(75)7@(75))7 Ba(t) = —2—7Tq(bg(t),g(t))-

The rest of the proof of Lemma [f] follows the same lines as that of Lemma[4] At the first step
we define the analogues of functions (83]),

f3(t) = (as(e(t), po), Qe(t)) ,  g3(t) = (as(e(t), no), Qy(t)). (87)
and we show that the analogues of identities

GO (t) = —2mas(t), GW(t) = —Ba(t)

hold true. At the second step we note that since the nonlinearity as(z, pt) is cubic, the Fourier
series of 2m-periodic functions f3(t) and g3(t) defined by identities involve only the functions
sinmt and cosmt as m = 0, m = 2, and m = 4. Together with Lemma [12] it implies Lemma [5]

7.10. Proof of Theorems [THI] The validity of Theorem [7] follows from Theorems [5] and []
and Lemma [5] Theorem [§] follows from Theorem [6] and Theorem [J is implied by Theorem [5|
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